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Introduction 


This third edition of Essential Mathematics for the Australian Curriculum includes some substantial new 
features in the print and digital versions of the textbook, as well as in the Online Teaching Suite. The main 
new features are listed below. 


Now you try 

Every worked example now contains additional questions, without solutions, called ‘Now you try’. Rather 
than expect students to absorb the worked example by passively reading through it, these questions give 
students immediate practice at the same type of question. We also anticipate these questions will be useful 
for the teacher to do in front of the class, given that students will not have seen the solution beforehand. 


Building understanding and changes to the exercise structure 

To improve the flow of ideas from the beginning of each lesson through to the end of the exercise, a few 
structural changes have been made in each lesson. First, the Understanding questions have been taken out of the 
exercise, simplified into discussion-style questions, and placed immediately after the Key ideas. These questions 
are now called ‘Building understanding’ and are intended to consolidate the skills and concepts covered by the 
Key ideas, which students will then encounter in the worked examples. Each exercise now starts at Fluency, and 
the first question in each exercise has been revised to ensure that it links directly to the first worked example in 
the lesson. The exercise then continues as before through Problem-solving, Reasoning and Enrichment. 


Learning intentions and Success criteria checklist 

At the beginning of every lesson is a set of Learning intentions that describe what the student can expect to 
learn in the lesson. At the end of the chapter, these appear again in the form of a Success criteria checklist; 
students can use this to check their progress through the chapter. Every criterion is listed with an example 
question to remind students of what the mathematics mentioned looks like. These checklists can also be 
downloaded and printed off so that students can physically check them off as they accomplish their goals. 


Modelling and more extended-response 

A modelling activity now accompanies the Investigation in each chapter, with the goal of familiarising 
students with using the modelling process to define, solve, verify and then communicate their solutions to 
real-life problems. Also included in each chapter is a set of three applications and problem-solving questions. 
These extended-response style problems apply the mathematics of the chapter to realistic contexts and provide 
important practice at this type of extended-response work before any final test is completed. 


Workspaces and self-assessment 

In the Interactive Textbook, students can complete almost any question from the textbook inside the 
platform via workspaces. Questions can be answered with full worked solutions using three input tools: 
‘handwriting’ using a stylus, inputting text via a keyboard and in-built symbol palette, or uploading an 
image of work completed elsewhere. Then students can critically engage with their own work using the 
self-assessment tools, which allow them to rate their confidence with their work and also red-flag to the 
teacher any questions they have not understood. All work is saved, and teachers will be able to see both 
students’ working-out and how they’ve assessed their own work via the Online Teaching Suite. 


Note that the workspaces and self-assessment feature is intended to be used as much or as little as the 
teacher wishes, including not at all. However, the ease with which useful data can be collected will make 
this feature a powerful teaching and learning tool when used creatively and strategically. 
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Guide to the working programs 


As with the second edition, Essential Mathematics for the Australian Curriculum Third Edition contains 
working programs that are subtly embedded in every exercise. The suggested working programs provide 
three pathways through each book to allow differentiation for Foundation, Standard and Advanced students. 


Each exercise is structured in subsections that match the Australian Foundation Standard Advanced 

Curriculum proficiency strands of Fluency, Problem-solving and 
i — 1, 2-4(%) 2-5(%) 2-5(%) 

Reasoning, as well as Enrichment (Challenge). (Note that Understanding is 

now covered by “Building understanding’ in each lesson.) In the exercises, Em mm EE 

the questions suggested for each pathway are listed in three columns at PREASONING SSS 

the top of each subsection: 10 10-12 12-14 

e The left column (lightest shaded colour) is the Foundation pathway 

e The middle column (medium shaded colour) is the Standard pathway E " 15 


* The right column (darkest shaded colour) is the Advanced pathway. The working program for Exercise 3A in Year 7 


Gradients within exercises and proficiency strands 

The working programs make use of the gradients that have been 

seamlessly integrated into the exercises. A gradient runs through 

the overall structure of each exercise — where there is an increasing level of mathematical sophistication 
required from Fluency through to Reasoning and Enrichment — but also within each proficiency strand; 
the first few questions in Fluency, for example, are easier than the last few, and the last Problem-solving 
question is more challenging than the first Problem-solving question. 


The right mix of questions 

Questions in the working programs are selected to give the most appropriate mix of types of questions 
for each learning pathway. Students going through the Foundation pathway should use the left tab, which 
includes all but the hardest Fluency questions as well as the easiest Problem-solving and Reasoning 
questions. An Advanced student can use the right tab, proceed through the Fluency questions (often half 
of each question), with their main focus on the Problem-solving and Reasoning questions, as well as the 
Enrichment questions. A Standard student would do a mix of everything using the middle tab. 


Choosing a pathway 
There are a variety of ways to determine the appropriate pathway for students through the course. Schools 
and individual teachers should follow the method that works for them. If required, there are two types of 


chapter pre-tests (now found online) that can be used as a tool for helping students * The nomenclature used to list 


select a pathway. For the prior-knowledge pre-test, the following are recommended questions is as follows: 


© 3,4: complete all parts of 
questions 3 and 4 

1-4: complete all parts of 
questions 1, 2, 3 and 4 
10(12): complete half of the 
parts from question 

10 (a, c, e, ... orb, d, f, ...) 


guidelines: 
e A student who gets 40% or lower should complete the Foundation questions * 
e A student who gets between 4096 and 85% should complete the Standard questions e 
e A student who gets 85% or higher should complete the Advanced questions. 


For schools that have classes grouped according to ability, teachers may wish to set e. 
one of the Foundation, Standard or Advanced pathways as their default setting for 
their entire class and then make individual alterations depending on student need. 
For schools that have mixed-ability classes, teachers may wish to set a number of 
pathways within the one class, depending on previous performance and other factors. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 


Australian Curriculum Year 10 & 10A 3ed 


2-4(2): complete half of the 
parts of questions 2, 3 and 4 
4(12), 5: complete half of the 
parts of question 4 and all 
parts of question 5 

— : do not complete any of 
the questions in this section. 
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Guide to this resource 


PRINT TEXTBOOK FEATURES 


1 


Australian Curriculum: content strands, sub-strands and content descriptions are listed at the 
beginning of the chapter (see the teaching program for more detailed curriculum documents) 


Working with unfamiliar problems: a set of problem-solving questions not tied to a specific topic 
NEW Learning intentions: sets out what a student will be expected to learn in the lesson 

Lesson starter: an activity, which can often be done in groups, to start the lesson 

Key ideas: summarises the knowledge and skills for the lesson 


NEW Building understanding: a small set of discussion questions to consolidate understanding of the 
Key ideas (replaces Understanding questions formerly inside the exercises) 


Worked examples: solutions and explanations of each line of working, along with a description that 
clearly describes the mathematics covered by the example 


NEW Now you try: try-it-yourself questions provided after every worked example in exactly the same 


style as the worked example to give immediate practice 


SF Time-series data 


ear nin 
T» 


a Pte 


Q h Deseribe the trend in the data over the 16 years, 


SOLUTION EXPLANATION 
Use time on 


1300 


ESC Share price trends 


D 
1990 1992 1994 1996 1998 2000 2002 2004 2006 


Now you try 
The average price of lambs at a market over 14 weeks is given in this table, 


CENENA 
iet s [s | es | es | ot s [s [wo [1 (aoe [1s | nz | vs 


2 Piot the time series. 
Describe the trend in the data over the 14 weeks 
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11 


12 


13 


14 


15 


16 


17 


18 
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Revised exercise structure: the exercise now begins at 
Fluency, with the first question always linked to the first 
worked example in the lesson. 


Working programs: differentiated question sets for 
three ability levels in exercises 


Example references: show where a question links to a 
relevant worked example - the first question is always 
linked to the first worked example in a lesson 


NEW Non-CAS TI and Casio calculator activities 
added for Years 9 (online) and 10 & 10A (print) 


NEW Modelling activities in every chapter allow students 
to practise solving problems using a systematic 
modelling process 


NEW Applications and problem-solving: a set of three 
extended-response questions across two pages that give 
practice at applying the mathematics of the chapter to 
real-life contexts 


Problems and challenges: in each chapter provide practice 
with solving problems connected with the topic 


NEW Success criteria checklist: a checklist of the learning 
intentions for the chapter, with example questions 


Chapter reviews: with short-answer, multiple-choice and 
extended-response questions; questions that are extension or 
10A (at Year 10) are clearly signposted 


Solving unfamiliar problems poster: at the back of the 
book outlines a strategy for solving any unfamiliar problem 


D" MN 


3 Tarde pet 
O |! at yae da oie equat How many potios doe pru 


Chapter review. 


eyed fad out how many hours they spend 


Chapter checklist 


18 pen 

1,12, 4,20, 2,26, 8, 11, 17, 12,21, 5,8, 18, 4 

onsiruc a histogram for ha dat using class ital o 5, showing bot t 
iba one graph 


statistica graph 
al piot show eiu, find th mean correct o one decimal place, the 


i 


23 means z3 


3. lan tae fed mma ad nae, 
[- | i a ogan mere 


imum, madian, upper and ower quartiles and e. 


os by a tentis player in 17 grand slam matches 


hase to help determine N there are any 


T. den a box piot, 
tà Far the data sot 3, B, 2, 1, B, 3,3, 1, A, 18,2, B, 5, draw a box plot to summarise the data, 
ite) 


sadn eon = 
fet, 7, cal mean and standard dation comet tone (5^) 


| 1 The approximate population of a small village is recorded from 2005 to 2015, 


[zs [uz asa [zs [ aus. 


ws [zs zo | sso | 980 | wor 


Applications and problem-solving 


ns 


2A small business has 20 employees with the fol 


" shal Short-answer questions 
Chapter checklist: Success criteria E 
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Cambridge University Press 


INTERACTIVE TEXTBOOK FEATURES 


19 NEW Workspaces: almost every textbook question — including all working-out — can be completed 
inside the Interactive Textbook by using either a stylus, a keyboard and symbol palette, or uploading an 
image of the work. 


20 NEW Self-assessment: students can then self-assess their own work and send alerts to the teacher. See 
the Introduction on page ix for more information 


21 Interactive question tabs can be clicked on so that only questions included in that working program 
are shown on the screen 


22 HOTmaths resources: a huge catered library of widgets, HOTsheets and walkthroughs seamlessly 
blended with the digital textbook 


23 A revised set of differentiated auto-marked practice quizzes per lesson with saved scores 
24 Scorcher: the popular competitive game 


25 Worked example videos: every worked example is linked to a high-quality video demonstration, 
supporting both in-class learning and the flipped classroom 


26 Desmos graphing calculator, scientific calculator and geometry tool are always available to open 
within every lesson 


27 Desmos interactives: a set of Desmos activities written by the authors allow students to explore a key 
mathematical concept by using the Desmos graphing calculator or geometry tool 


28 Auto-marked prior knowledge pre-test for testing the knowledge that students will need before 
starting the chapter 


29 NEW Auto-marked diagnostic pre-test for setting a baseline of knowledge of chapter content 


30 Auto-marked progress quizzes and chapter review multiple-choice questions in the chapter 
reviews can now be completed online 


Levels (questions) PROBLEM-SOLVING . 8 d es * » —— ——6) 


eee] = EN 


Question 8. 


REA (10 


2) Find an expression for the area of a floor of a rectangular room with the following side lengths. Expand and 
simpli ur answer, 
ENRICHMENT (13) P fy yo 


Show workspace yp a. x 3and2x 


ne Workspace Check answer Em draw | 
Aves = Leng*h < widih 
= X+3> 2x 
= x 46x 


24x 


Correct Answer 
Answer 


How did | go? 


o m 
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DOWNLOADABLE PDF TEXTBOOK 


31 In addition to the Interactive Textbook, a PDF version 
1^ Review of algebra 


of the textbook has been retained for times when 
users cannot go online. PDF search and commenting 


tools are enabled. 


- E 
pur" 


ONLINE TEACHING SUITE 


32 Learning Management System with class and student analytics, including reports and 


communication tools 


33 NEW Teacher view of student's work and self-assessment allows the teacher to see their class's 
workout, how students in the class assessed their own work, and any ‘red flags’ that the class has 


submitted to the teacher 
34 Powerful test generator with a huge bank of levelled questions as well as ready-made tests 


35 NEW Revamped task manager allows teachers to incorporate many of the activities and tools listed 
above into teacher-controlled learning pathways that can be built for individual students, groups of 
students and whole classes. 


36 Worksheets and four differentiated chapter tests in every chapter, provided in editable Microsoft 
Word documents 


37 ‘EW More printable resources: all Pre-tests, Progress quizzes and Applications and problem-solving 
tasks are provided in printable worksheet versions 


Cam Lerrone Report». 1A Review of getea (Comsoidating) - Yes 10 
— . e p 


Schoo classes: 
Help 


Search i 


resources. b 
ir 
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1 Discover the link between Pascal's triangle and expanded binomial products and use 
this pattern to help you expand (x + y). For Question 1, 
Pascal's triangle try looking 
GU y ial 
@ +y)! 1 1 algebraic 
(x+ y? 1 2 1 i patterns. 
x-y»? 1 3 3 | 
2 How many palindromic numbers are there between 10! and 10?? For Questions 2 
3 Find the smallest positive integer values for x so that 60x is: Au oe 
a a perfect square or table. 
b a perfect cube 
€ divisible by both 8 and 9. 
4 A Year 10 class raises money at a fete by charging players $1 to flip their dollar coin 
onto a red and white checked tablecloth with 50 mm squares. If the dollar coin lands 
fully inside a red square the player keeps their $1. What is the probability of keeping Qu bid i 
the $1? 4-8, try 
How much cash is likely to be raised from 64 players? drawing a 
diagram to 
9 The shortest side of a 60? set square is 12 cm. What is the length of the longest side of help you 
this set square? visualise the 
problem. 
6 A Ferris wheel with diameter 24 metres rotates at a constant rate of 60 seconds per 
revolution. 
a Calculate the time taken for a rider to travel: 
i from the bottom of the wheel to 8 m vertically above the bottom 
ii from 8 m to 16 m vertically above the bottom of the wheel. 
b What fraction of the diameter is the vertical height increase after each one-third of 
the ride from the bottom to the top of the Ferris wheel? 
7 ABCDisarectangle with AB = 16 cm and AD = 12 cm. X and Y are points on BD 
such that AX and CY are each perpendicular to the diagonal BD. Find the length of the 
interval XY. 
8 How many diagonal lines can be drawn inside a decagon (i.e. a 10-sided polygon)? 
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Working with unfamiliar problems: Part 1 


The questions on the next four pages are designed to provide practice in solving 


unfamiliar problems. Use the ‘Working with unfamiliar problems’ poster at the back 


of this book to help you if you get stuck. 


In Part 1, apply the suggested strategy to solve these problems, which are in no particular 


order. Clearly communicate your solution and final answer. 


Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


The symbol ! means factorial. For Question 9, 


eg. 44=4x3x2x1=24. try to break 
Simplify 9! + 7! without the use of a calculator. up the 

numbers to 

help simplify. 


10 In 2017 Charlie’s age is the sum of the digits of his birth year 19xy and Furiuesifüs 
Bob's age is one less than triple the sum of the digits of his birth year 10, try to 
19yx. Find Charlie's age and Bob's age on their birthdays in 2017. set up an 
equation 
Ti Let D be the difference between the squares of two consecutive positive integers. Find me 
an expression for the average of the two integers in terms of D. 11-13, try 
using algebra 
12 For what value of b is the expression 15ab + 6b — 20a — 8 equal to zero for all values Me ined 
of a? unknowns. 
13 Find the value of k given k > 0 and that the area enclosed by the lines 
y=xt3,xn+y+5=0,x=kand the y-axis is 209 units?. 
14 The diagonal of a cube is V27 cm. Calculate the volume and surface > 
For Questions 14 
area of this cube. and 15, try 
using concrete, 
15 Two sides of a triangle have lengths 8 cm and 12 cm, respectively. Meran ! 
: "o materials to he 
Determine between which two values the length of the third side you ae 
would fall. Give reasons for your answer. the problem. 
16 When 109? — 89 is expressed as a single number, what is the sum of its digits? For Questions 
16-19, try 
, : : 1 1 1 1 using a 
17 Determine the reciprocal of this product: | 1 — d 1- 3 1- ape" 1- nt p) | mathematical 
procedure 
2 2 to find a 
18 Find the value of ir without using a calculator. shortcut to 
1022 — 982 the answer. 
19 In the diagram at right, AP = 9 cm, PC = 15 cm, A D 
BQ = 8.4 cm and QC = 14cm. Also, CD || QP || BA. 
Determine the ratio of the sides AB to DC. E 
B Q C 
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Working with unfamiliar problems: Part 2 


N For the questions in Part 2, again use the ‘Working with unfamiliar problems’ poster at 
Dm the back of this book, but this time choose your own strategy (or strategies) to solve each 
L- problem. Clearly communicate your solution and final answer. 
a. 1 The Koch snowflake design starts with an equilateral triangle. A smaller equilateral 
triangle is built onto the middle third of each side and its base is erased. This procedure 


can be repeated indefinitely. 


A xunis C A E à £ 
a Fora Koch snowflake with initial triangle side length x units, determine expressions 
for the exact value of: 
i the perimeter after 5 procedure repeats and after n procedure repeats 
ii the sum of areas after 3 procedure repeats and the change in area after 
n procedure repeats. 
b Comment on perimeter and area values as n > oo. Give reasons for your answers. 


2 Two sides of a triangle have lengths in the ratio 3 : 5 and the third side has length 
37 cm. If each side length has an integer value, find the smallest and largest possible 
perimeters, in cm. 


3 The midpoints of each side of a regular hexagon are joined to form a smaller regular 
hexagon with side length k cm. Determine a simplified expression in terms of k for the 
exact difference in the perimeters of the two hexagons. 


4 Angle COD is 66°. Find the size of angle CAD. 


5 The graph of y = ax? + 2x + 3 has an axis of symmetry at x = T Determine the 
maximum possible value of y. 


6 Find the value of x and y given that 5* = 125’~3 and 81**! = 9» x 3. 


7 Arectangular prism has a surface area of 96 cm? and the sum of the lengths of all its 
edges is 64 cm. Determine the exact sum of the lengths of all its internal diagonals 
(i.e. diagonals not on a face). 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 


Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


8 


10 


11 
12 


13 


14 


15 


In a Year 10 maths test, six students gained 100%, all students scored at least 75% and 
the mean mark was 82.85%. If the results were all whole numbers, what is the smallest 
possible number of students in this class? List the set of results for this class size. 


Determine the exact maximum vertical height of the line y = 2x above the parabola 
y = 2x? — 5x — 3. 


A+ B= 6and AB = 4. Without solving for A and B, determine the values of: 


a (A+ 1)(B+1) b 242 c A-B}? d Iz 


If f(1) = 5 and f(x + 1) = 2f(x), determine the value of f(8). 


Four rogaining markers, PQRS, are in an area of bushland with level ground. Q is 

1.4 km east of P, S is 1 km from P on a true bearing of 168? and R is 1.4 km from Q on 
a true bearing of 200°. To avoid swamps, Lucas runs the route PRSQP. Calculate the 
distances (in metres) and the true bearings from P to R, from R to S, from S to Q and 
from Q to P. Round your answers to the nearest whole number. 


Consider all points (x, y) that are equidistant from the point (4, 1) and the line y 2 —3. 
Find the rule relating x and y and then sketch its graph, labelling all significant features. 
(Note: Use the distance formula.) 


A ‘rule of thumb’ useful for 4WD beach driving is that the proportion of total tide 


height change after either high or low tide is 5 in the first hour, P in the second hour, 
2 in the third hour, = in the fourth hour, = in the fifth hour and 3 in the sixth hour. 
12 12 12 12 


a Determine the accuracy of this ‘rule of thumb’ using the following equation for tide 
height: h = 0.7 cos (30f) + 1, where h is in metres and t is time in hours after high tide. 

b Using h = A cos (30t) + D, show that the proportion of total tide height change 
between any two given times, f and fy, is independent of the values of A and D. 


All Golden Rectangles have the proportion L : W = 6 : 1 where ® (phi) is the Golden 
Number. Every Golden Rectangle can be subdivided into a square of side W and a smaller 
Golden Rectangle. Calculate phi as an exact number and also to six decimal places. 
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relations 
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x ao 


Rally driving andfsuspension 


Rally drivers need to rely on-their cars suspension 
to keep them safe on difficult and intense tracks 
around the world. Drivers'need to understand 
how their suspension system works in order to 
ensure that it performs as it should under extreme 
conditions. 


The springs used in a suspension system obey the 
principles of a linear relationship. The force acting 
on the springs versus the extension of the springs 
forms a linear relation. Mechanics investigate the 
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performance of various suspension springs that are 
suitable for the make and model of the rally car and 
decide which is the best for the car and driver. 


Linear relationships in cars are not just restricted 
to suspension systems; running costs and speed 
efficiency can also be modelled using linear 
relationships. Fixed costs are the y-intercept of the 
equation and then the variable costs are set as the 
gradient, as this gives the rate of increase in the 
overall costs per kilometre. 
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In this chapter 


1A Review of algebra 

1B Multiplying and dividing algebraic fractions 
1C- Adding and subtracting algebraic fractions 
1D Solving linear equations 

1E Linear inequalities 

1F Graphing straight lines 

1G -Finding an equation of a line 

1H Length and midpoint of a line segment 

1l Perpendicular and parallel lines 

1J Simultaneous equations using substitution 
1K Simultaneous equations using elimination 
1L Further applications of simultaneous equations 
1M Half planes 


Australian Curriculum 


NUMBER AND ALGEBRA 
Patterns and algebra 


Apply the four operations to simple algebraic fractions with numerical 
denominators. (ACMNA232) 

Substitute values into formulas to determine an unknown. (ACMNA234) 
Linear and non-linear relationships 


Solve problems involving linear equations, including those derived from 
formulas. (ACMNA235) 


Solve linear inequalities and graph their solutions on a number line. 
(ACMNA236) 


Solve linear simultaneous equations, using algebraic and graphical 
techniques including using digital technology. (ACMNA237) 


Solve problems involving parallel and perpendicular lines. (ACMNA238) 


Solve linear equations involving simple algebraic fractions. 
(ACMNA240) 
© ACARA 
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Chapter 1 


1A Review of algebra  consouivarine 


Learning intentions 

e To review the key words of algebra: term, coefficient, expression, equation 

e To review how to combine like terms under addition and subtraction 

e To review how to multiply and divide algebraic terms and apply the distributive law to expand brackets 
e To review how to factorise an expression using the highest common factor 

e To be able to substitute values for pronumerals and evaluate expressions 


Algebra involves the use of pronumerals (or 
variables), which are letters representing numbers. 
Combinations of numbers and pronumerals form 
terms (numbers and pronumerals connected by 
multiplication and division), expressions (a term or 
terms connected by addition and subtraction) and 
equations (mathematical statements that include 
an equals sign). Skills in algebra are important 
when dealing with the precise and concise nature 


of mathematics. The complex nature of many 


problems in finance and engineering usually result Stockmarket traders rely on financial modelling based on 
complex algebraic expressions. Financial market analysts 
and computer systems analysts require advanced algebraic 
be simplified and solved. skills. 


ASSURE GUN Mystery problem 


Between one school day and the next, the following problem appeared on a student noticeboard. 
3x9 
3 


in algebraic expressions and equations that need to 


Prove that 8 — x? + 


+ 5(x— 1) — x(6 —x)-0. 


e By working with the left-hand side of the equation, show that this equation is true for any value of x. 
e At each step of your working, discuss what algebraic processes you have used. 


KEY IDEAS 


Bi Key words in algebra: 


LLL 


e term: 5x, 7x2y, = 7 (a constant term) 

e coefficient: —3 is the coefficient of x? in 7 — 3x2; 1 is the coefficient of y in y + 7x. 
* expression: 7x, 3x + 2xy, eS V2a2 — b 

e equation: x = 5,7x — 1 = 2, x? + 2x = —4 


E Expressions can be evaluated by substituting a value for each pronumeral (variable). 
e Order of operations are followed: First brackets, then indices, then multiplication and division, 
then addition and subtraction, working then from left to right. 
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E Like terms have the same pronumeral part and, using addition and subtraction, can be collected to 


form a single term. 

For example, 3x — 7x + x = —3x 
6a?b — ba? = 5Sa?b 

Note that a2b = ba? 


B The symbols for multiplication (x) and division (+) are usually not shown. 


The 
J 32398 — 
y y 
A 
P ce eee 
ab 
= —6a 


B The distributive law is used to expand brackets. 
e a(b+c)=ab+ac 2(x + 7) 2 2x4+ 14 
e a(b-— c)- ab — ac == eese 


B Factorisation involves writing expressions as a product of factors. 
* Many expressions can be factorised by taking out the highest common factor (HCF). 
15=3x5 
3x — 122 3(x — 4) 
9x2y — 6xy + 3x = 3x(3xy — 2y + 1) 


Wi Other general properties are: 
* associative ax(bxc)-(axb)xc or at+(b+c)=(at+b) +e 


e commutative ab=ba or a+b=b+a (Nore: : sé 9 anda — bzb- a) 
a 
e identity axl=a or a+0=a 


e inverse ax se | or ad (-a) 20 


BUILDING UNDERSTANDING 


© Which of the following is an equation? 


p xt! 
4 


A 3x-1 C 7x+2=5 


(2) Which expression contains a term with a coefficient of —9? 
A 8+9x B 2x + 9x2y C 9a -— 2ab 


© State the coefficient of a? in these expressions. 


aat+a b + = 4a? 


O Decide whether the following pairs of terms are like terms. 
a xy and 2yx b 7a?b and —7ba? € —Aabc? and 8ab?c 


9 Evaluate: 
a (3? b (-2)3 d -2 
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Chapter 1 


Simplify by collecting like terms. 


a 7a+3a b 3a2b — 2a*b G Sin de EE E 
SOLUTION EXPLANATION 

a 7a+3a= 10a Keep the pronumeral and add the coefficients. 
b 3a2b — 2a*b = ab 3a?b and 2ab have the same pronumeral part, 


so they are like terms. Subtract coefficients and 
recall that lab = a?b. 


GC 5xy + 2xy* — 2xy  3y/x = 3xy + 5xy? Collect like terms, noting that 3y?x = 3xy?. 
The + or — sign belongs to the term that 
directly follows it. 


Now you try 
Simplify by collecting like terms. 
a 4a+ 13a b 5ab?-— 2ab? € 3xy + 4x2y — xy + 2yx? 
B Multiplying and dividing expressions t 
Simplify the following. 
2 Txy 

a 2hx 7 b —3p^r x 2pr t ——— 

14y 
SOLUTION EXPLANATION 
a 2hx 71= 14h! Multiply the coefficients and remove the x sign. 
b —3p2r x 2pr = -6p?? Remember the basic index law: When you 

multiply terms with the same base you add the 
powers. 
: xy x Cancel the highest common factor of 7 and 
14» 2 14 and cancel the y. 

Now you try 
Simplify the following. 
a 3ax 6b b —2x2y x 5xy c Eno 

8a 
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Expand the following using the distributive law. Simplify where possible. 


a 2(x+4) b 


SOLUTION 


a 2(x-4)22x48 
b —3x(x — y) = —3x? + 3xy 


€ 3(x4+ 2) — 4(2x — 4) = 3x + 6 — 8x + 16 
= —5x + 22 


Now you try 


—3x(x — y) 


© 3(x 4-2) -— AQx — 4) 


EXPLANATION 
a 


24%+4)=2xx+2x4 
Note that x x x = x? and —3 x (-1) = 3. 


Expand each pair of brackets and simplify by 
collecting like terms. 


Expand the following using the distributive law. Simplify where possible. 


a 3(x+2) b 


Factorise: 
a 3x-9 


SOLUTION 
A S9 EBSX3) 


b 2x2 + 4x = 2x(x + 2) 


Now you try 


Factorise: 
a 2x— 10 
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—2x(x — y) 


(j AWGese 3 = exe = Di 


b 2x2 + 4x 


EXPLANATION 
HCF of 3x and 9 is 3. 


Check that T =3x-9. 


HCF of 2x? and 4x is 2x. 


Check that Gee) = 2x? + 4x. 


b 3x2 + 9x 
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Chapter 1 


Evaluate a? — 2bc if a = —3, b = 5 and c = —1. 


SOLUTION EXPLANATION 
a? — 2bc = (-3? - 2(5)(- Substitute for each pronumeral: 
= 9 — (-10) (—3)? = —3 x (—3) and 2 x 5 x (-1) = -10 
= 19 To subtract a negative number, add its opposite. 
Now you try 


Evaluate b? — 3ac if a = 1, b = —2 and c = -3. 


Exercise 1A 


1, 2-7 (15) 2-7 (1) 
1 Simplify by collecting like terms. 
Example 1a a i 5a-9a ii 7a — 2a 
Example 1b b i 4a?b-— 2a?b ii 5x2y — 4x2y 
Example 1c C i 4xy + 3xy? — 3xy + 2y2x ii 6ab + 2ab? — 2ab + 4b?a 
Example1 2 Simplify by collecting like terms. 
a 6a+4a b 8d+7d 
€ 5y— 5y d 2xy + 3xy 
e Oab — 5ab f 4¢+ 3t 2t 
g 7b-b-c3b h 3st? — 4s? 
i 4m2n — Tnm? j 0.3a2b — ba? 
k 4gh+5—-2gh | 7xy + 5xy — 3y 
m 4a+5b-—a+t 2b n 37k — 4j + 5jk — 3j 
0 2ab* + Sab — ab? + 5ba? p 3mn — 7n?n + 6nm? — mn 
Q 4st + 3ts? + st — As?t ro Tyt — 3xy? — 4y4x3 + Sy2x 


Example2 3 Simplify the following. 


a 4ax 3b b Sax 5b € —2a x 3d d 5h x (—2m) 
e —6h x (—51) f —5b x (—6l) g 2s? x 6t h -3b? x 7d 
i 4ab x 2ab3 j -6p?x (-4pq) k 6hi* x (—3h4i) | 7mp x 9mr 
7 2 9 8 
1 4 
q 4ab RE Sxy "NE Axy t  28ab 
2a 5y 8x 56b 
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Example 3ab 4 Expand the following, using the distributive law. 
a 5(x+ 1) b 2(x44) c 3(x—5) 
d  —5(4- D) e —2(y-3) f -7(a+c) 
g —6(-m — 3) h 4(m -— 3n + 5) i —2(p — 3q - 2) 
j 2x(x-45) k 6a(a — 4) —4x(3x — 4y) 
m 3y(5y +z- 8) n 9g(4-— 2g — 5h) 0 —2a(4b — 7a + 10) 
p 7y(2y — 2y* — 4) q —3a(2a2 — a — 1) r 5P 4 6? + 2) 
s 2m(3m3 — m? + 5m) t —x(1 — x3) u —3s(2t — s?) 
Example3c 5 Expand and simplify the following, using the distributive law. 
a 2(x44)-c3(x4 5) b 4(a+2) + 6(a + 3) 
€ 6(3y + 2) + 3(y — 3) d 3(2m + 3) + 33m — 1) 
e 2(2 + 6b) — 3(4b — 2) f 3Qr+3)-52-)h 
g 2x(x +4)  x(x * 7) h 4(6z — 4) — 3(3z - 3) 
i 3d?(2d3 — d) — 2d(3d* + 4a?) j @(2q-5) + qq. - 4q) 
Example4 6  Factorise: 
a 3x-9 b 4x-8 c 10y 4 20 
d 6y+30 e x*+7x f 2a? + 8a 
g 52à-5x h 9y? — 63y i xy -= xy? 
j xy — 4x2y? k 8a’b + 40a? | 7a*b + ab 
m —52 — 5t n —6mn — 18mn? 0 -y — 8yz 
Example5 7 Evaluate these expressions if a = —4, b = 3 and c = —5. 
a —2a? b b-a 
€ abc+1 d  —ab 
e 4 +b f 3b-a 
2 5 
y a? — b? h a? + b? 
c ve 
PROBLEM-SOLVING 8 8,9 9 


8 Findan expression for the area of a floor of a rectangular room with the following side lengths. Expand 
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b xandx—-5 
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10 10,11 i, W2 


10 When a = —2 give reasons why: 


a a*>0 
b -a*<0 
c a <0 


11 Decide whether the following are true or false for all values of a and b. If false, give an example to 
show that it is false. 
a a+b=b+a 
b a-b=b-a 


€ ab= ba 
gms 
b a 


e a+(b+c=(at+b)+c 


f a-(b-c)=(a-—b)-c 
g ax(bxc)-(axb)xc 
h a+(b+c)=(a+b)+c 


12 a Write an expression for the statement ‘the sum of x and y divided by 2’. 
b Explain why the statement above is ambiguous. 
a+b 


€ Write an unambiguous statement describing 


ENRICHMENT: Algebraic circular spaces = = 13 


13 Find expressions in simplest form for the perimeter (P) and area (A) of these shapes. Your answers 
may contain z, for example 4z. Do not use decimals. 


a xl 


Architecture, building, carpentry and landscaping are among the 
many occupations that use algebraic formulas to calculate areas and 
perimeters in daily work. 
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1B Multiplying and dividing algebraic fractions 


Learning intentions 

e To understand that expressions in algebraic fractions need to be in factorised form in order to cancel 
common factors 

e To know that it is helpful to cancel common factors in fractions before multiplying or dividing 

e To be able to multiply and divide fractions involving algebraic expressions 


Since pronumerals represent numbers, the 
rules for algebraic fractions are the same 


as those for simple numerical fractions. 
This includes processes such as cancelling 
common factors, adding or subtracting with 
a lowest common denominator (LCD) and 
dividing, by multiplying by the reciprocal 
of the fraction that follows the division sign. 
In this section we focus on multiplying and 
dividing algebraic fractions. 


The study of air-conditioning uses algebraic fractions to model 
airflow, air temperatures and humidity. The mechanical engineers 
who design ventilation systems, and the electricians who install 
and repair them, all require algebraic skills. 


| LESSON STARTER | Guada Describe the error 


Here are three problems involving algebraic fractions. Each simplification contains one critical error. Find 
and describe the errors, then give the correct answer. 


à 6x—8  6x-2 p 2a.2_2a 2 3b 2b 3b 3b 
= — + — = — X — c ona = x 
r^ 1 9/3 9' 3 IE I MAU 
-6-2 _4a _ 9b 
27 14 


REY ERS LLL 


E Simplify algebraic fractions by factorising expressions where possible and cancelling common 
factors. 


Bb For multiplication, cancel common factors and then multiply the numerators together and the 
denominators together. 


Bi For division, multiply by the reciprocal of the fraction that follows the division sign. The 


reciprocal of a is E and the reciprocal of ; is 7 
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BUILDING UNDERSTANDING 


1) Simplify to find the answer in simplest form. 
à x^ 
3 4 


o9 What is the reciprocal of each fraction? 
p /4 
3 


© Simplify by cancelling common factors. 


10x p 24 
2 6 


Example 6 


Simplify by cancelling common factors. 


8a?b mds 
2a 3 
SOLUTION EXPLANATION 
4 1 
a 8a?b = Bi xd xaxb Cancel the common factors 2 and a. 
2a 21 X d 
— 4ab 
1 
b Stu zi 3-39 Factorise the numerator, then cancel the 
3 3! common factor of 3. 
=1-3x 
Now you try 
Simplify by cancelling common factors. 
Jab? p 52 10x 
3b 3 
O Example 7 
Simplify the following. 
2 a+2 2x—4 x-2 
PS b E 
a 4 3 6 
SOLUTION EXPLANATION 
il 
2 x a+2 as 2 Cancel the common factor of 2 and then 
$ fo 24 multiply the numerators and the denominators. 
a cannot be cancelled as it is not a common 
factor ina + 2. 
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b ON TA mI EU 


x Multiply by the reciprocal of the second 
3 6 3 = 2 : 
2 —2jl g fraction. 
= i x i Factorise 2x — 4 and cancel the common 
E 3 (—2j factors. 
Now you try 
Simplify the following. 
o cat b oe uw 
a 12 2 Lo 
Exercise 1B 
il, 242) 2-5 (1/2) 2—5(1/3) 
1 Simplify by cancelling common factors. 
2 2 
Example 6a 6a b ii My 
2a Sy 
Example 6b b i Ben ii fa 
4 5 
Example6a 2 Simplify by cancelling common factors. 
x 3 —14x2y p 36ab? ELA 
Tx Txy 4ab —4xy? 
MEUS E —48x2 h 120ab? 
30p?g? 4552t g 16xy 140ab 
Example6b 3 Simplify by cancelling common factors. 
= = -1 
4x + 8 b 6a — 30 " 6x — 18 d 5 Sy 
4 6 2 5 
" —2 — 12b f 21x — 7 g 9t — 27 h 44 — 11x 
-2 -7 -9 -11 
x? 2x j 6x — 4x? k @ -a I 7a + 14a? 
x 23 a 21a 
Example7a 4 Simplify the following. 
a igi LEA 2 g 4. 
x 6 10 x 7 2a 
d x+3 4 y-7 5y 102 | a46 
9 x+3 y y-7 a+6 4a 
2m + 4 m h 6 — 18x 5 i b-1 -5 
L a ie 2 "1-5 m ^ bei 
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Example7b 5 Simplify the following. 


a aX b XxT4,x4 r 6x- 12. x-2 

5°15 2 ` 6 5 3 
d 3-6y.1-2y ü 2 i. 3 f 2 . 10 

8 2 a-1 2a-2 10x-—5 2x-1 

g A oo 15 h 2k—06 ., 4-38 i t+1,-t-1 

3a+4  -15a — 20 5x—20 x-4 9 3 
PROBLEM-SOLVING 6 6, 7(1/2) 7-8(u:) 

6 Find a simplified expression for the area of these rectangles. 
a b c 
2m LO cm 
— mm 
xl X 
27m 4 cm 
x= 
2x—4 
; mm 
7 Simplify these expressions. 

x 9x — 15 2 a _ 10 

ass — x mn c LI "ud 

3 5 — 3% j a x 5 " 3a 
é £d 4x xXt3 d 2x-1,2x—1, I 

2 2x — 2 5x x 2 2 


2x- 3 , Mx-21.x 
a he ^2 b p b-1 


= 
| 


8 Write the missing algebraic fraction. 


a 44 3x[]-2 b 1 -*x[]-3 


5 
x 3(x4+2) 2x — 2 5x 
iL s= d > = 
p L 2 x LI 3 x- 1 
1 x-1 2—x 5x 
pue = f x + = 
e c [ ]x^-1 ; ups 


REASONING 


9 Recall that (x — 1)? = (x — 1)(x — 1). Use this idea to simplify the following. 


G1)? p 3 +2) A(x — 3)? 
x-1 x+2 2(x — 3) 
4(x + 2) : —5(1 — x) , œ- 
(x + 2)? (1 -= x)? x-I 
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10 Prove that the following all simplify to 1. 
5x +5 3 b 3x21) 4—- 2x " 10— 5x , 20 = 10x 


x s 
15 x+1 2—-x 6x-42 2x+6 4x+12 


fl a Elone t hu eg 
2 1-x 2 x—1 


b Use this idea to simplify these expressions. 


2-a 7 i 6x-3.,1-2x ii 18—x , 2x — 36 
3 a-2 X 5 4 3x—-1 7-21x 
ENRICHMENT: Simplifying with quadratics = 2 12(u2) 


12 You may recall that to factorise a monic quadratic of the form x? + bx + c we look for factors of c 
which add to b. So for example: x? — x — 6 = (x — 3)(x + 2). 


So: 
SSME e .2. 2 
6 x—3 6 (—3)! 
2x -2 
BE 
Now simplify these algebraic fractions which involve quadratics. 
à mee? aoe 2 b x + 5x +6 x 
4 x—4 x42 x+3 
x+1 x 5-9 d 3x = 27, 2x 
x) -4x-5 3 4x x2 — 7x — 18 
" 4ab " b t a+8 , d) +5a-24 
a+a d42a41 FT Woe 
cnt ate 9 E54. QT 
9 xy “ x+y xy ` xy? + 2xy 
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1C Adding and subtracting algebraic fractions 


Learning intentions 

e To know how to find the lowest common denominator of algebraic fractions 
e To be able to combine numerators using expansion and addition of like terms 
e To be able to add and subtract algebraic fractions 


The sum or difference of two or more algebraic fractions can be 


simplified in a similar way to numerical fractions with the use of a 
common denominator. 


| LESSON STARTER | YUU Spot the difference 


Here are two sets of simplification steps. One set has one critical 


" i ; Pram ye t 
Electricians, electrical and electronic 
engineers work with algebraic fractions 


2 5 4 15 x x+1 2x 3(x-410D when modelling the flow of electric 
= = = energy in circuits. The application of 


error. Can you find and correct it? 


3 2 6 6 3 - 6 6 algebra when using electrical formulas 
_cll _ 2x-3x+3 is essential in these professions. 
xr s BER ue 
Sears 
| 6 


KEY IDEAS LLL 


Bi Add and subtract algebraic fractions by firstly finding the lowest common 
denominator (LCD) and then combine the numerators. 


E Expand numerators correctly by taking into account addition and subtraction signs. 
E.g. -2(x + 1) = —2x — 2 and —5(2x — 3) = -10x + 15. 


BUILDING UNDERSTANDING 


(1) Expand the following. 
a 2(x—2) b -(@+6) C —6(x—2) 


e Simplify these by firstly finding the lowest common denominator (LCD). 
RUNE » 41 E d 
2 3 3 2 7 14 


© State the lowest common denominator for these pairs of fractions. 
4x 3xy — 
a Ta b ~ AXy C y -3x 


34 2 6 TOU 3a 
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Simplify the following. 


32 
4 2 
SOLUTION 
a mod 
4 2 4 4 
_3= 2a 
4 
5 6 Sa Ww 
_ Meise 1S 
Sa 
Now you try 
Simplify the following. 
S8 
6 3 


Simplify the following algebraic expressions. 


| WES ee 
J 5 
SOLUTION 
t3 sg S63) .22 2) 
aaa eT MEC eee 
_ S(x + 3) + 20 - 2) 
z 10 
NE LI LI ee = 4 
10 
— Tbe se MH 
20 
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EXPLANATION 


The LCD of 2 and 4 is 4. Express each fraction 
as an equivalent fraction with a denominator of 4. 
Subtract the numerators. 


The LCD of 5 and a is 5a. 


Add the numerators. 


EXPLANATION 


LCD is 10. 


Use brackets to ensure you retain equivalent 
fractions. 

Combine the numerators, then expand the 
brackets and simplify. 


Continued on next page 
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"sema ee Oe) 


b = 
3 4 12 12 
e 1) 
B Ip 
_ bea a= Sear d 
12 
_ oe Il 
12 
Now you try 
Simplify the following algebraic expressions. 
Ae dede» 
3 p 


A . ; 3 p 
Simplify the algebraic expression x 
SOLUTION 

3 27 aC 2) 2(x — 6) 
x-6 x42 (-6(G-2) (G-6(G242) 
mob 200) 
7 VCS 
_ Bis © = Beh 2 
— R= 6) (x + 2) 
E PLNS 
^ x- 6)(x + 2) 
Now you try 
Simplify the expression dees 
x-5 x-l 
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Express each fraction with the LCD of 12. 
Combine the numerators. 
Expand the brackets: 4(2x — 1) = 8x — 4 and 


—3(x — 1) = -3x + 3. 
Simplify by collecting like terms. 


EXPLANATION 

(x — 6) (x + 2) is the lowest common 
multiple of (x — 6) and (x + 2). 
Combine the numerators and then 
expand the brackets. 


Recall that —2 x (—6) = 12. 


Collect like terms to simplify. 
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Exercise 1C 


1,2-4(1/2) 2-5(1/2) 
1 Simplify the following. 
> 1 d 33 a 
Example 8a a1 ——— ul ——-— 
4 2 10 $5 
EE 0:1 Wc 
3 a T a 
Example8a 2 Simplify the following. 
a 2 + a b 3 + a C 3 E 3b 2 4x 
3 7 8 2 10 2 5 15 
1 2a a a 2x X 6b b 
e ~-— f l-- g —-- ——— 
9 3 3 5 5 4 7 14 
Exampless 3 Simplify the following. 
4 3 
a 2 + 5 b 3 + 2 C T = 3 oe == 
3 a 4 a 9 a b 4 
ws p od Q2 n 21 
7 2b 2y 9 x 3 2x 3 
Example9a 4 Simplify the following algebraic expressions. 
j x+3 x*2 b x+2 x41 é x-3,x*2 
4 5 3 4 4 2 
d x+4 x73 á 2x+1 x-2 f 3x*l1,2x*]l 
3 9 2 3 5 10 
g x2  2x*4 h 3x *3  2x-2 i 3-x x-1 
8 12 10 4 14 7 
Example9s 9 Simplify these algebraic fractions. 
ü 2x1 x-1 b 3-1 2-3 : x46. x-4 
3 2 3 4 5 3 
d x-3 2x-«l " 7x42. x *2 f 10x-4 2x+1 
2 7 7 3 3 6 
g 4—x 1l-—x h 1-3x x-2 i 6—5x 2-7 
6 5 5 3 2 4 
PROBLEM-SOLVING 6(1/2) 6(1/2) 6(1/2), 7 
Exampeio 6 Simplify the following algebraic expressions. 
j 5 2 b 4 3 á 1 2 
x+1 x-4 x-7 x+2 x-3 x+5 
d a... 2 - a -. 3 f 4 2 
x+3 x-4 2x—-1 x-4 x-5 3x-4 
g 5 6 h 2 -3 i 8 3 
2x-1 x+7 x-3 3x+4 3x-2 1l-x 
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7 a Write the LCD for these pairs of fractions. 


32 ii 1 34x 
2 3 x 


aa 
b Now simplify these expressions. 
2 3 3 atl 4 se d 3 
2 


P ii 
a a a a 


8 Describe the error in this working, then fix the solution. 
x xt1_3x_ 2x-D 


2 3 6 6 
23x 2x £2 
(6 6 
2x2 
|^ 6 


9 a Explain why 2x — 3 = —(3 — 2x). 
b Use this idea to help simplify these expressions. 


1 1 T 3x 4% iii X t1 2 
x-1 1-x 3-x x-3 T—-x x-7 
ENRICHMENT: Fraction challenges = = 10, 11 
10 Simplify these expressions. 
= j em 
b-a a a 
3 2 x x 
+ d - 
xt1 («+ 1) (x— 2)? x-2 
Wesco TE 
28-x) Tœ- 3) x y z 
Ti By first simplifying the left-hand side of these equations, find the value of a. 
" a 2 . 4 
x-l1 x4+1 (x-Dox-cl) 
b 3 TEN qa 5x -2 
2x -1 x+1 Qx-D(x-l 
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1D Solving linear equations 


Learning intentions 

e To know the form of a linear equation 

e To understand that an equivalent equation can be generated by applying the same operation to each side of 
the equation 

e To be able to solve a linear equation involving two or more steps, including brackets and variables on both 
sides 

e To be able to solve linear equations involving algebraic fractions 

e To understand that solutions can be checked by substituting into both sides of an equation 


A linear equation is a statement that contains an equals sign 
and includes constants and pronumerals with a power of 
1 only. Here are some examples: 


2x— 527 
x+1 
=x+4 
3 X 
1 
—3(x + 2) == 


2 


We solve linear equations by operating on both sides of the 


A small business, such as a garden nursery, 
equation until a solution is found. generates revenue from its sales. To calculate the 
number of employees (x) a business can afford, 

a linear revenue equation is solved for x: 

Revenue (y) = pay (m) x employees (x) + costs (c) 


| LESSON STARTER | iussi Whats the best method? 


Here are four linear equations. 


e Discuss what you think is the best method to solve them using ‘by hand’ techniques. 
e Discuss how it might be possible to check that a solution is correct. 
7x —2 2x+1 x-1 


=4 b 3x-1)26 € 4x+1l=x-2 d = 
3 5 3 


KEY IDEAS TLL | 


B An equation is true for the given values of the pronumerals when the left-hand side equals the 
right-hand side. 
2x — 4 = 6 is true when x = 5 but false when x Æ 5. 


a 


B Alinear equation contains pronumerals with a highest power of 1. 


Useful steps in solving linear equations are: 
* using inverse operations (backtracking) 
* collecting like terms 

* expanding brackets 


e multiplying by the lowest common denominator. 
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BUILDING UNDERSTANDING 
C1) Decide whether the following are linear equations. 


a 2-120 b vx+x=3 


o9 Decide whether these equations are true when x = 2. 


a 3x-1=5 b 4-x=1 


© Decide whether these equations are true when x = —6. 


a -3x+17=x b 24-3) =20 C 


O Solve the following equations and check your solution using substitution. 
à x+8=13 b x-5=3 C -x+4=7 


Solve the following equations and check your solution using substitution. 


a 4x4+5=17 b 3(2x + 5) = 4x 
SOLUTION EXPLANATION 
a abe de S e 117 Subtract 5 from both sides and then divide both 
4x = 12 sides by 4. 
= 3 


Check: LHS = 4 x 3+ 5 = 17, RHS = 17. Check by seeing if x = 3 makes the equation true. 


b 3(2x + 5) = 4x Expand the brackets. 
6x + 15 = 4x Gather like terms by subtracting 4x from both 
2x+15=0 sides. 
2g = 1 Subtract 15 from both sides and then divide 
15 both sides by 2. 
ipe 
2 
Check 
15 UNT. IIS : 
LHS = 3{ 2 x m ap 3 Check by seeing if x — uc makes the equation 
za true by substituting into the equation's left-hand 
5 side (LHS) and right-hand side (RHS) and 
RHS = 4 x | -— ; 
confirming they are equal. 
= — 0) 
Now you try 
Solve the following equations and check your solution using substitution. 
amor — 13 b 4(2x+ 1) =2x 
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Solve the following equations and check your solution using substitution. 


X43. 5 b dy —- yl 5 x+2_2xe-1_, 
4 2 3 2 
SOLUTION EXPLANATION 
) - 2 I» Multiply both sides by 4. 
x+3=8 Subtract 3 from both sides. 
Dar 3 NN . 
Check: LHS — xc E — 2 NIS = 2, Check by seeing if x = 5 makes the equation 
true. 
b B ae S l Multiply both sides by the LCD of 2 and 3, 
hich is 6. 
P(4x-2) Bx -1) Le 
= Cancel common factors. 
2 21 
2(4x — 2) 2 3(3x — 1) 
Gyr = diem Obs 3) Expand the brackets and gather terms 
— EG containing x by subtracting 8x from both sides. 
=| eg Rewrite with x as the subject. Check by seeing 
ape el if x 2 —1 makes the equation true. 
C = : -n = m 4 Multiply both sides by the LCD of 2 and 3, 
6442) 6(2 D which is 6. 
E mca =4x6 
3 2 
2(x + 2) - 32x — 1) = 24 Cancel common factors. 
2x + 4 — 6x + 3 = 24 Expand, noting that —3 x (—1) = 3. 
—4x + 7 = 24 Simplify and solve for x. 
—4x = 17 
im : : Rd 
n x= Ty Check your solution using substitution. 
Now you try 
Solve the following equations and check your solution using substitution. 
Atlee b x=) r3 6 xy+l_2x-l_3 
3 4 2 3 
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Example tla 


Example 11b 


Example 11a 


Example 11b 


Example 12a 


Example 12b 
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Chapter 1 


Exercise 1D 


1 


N 


oo 


A 


c 


6 


1, 2-5(1/2) 


Solve the following equations and check your solution using substitution. 


a i 3x+4=13 il 5x+2=27 

b i 2(2x+3)=2x ii 5(x + 2) = 3x 
Solve the following equations and check your solution using substitution. 
a 2x+9=14 b 4x+3= 14 € 3x- 3 = —4 
e —3x+5=17 f —-2x+7=4 g —-4Ax—-9z9 

i 8-x=10 j 5-x=-2 k 6-—5x= 16 
Solve the following equations and check your solution using substitution. 
a 41+ 3) = 16 b 2(x—-3)212 

d 3(1 — 2x) 28 


g 3(2x +3) -2(x + 4) = 25 
j 502x + 1) - 3 — 3) = 63 
m 5(x + 2) = 3(2x — 3) 


2(2x — 3) + 3(4x — 1) = 23 
5(x—3) = 4(x — 6) 
3(4x — 1) = 7Qx — 7) 0 


C 
3(2x + 3) = —5x f 
i 
I 


3 xX =a 0O 


Solve the following equations and check your solution using substitution. 
x—4 xXt2 _ x+4 _ 


=3 b 5 —6 
2 3 3 
ë 2x+l_ 3 f 3-251 g X 523 
3 4 2 
| Saget j 5-i-21 k 4 
3 2 3 
m 221 42=9 eee) dg eon 


2-5(1/5) 


2501/4) 
d 6x+5=-6 
h -3x -7 = -3 
| 4-9x=-7 

2(x —4) = 15 

2(4x — 5) = —7x 


2(3x — 2) - 3x - 1) 25 
4(2x + 5) = 3(x + 15) 
7(2—x)28-x 


d =5 
3 
h Mage 
2 
| 3 eg 
7 
2—x 
1- zm 
P 3 


For each of the following statements, write an equation and solve it to find x. 


When 3 is added to x, the result is 7. 

When x is added to 8, the result is 5. 

When 4 is subtracted from x, the result is 5. 

When x is subtracted from 15, the result is 22. 

Twice the value of x is added to 5 and the result is 13. 
5 less than x when doubled is —15. 

When 8 is added to 3 times x, the result is 23. 

5 less than twice x is 3 less than x. 


a 
b 
C 
d 
e 
f 
g 
h 


PROBLEM-SOLVING 


Toon 


Solve the following equations, which involve algebraic fractions. 


2x * 12. 3x € 5 b 3x—-4 x-3 
7 4 4 5 
d 1-x 2-x p 6-2x_5x-1 f 
3 3 3 4 
2(x*1) 3Qx-1) h -2(x-1 2-x i 
3 2 3 4 
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6(1/2), 7, 9, 11, 13(/2) 


6-7(1/2), 9-12, 13(*/2) 


3x-5  2x- 8 

4 3 
l0-x_x+1 

$- 3 
3(6—x) 2@+4 1) 
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10 


11 


12 


13 


Substitute the given values and then solve for the unknown in each of the following common formulas. 
a v=u-+at 


Solve for a given v = 6,u = 2 and t = 4. 


b —— 
2 
e AR a+b 
2 
d AP Pec 
100 


The perimeter of a square is 68 cm. Determine its side length. 


Solve for u given s = 20, t = 2 and a = 4. 


Solve for b given A = 10, h = 4 and a = 3. 


Solve for r given A = 1000 and P = 800. 


The sum of two consecutive numbers is 35. What are the numbers? 


Iride four times faster than I jog. If a trip took me 45 minutes and I spent 15 of these minutes jogging 
3 km, how far did I ride? 


A service technician charges $30 up front and $46 for each hour that he works. 
a What will a 4-hour job cost? 
b If the technician works on a job for 2 days and averages 6 hours per day, what will be the overall 
cost? 
€ Find how many hours the technician worked if the cost is: 
i $76 
ii $513 
iii $1000 (round to the nearest half hour). 


The capacity of a petrol tank is 80 litres. If it initially contains 5 litres and a petrol pump fills it at 
3 litres per 10 seconds, find: 

a the amount of fuel in the tank after 2 minutes 

b how long it will take to fill the tank to 32 litres 

€ how long it will take to fill the tank. 


Solve the following equations by multiplying both sides by the LCD. 


X 2x b < 3x _ 


Lt —+—=5 e =-=] 
2. 3 4 3 5 3 
d 2x x4 x-1 x+2_, f x+3 x-4_4 
5 4 2 5 3 2 
g x*2 x-1_, h x-4 x*2., i 7—2x 6-x.| 
3 2 5 3 3 2 
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14 14 


14 Solve 2(x — 5) = 8 using the following two methods and then decide which method you prefer. Give a 
reason. 
a Method 1: First expand the brackets. 
b Method 2: First divide both sides by 2. 


15 A family of equations can be represented using other pronumerals (sometimes called parameters). For 


example, the solution to the family of equations 2x — a = 4 is x = 2 > E 
Find the solution for x in these equation families. 
a xta-5 b 6x4 2a —3a € ax+2=7 
A e Iud C f ax+b= 
3 
ENRICHMENT: More complex equations = = 16, 17 
16 Make a the subject in these equations. Í 
a a(b-1)2c b ab+a=b C nrbes 
d a-f =i e l.l. f 1,1.1 
b a b a b 
17 Solve for x in terms of the other pronumerals. 
X x HK xX Xx 
a 5-37a b —+-=1 c —-—--z-c 
2 3 a b a b 
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Using calculators to solve equations and inequalities (CAS) 


1 Solve the equation a ae m E 


2x + 3 
soc 


2 Solve the inequality 5 « 


Using the TI-Nspire: 


1 Ina Calculator page use >Algebra>Solve and 
type the equation as shown. 


Hint: use the fraction template (C) C» )) 


2 Ina Calculator page use >Algebra>Solve and 
type the equation as shown. 


Hint: the inequality symbols (e.g. «) are accessed 


using (ou) (=) 
Hint: use the fraction template (Ce) (= )) 


ISBN 978-1-108-77346-1 


Using the ClassPad: 


1 Tap solv(, then | * | and type the equation as 


shown. 


© Edit Action Interactive 
ele peas B 


"o 


{x=-7} 


2 Tap solv( and type the equation as shown. 


© Edit Action Interactive 
Pea > [EI] sme |] |] B 


solve( 5< x m [4] 


6011) 
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Using calculators to solve equations (non-CAS) 


1 Solve the equation RIA = S $ 


2 Solve the equation Z ü = at is 


Using the TI-Nspire CX non-CAS: Using the Casio: 
1 Ina Calculator page use >Algebra>Numerical 1 Inthe Equation application, select F3: Solver. 
Solve and type the equation as shown. Enter the equation as shown and press EXE and 
select F6 (SOLVE) to obtain the solution. 


E Math Rad Norm’) 


REPEAT 


Hint: use the fraction template (C) C )) 


2 Ina Calculator page use >Algebra>Numerical 2 Inthe Equation application, select F3: Solver. Enter 
Solve and type the equation as shown. the equation as shown and press EXE and select 
F6 (SOLVE) to obtain the solution. 


O EA 
Eq: 2 a 3x44 
"4 3 


:2.11111 


Xx-2-2.111111111 
Lft-2-Ü.TTTITTTTTS 
Rgt=-O.7777777778 
REPEAT, 
An approximate answer is given to this equation. 
Hint: use the fraction template (Ca) CD) 
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1E Linear inequalities 


Learning intentions 

e To know the meaning of the term inequality 

e To be able to use and interpret the signs >, >, <, < 

e To know how to interpret and represent an inequality on a number line 
e To understand when to reverse the sign in an inequality 

e To be able to solve a linear inequality 


There are many situations in which a solution 
to the problem is best described using one 

of the symbols <, <, > or >. For example, 

a pharmaceutical company might need to 
determine the possible number of packets of 
a particular drug that need to be sold so that 
the product is financially viable. This range of 
values may be expressed using inequality 
symbols. 


An inequality is a mathematical statement that uses 


one of the following symbols: is less than («), is Doctors, nurses and pharmacists can use an inequality to 
express the dosage range of a medication from the lowest 


less than or equal to (X), is greater than (>) or is ; s 
q (X) 8 (>) effective level to the highest safe level. 


greater than or equal to >. Inequalities may result 
in an infinite number of solutions and these can be 
illustrated using a number line. 


| LESSON STARTER | uus What does it mean for x? 


The following inequalities provide some information about the value of x. 
a 22x b -2x«4 € 3-x<-l 


* Can you describe the possible values for x that satisfy each inequality? 
e Test some values to check. 
e How would you write the solution for x? Illustrate this on a number line. 


J KEY IDEAS 


B6 The four inequality signs are <, <, > and >. 


e x> ameans xis greater thana. ~« r » X 
a 
. e— 
e x >ameans xis greater than or equal to a. ~« 1 » X 
a 
. 74&— — ———O 
e x< ameans xis less thana. œ T > X 
a 
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e xxa means xis less than or equal toa. -4&———— —— —— — —— x 
a 
. Oo——_—_——————_® 
e Alsoa < x € b could be illustrated as shown. <<; >x 
a b 


e An open circle is used for < or > where the end point is not included. 
e A closed circle is used for < or > where the end point is included. 


B6 Solving linear inequalities follows the same rules as solving linear equations, except: 
e We reverse the inequality sign if we multiply or divide by a negative number. 
For example, —5 < —3 is equivalent to 5 > 3 and if —2x < 4, then x > —2. 
e We reverse the inequality sign if the sides are switched. 
For example, if 2 > x, then x < 2. 


BUILDING UNDERSTANDING 


© State three numbers that satisfy each of these inequalities. 
ax23 b x«-15 C O<x<7 —8.7 <x < —8.1 


o9 Match the graph a-c with the inequality AC. 
A x»2 


» Xx 


-3-2-10 12 


[3] Phil houses x rabbits. If 10 « x € 13, how many rabbits could Phil have? 


Write as an inequality. 


a Er Teese M b 
X T T T T » X 

Ik ee 3) -3 -2 -1 O0 
SOLUTION EXPLANATION 
ag An open circle means 2 is not included. 
b -3<x<0 —3 is included but O is not. 
Now you try 
Write as an inequality. 
à as » X b ee ue 

@ it 2 —4—3 —2-1 
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Solve the following inequalities and graph their solutions on a number line. 
eae 


a 3x+4> 13 


SOLUTION 
a 3x+4> 13 
Shy Q) 


Uae tess) 
0— 


ll SA NUS) 


EU he) 


€ 3x+2>6x-4 
2>3x-4 
() 2» She 
2X 
NL 


= @ I 2 3 


Now you try 


€ 3x+2>6x-4 


EXPLANATION 
Subtract 4 from both sides and then divide both sides by 3. 


Use an open circle since x does not include 3. 


Subtract 4 from both sides. 


Multiply both sides by —3 and reverse the inequality sign. 


Use a closed circle since x includes the number —6. 


Subtract 3x from both sides to gather the terms containing x. 
Add 4 to both sides and then divide both sides by 3. 


Make x the subject. Switching sides means the inequality sign 
must be reversed. 
Use an open circle since x does not include 2. 


Solve the following inequalities and graph their solutions on a number line. 


a 2x+5>11 


Exercise 1E 


b pa 0 41> ir 2 


1, 2-4(1/2) 2-5 (1/2) 2-5 (1/2) 


1 Write each of the following as an inequality. 


Example 13a ai <> 
23 45 
Example 13b b i x 
-2-1 0 1 
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Example13 2 Write each of the following as an inequality. 
a ———3— 3 X b <r r> C <__—_—} X 
0123 5678 2345 
d <_—_—_—_ > X Ct X f <_—__ E 3 X 
-10-9 -8 -7 -2-1 0 12 7 8 9 1011 
= X h -UK—-——1——1—1—71—399- X i -———1—1— x 
-10-9 -8 -7 -6 1 2 3 -1 012 
Exmpeta 3 Solve the following inequalities and graph their solutions on a number line. 
a 2x+6<14 b 3x+5>20 C 4x- 729 d ;«2 
dum E dmt chuc h ~4+4<6 
3 2 3 3 
i s 664 i “347>5 k 33x- D«7 | 2(4x + 4) <5 
example 4h 4 Solve the following inequalities. Remember: if you multiply or divide by a negative number, you must 
reverse the inequality sign. 
a -5x+7<9 b 4-3x>-2 c -5x-7> 18 d E 
g 335.9 geo g 3-2<8 TE 
3 5 2 3 
Example 4e 9 Solve the following inequalities. 
a xt+1<2x-5 b 5x -228x—4 € 7-x>24+x 
d 3(x42)&€4(x— 1) e 7(1—x) > 32 + 3x) f -2-39«5(4-x) 
PROBLEM-SOLVING 6,7 6, 7, 8(1/2) 7,8 
6 For the following situations, write an inequality and solve it to find the possible values for x. 
a 7 more than twice a number x is less than 12. 
b Half of a number x subtracted from 4 is greater than or equal to —2. 
€ The product of 3 and one more than a number x is at least 2. 
d The sum of two consecutive even integers, of which the smaller is x, is no more than 24. 
e The sum of four consecutive even integers, of which x is the largest, is at most 148. 
7 The cost of a satellite phone call is 30 cents 
plus 20 cents per minute. 
a Find the possible cost of a call if it is: 
i shorter than 5 minutes 
ii longer than 10 minutes. 
b For how many minutes can the phone be 
used if the cost per call is: 
i less than $2.10? 
ii greater than or equal to $3.50? 
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8 Solve these inequalities by first multiplying by the LCD. 


à l+x x-l1 
2 3 
E 3—-2x , 5x- 1 
NEEE- 
5x. 33— x) 
e — 
a^ 4 


b 


248-33) 24» 
5 3 


9,10 


9 How many whole numbers satisfy these inequalities? Give a reason. 


a x>g 


b 


2<x<3 


10 Solve these families of inequalities by writing x in terms of a. Consider cases where a > 0 and a « 0. 


a lOox-12a-42 


2—x 
a 


b >4 


€ a(1—x)»7 


Ti Describe the sets (in a form like 2 < x € 3 or —1 < x < 5) that simultaneously satisfy these pairs of 


inequalities. 
à x«5 
x> —4 


b x<-7 
x> -—9.5 


ENRICHMENT: Mixed inequalities 


= 12(1/2), 13 


12 Solve the inequalities and graph their solutions on a number line. Consider this example first. 


Solve —2 <x- 3 < 6. 


1 < x < 9 (add 3 to both sides) 


-— > X 
1 9 
al<x-2<7 b 
c —-2<x+7<0 d 
e -5<3x+4< 1l f 
g 7<7x-70< 14 h 
13 Solve these inequalities for x. 
à LU b al. 
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—-4<x+3<6 

O0<2x+3<7 

-16<3x-4<-10 
—2.5<5-2x<3 

zi Hd x 121 
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1F Graphing straight lines — consouivatine 


In two dimensions, a straight-line graph can 
be described by a linear equation. Common 
forms of such equations are y = mx + c and 
ax + by = d, where a, b, c, d and m 

are constants. From a linear equation a 
graph can be drawn by considering such 
features as x- and y-intercepts and the 
gradient. 


For any given straight-line graph the y-value 
changes by a fixed amount for each 1 unit 


Learning intentions 


To understand what it means for a point to lie on a line: graphically and algebraically 

To understand that straight lines have a constant gradient that can be positive, negative, zero or undefined 
To know how to determine the gradient of a line from its equation and use it and a point to sketch its graph 
To be able to find the axis intercepts of a linear graph and use them to sketch the graph 

To be able to sketch straight lines with only one intercept 


change in the x-value. This change in y tells us 


the gradient of the line. 


A financial analyst can use linear graphs to predict possible 
profit. The profit made by a lawn mower shop could be analysed 
with a straight-line graph of the equation: 

Profit (y) 2 mower price (m) x sales (x) — costs (c) 


| LESSON STARTER | Guda Five graphs, five equations 


Here are five equations and five graphs. Match each equation with its graph. Give reasons for each of your 


choices. 
a y--3 
b x=-2 
C y= L 
2 

d y=-3x+3 

3x — 2y 26 
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EY IDEAS LULL 


E The gradient, m, is a number that describes the slope of a line. y-intercept y 


* Gradient — 


* The gradient is the change in y per 1 unit change in x. Du 
Gradient is also referred to as the ‘rate of change of y’. 


rise (x = 0) 


x-intercept 


rise 


» y 
V2 


BW The intercepts are the points where the line crosses the x- and the y-axis. 
e The y-intercept is the y-value where x = 0. 


e The x-intercept is the x-value where y = 0. 


Bi The gradient of a line can be positive, negative, zero 
(i.e. a horizontal line) or undefined (i.e. a vertical line). 


Wi The gradient-intercept form of a straight line is y = mx + c, 
where m is the gradient and c is the y-intercept. 


Gradient 


undefined 


Bi Two points are needed to sketch most straight-line graphs. 


Special lines include those with only one axis intercept: 
* horizontal lines y 2 c 
* vertical lines x = b 


e lines passing through the origin y = mx. 


BUILDING UNDERSTANDING 


L1) Rearrange these equations into the form y = mx + c. Then state the gradient (m) 
and y-intercept (c). 


à y+2x=5 b 2y24x- 6 € x-y=7 d —2x—5y 23 
3x ; y. 
(2) The graph of y = a= 2 is shown. 
a State the rise of the line if the run is: 
i 2 ii 4 ili 7. p 
D State the run in the line if the rise is: 
i 3 ii 9 ili 4. 
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e Match each of the following equations to one of the graphs shown. 


à y=3x+4 b y2-2x-4 
d y-x e y2-2x*4 
A B y 
2 
X 
-4-20| 2 4 
-4 


D E F y 
4 
2 
5 x 
-4p251 2 4 
-4 
(4) Find the value of the unknown in the following. 
a yz2x—4wherey 2 0 b 3x4 8y = 16 where x = 0 


[XX x3 
ween 


®© 
Decide if the point (—2, 7) is on the line with the given equations. 
E yeidd b 2x+2y=1 
SOLUTION EXPLANATION 
8 y= hee Il Substitute x = —2 and y = 7 into the equation of the line. 
7 = -3(-2) + 1 
Je "tune If the equation is true, then the point is on the line. 
-. (-2, 7) is on the line. 
b 2x -2y 2] By substituting the point we find that the equation is false, 
2(-2) + 2(7) = 1 so the point is not on the line. 
—4 + 1421 
10=1 False 
-. (—2, 7) is not on the line. 
Now you try 
Decide if the point (—1, 4) is on the line with the given equations. 
ay=-2x+2 b 3x+3y=2 
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Find the gradient and y-intercept for these linear relations and sketch each graph. 


a y=2x-1 b 2x+3y=3 

SOLUTION EXPLANATION 

dal In the form y = mx + c, the gradient is m (the coefficient 
Gradient = 2 of x) and c is the y-intercept. 


y-intercept = —1 


Start by plotting the y-intercept at (0, —1) on the graph. 


= 


Gradient = 2 = - thus rise = 2 and run = 1. 


From the y-intercept move | unit right (run) and 2 units 
up (rise) to the point (1, 1). Join the two points with 


a line. 


Rewrite in the form y = mx + c by subtracting 2x from 
both sides and then dividing both sides by 3. 


(Note ES can also be written as 2) 


Gradient = 2 The gradient is the coefficient of x and the y-intercept is 
3 


the constant term. 
y-intercept = 1 


y Start the graph by plotting the y-intercept at (0, 1). 
Gradient = -2 (run = 3 and fall = 2). From the point 


(0, 1) move 3 units right (run) and 2 units down (fall) 
to (3, —1). 


If the gradient is negative, then we think of a negative rise 


as a fall. 


Now you try 


Find the gradient and y-intercept for these linear relations and sketch each graph. 
a yc b 3x+4y=4 
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Sketch the following by finding the x- and y-intercepts. 


d ecd 
SOLUTION 
a y—2x—8 
y-intercept (x = 0): 
QEON 
y--8 


The y-intercept is —8. 
x-intercept (y = 0): 
0=2x-8 


—3x —2y26 
y-intercept (x = 0): 
—3(0) - 2y =6 
—2y 26 
y--3 


The y-intercept is —3 
x-intercept (y = 0): 
—3x — 2(00 2 6 
—3x 26 
x=-2 


The x-intercept is —2. 


Now you try 


b -3x-2y=6 
EXPLANATION 


The y-intercept is at x = 0. For y = mx + c, c is the 
y-intercept. 


The x-intercept is on the x-axis, so y = 0. Solve the 
equation for x. 


Plot and label the intercepts and join with a straight line. 


The y-intercept is on the y-axis so substitute x = 0. 
Simplify and solve for y. 


The x-intercept is on the x-axis so substitute y = 0. 
Simplify and solve for x. 


Sketch by drawing a line passing through the two axes 
intercepts. Label the intercepts. 


Sketch the following by finding the x- and y-intercepts. 


ay=2x-4 
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Sketch these special lines. 


a y=2 b x=-3 "mme 
2 
SOLUTION EXPLANATION 
a y The y-coordinate of every point must be 2, hence y = 2 is a 
A horizontal line passing through (0, 2). 
2 y=2 


O 
Y 
b y The x-coordinate of every point must be —3, hence x = —3 
is a vertical line passing through (—3, 0). 
A : 
x=-3 
c y Both the x- and y-intercepts are (0, 0), so the gradient can be 
A used to find a second point. 


The gradient = - hence use run = 2 and fall = 1. 


Alternatively, substitute x — 1 to find a second point: 


il 
ey E XT 
Joss ) 
d 

2 
Now you try 
Sketch these special lines. i 
a y=-l i e C por 
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Chapter 1 


Exercise 1F 


1, 2-6(1/2) 2-6(1/2) 2-6(1/3) 


1 Decide if the point (—1, 5) is on the line with the given equations. 


Example 15a ai y=-3x+2 ii y=-2x-1 
Example 15b b i 2x 2y=5 il 3x4 3y = 12 
Examples 2 Decide if the point (3, —1) is on the line with the following equations. 
a y=x-4 b y=-x+2 C y=-3x+9 
d x+2y=6 e —2x—y--5 f 3y-4x=-9 
Exmpetia 3 Find the gradient and y-intercept for these linear relations and sketch a graph. 
a y=5x-3 b y=2x4+3 € y=-2x-1 
d y=-x+2 e y=x-4 f yas 
4 7 , 
g pere h y=- AF6 i y=05x- 0.5 
F 2 
j y=1l-x k Dau | y204-02x 
Exmpetib 4 Find the gradient and y-intercept for these linear relations and sketch each graph. 
a 3xt+ty=12 b 10x+2y=5 € x-y=7 d 3x-3y=6 
e 4x-3y=9 f --y-i g —y—4x-28 h dy + x= 5 
Example17 9 Sketch the following by finding the x- and y-intercepts. 
a y=3x-6 b y=2x4+4 € y=4x+4 10 
d y=3x-4 e y=7-2x f y=4-7 
g 3x+2y=12 h 2x+5y=10 i 4y- 3x = 24 
j x+2y=5 k 3x+4y=7 | 5y-2x=12 
Examples 6 Sketch these special lines. 
ay=-4 b y= C x=2 d x= 2 
e y=0 Í x=0 g y-4x h y=-3x 
z 1 : 5x 
i L--——- = k x+ 
y 3° ] y 2 x+y 
PROBLEM-SOLVING 18 
7 Sam is earning some money picking apples. She gets paid 
$10 plus $2 per kilogram of apples that she picks. If Sam 
earns $C for n kg of apples picked, complete the following. 
a Write a rule for C in terms of n. 
b Sketch a graph for 0 < n < 10, labelling the endpoints. 
c Use your rule to find: 
i the amount Sam earned after picking 9 kg of apples 
ji the number of kilograms of apples Sam picked if she 
earned $57. 
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8 


A 90 L tank full of water begins to leak at a rate of 1.5 litres per hour. If V litres is the volume of water 
in the tank after t hours, complete the following. 
a Write a rule for V in terms of t. 
b Sketch a graph for 0 < t < 60, labelling the endpoints. 
€ Use your rule to find: 
i the volume of water after 5 hours 
ii the time taken to completely empty the tank. 


oO 


Alex earns $84 for 12 hours of work. 
a Write Alex’s rate of pay per hour. 
b Write the equation for Alex’s total pay, $P, after t hours of work. 


10 It costs Jesse $1600 to maintain and drive his car for 32000 km. 
a Find the cost in $ per km. 
b Write a formula for the cost, $C, of driving Jesse's car for k kilometres. 
c If Jesse also pays a total of $1200 for registration and insurance, write the new formula for the cost 
to Jesse of owning and driving his car for k kilometres. 


11 D = 25t + 30 is an equation for calculating the distance, D km, from home that a cyclist has travelled 
after t hours. 
a What is the gradient of the graph of the given equation? What does it represent? 
b What could the 30 represent? 
c Ifa graph of D against t is drawn, what would be the intercept on the D-axis? 


12 1, 18 13, 14 


12 A student with a poor understanding of straight-line graphs writes down some incorrect information 
next to each equation. Decide how the error might have been made and then correct the information. 
2x +1 


a 5 (gradient = 2) b y=0.5(x + 3) (y-intercept = 3) 
€ 3x+y=7 (gradient = 3) d x-2y=4 (gradient = 1) 
13 Write expressions for the gradient and y-intercept of these equations. 
a ay=3x+7 b ax-y=b € byz3-ax 
14 A straight line is written in the form ax 4- by — d. In terms of a, b and d, find: 
a the x-intercept b the y-intercept € the gradient. 
ENRICHMENT: Graphical areas = xi 15 


15 Find the area enclosed by these lines. 
ax=2,x=-ly=0,y=4 
b x=3,y=2x,y=0 


C x--hycueihyc-2 


X 
d 2x-5y=-10,y=-2,x=1 
x--1 
e y=3x-2,y=-3,y=2-x Y 
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42  Chapter1 


Using calculators to sketch straight lines (CAS) 


1 Sketch a graph of y = 0.5x — 2 and locate the x- and y-intercepts. 
2 Construct a table of values for y = 0.5x — 2 


Using the TI-Nspire: Using the ClassPad: 

1 Ina Graphs page, enter the rule £1(x) = 0.5x— 2. 1 Inthe Graph&table application enter the rule 
Use (men) Trace» Graph Trace and use the arrow yi = 0.5x — 2 followed by EXE. Tap BE to see 
keys to move left or right to observe intercepts. the graph. Tap Zoom, Quick Standard. Tap Analysis, 
Analyze Graph > Zero can also be used for the G-Solve, Root to locate the x-intercept. Tap Analysis, 
x-intercept. G-Solve, y -intercept to locate the y-intercept. 


TERES Cie 


Hint: pressing will paste the intercept 
coordinates on the graph. 


2 Press (wew}>Table>Split-screen Table to show the 2 Tap KÆ] and set the table preferences to start at —10 
Table of Values. and end at 10 with steps 1. Tap [=] to see the table. 


DECAL E 


Hint: use (e) + T as a shortcut to show the Table 
of Values. 
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Using calculators to sketch straight lines (non-CAS) 


1 Sketch a graph of y = 0.5x — 2 and locate the x- and y-intercepts. 


2 Construct a table of values for y = 0.5x — 2. 


Using the TI-Nspire CX non-CAS: 


1 Ina Graphs page, enter the rule f1(x) = 0.5x — 2. 
Use (mew) Trace» Graph Trace and use the arrow 
keys to move left or right to observe intercepts. 
Analyze Graph>Zero can also be used for the 
x-intercept. 


f1(x)-0.5: x-2 


Hint: pressing will paste the intercept 
coordinates on the graph. 


2 Press (men)>Table>Split-screen Table to show the 
Table of Values. 


Hint: use + T as a shortcut to show the Table 
of Values. 


ISBN 978-1-108-77346-1 


Using the Casio: 


In the Graph application enter the rule Y1 = 0.5x — 2 
and select F6 (DRAW). Select SHIFT F2 (ZOOM) then 
F5 (AUTO) to adjust the window. Select SHIFT F5 
(G-SOLVE) then F1 (ROOT) to locate the x-intercept 
and press EXE to show coordinates. Select SHIFT F5 
(G-SOLVE) then F4 (Y-ICEPT) to locate the y-intercept 
and press EXE to show coordinates. 


Ē ([EXE]:Show coordinates 


Select MENU and then select the Table application by 
pressing EXE. 

The rule Y1 = 0.5x — 2 should already be present. 
Press EXE to see the table. 


E] Math Rad Morni] 


x YI. 
-1.5 
2 -1 

3 -0.5 

4 0 


1 
DELETE) TP EDIT | [GPH-CON)[GPH-PLT] 
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Chapter 1 


1G Finding an equation ofa line 


Learning intentions 

e To understand that the gradient is the same between any two points on a straight line 
e To know how to find the gradient of a line using two points 

e To understand the gradient-intercept form, y= mx + c, of a straight line equation 

e To be able to find the equation of a line given two points on the line 

e To know the form of the equation of horizontal and vertical lines 


It is a common procedure in ' . 
Business equipment, 


such as a parcel 
courier's van, must 
eventually be replaced. 
For tax purposes, 
accountants calculate 
annual depreciation 
using the straight-line 
method. This reduces 
the equipment's value 
by an equal amount 
each year. 


mathematics to find the equation 
(or rule) of a straight line. 

Once the equation of a line is 
determined, it can be used to find 
the exact coordinates of other 
points on the line. Mathematics 
such as this can be used, for 
example, to predict a future 


company share price or the 
water level in a dam after a period 
of time. 


ZI EPUM Fancy formula 


Here is a proof of a rule for the equation of a straight line between y 
any two given points. Some of the steps are missing. See if you can A 
fill them in. (2, Ya) 
y=mx+c n. y pest 

yy = mx, +c (Substitute (x, y) = (x1, y1)-) a - NN 
.C= 


KEY IDEAS 


Bi Horizontal lines have the equation y = c, where c is the y-intercept. 


E Vertical lines have the equation x = k, where k is the x-intercept. 
Bi Given the gradient (m) and the y-intercept (c), use y = mx + c to state the equation of the line. 


E To find the equation of a line when given any two points, find the gradient (m), then: 
* substitute a point to find c in y = mx + c, or 


y 


* usey — y, = m(x — xı), where m = aa and (x1, y1), (X2, y2) are points on the line. 
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BUILDING UNDERSTANDING 


[1] State the gradient of the following lines. 
a 


o9 Find the value of c in y = —2x + c when: 
à x=3andy=2 b x=-landy=-4 


eee 


O Example 19 
Determine the gradient of the line joining the pair of points (—3, 8) and (5, —2). 
SOLUTION EXPLANATION 
22273 Use (x1, y1) = (-3, 8) 
2 — 2l and (x5, y2) = (5, 2). 
"a e Remember that 5 — (—3) = 5 + 3. 
Di) Alternatively, 
E y _ tise 
8 (3, 8) A mum 
5 -10 : 
=e = ——(from d 
7 8 (from diagram) 
a 
Now you try 
Determine the gradient of the line joining the pair of points (—2, 6) and (3, —1). 
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Chapter 1 


Example 20 


Find the equation of the straight line shown. 


SOLUTION EXPLANATION 
re W y The equation of a straight line is of the form 
27) AR y=mx tec. 
meron Find m using (x1, y1) = (0, 1) and 
sU . rise 
12 (x2, Y2) = (4, 13), or using m = ER from 
LE the graph. 
4 
e 
and c = 1 The y-intercept is 1. 
fo em She dP il Substitute m = 3 and c = 1. 
Now you try y 
Find the equation of the line shown. 
(3, 7) 
1 3 
O 
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Find the equation of the straight line shown. 


SOLUTION 
Method 1 
y=mx+c 
m MAL 
X2 = X1 
EVEN 
6-3 
TEH 
3 
4 
== i 
y F c 


T=-2x © +e 


7=-8+c 
ID =e 
4 
a eS S745 6) 
y 3* 
Method 2 


y-y 2mí(x-x) 


4 
-ll=--@-3 
y a) 
ya-et4el 


= ae 15 
3 


Now you try 


Find the equation of the straight line shown. 
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y 


3T) 
(6. 7) 


3 
O 


EXPLANATION 


Use (xj, y1) = (3, 11) and (x7, y2) = (6, 7) in 
gradient formula, or m = HSE from the graph 
where rise = —4 (fall). 


Substitute m = 4 into y 2 mx 4 c. 


Substitute the point (6, 7) or (3, 11) to find the 
value of c. 


Write the rule with both m and c. 


Choose (x1, y1) = (3, 11) or alternatively 
choose (6, 7). 


m= E was found using method 1. 
Expand brackets and make y the subject. 
4 
—— X (-3) =4 
3 (9) 
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48 Chapter1 


Exercise 1G 


1, 2(1/2), 3, 4-5(1/2) 2-5 (1/2) 


Example19 1 Determine the gradient of the line joining the following pairs of points. 
a (—2, 5) and (2, —3) 
b (1,4) and (4, 2) 


Exmpei9 2 Determine the gradient of the line joining the following pairs of points. 
a (4,2), (12,4) b (1,4), G, 8) 

c (0,2), (2,7) d (3,4), (6, 13) 

e (8,4), (5,4) f (2,7), (4,7) 

g (-1,3), (2,0) h (-3,2,(-1 7) 

i (-3,4), (4, -1) j Q,-3,Q,-5) 

k (2, 3, (-4, -12) | (-2,—5),(-4, 22) 


Example20. 3 Find the equation of the straight lines with the given y-intercepts. 


a b 


E -2 
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Example2i1 4 Find the equation of the straight lines with the given points. 


5 Given the following tables of values, determine the linear equation relating x and y in each case. 


0 3 
5 | 14 
ç -1 3 
-2.0 


PROBLEM-SOLVING 


Ea 


4 | 6 
-4 | -8 
-2 | 1 
2 | -4 
onn 


7,8 


6 Kyle invests some money in a simple savings fund and the amount increases at a constant rate over 


time. He hopes to buy a boat when the investment amount reaches $20000. 
After 3 years the amount is $16500 and after 6 years the amount is $18 000. 
a Find a rule linking the investment amount ($A) and time (t years). 


b How much did Kyle invest initially (i.e. when t = 0)? 


€ How long does Kyle have to wait before he can buy his boat? 


d What would be the value of the investment after 12 l years? 


7 The cost of hiring a surfboard involves an up-front fee plus 
an hourly rate. Three hours of hire costs $50 and 7 hours 


costs $90. 


a Sketch a graph of cost, $C, for t hours of hire using the 


information given above. 


b Find a rule linking $C in terms of t hours. 


€ i State the cost per hour. 


ii State the up-front fee. 
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50 Chapter 1 


8 a The following information applies to the filling of a flask with water, at a constant rate. In each 

case, find a rule for the volume, V litres, in terms of t minutes. 
i Initially (i.e. at t = 0) the flask is empty (i.e. V = 0) and after 1 minute it contains 4 litres of water. 
ii Initially (i.e. at  — 0) the flask is empty (i.e. V = 0) and after 3 minutes it contains 9 litres of water. 
iii After 1 and 2 minutes, the flask has 2 and 3 litres of water, respectively. 
iv After 1 and 2 minutes, the flask has 3.5 and 5 litres of water, respectively. 

b For parts iii and iv above, find how much water was in the flask initially. 

€ Write your own information that would give the rule V = —t + b. 


9 Aline joins the two points (—1, 3) and (4, —2). 


a Calculate the gradient of the line using m = 


22 T Y1 where (xj, y1) = (1,3) and (x5, y2) = (4, 2). 
1 


X27 xX 


b Calculate the gradient of the line using m = 2 " ^ where (xj, y1) = (4, —2) and (x5, y?) = (71,3). 
1 


€ What conclusions can you draw from your results from parts a and b above? Give an explanation. 


10 A line passes through the points (1, 3) and (4, —1). 
a Calculate the gradient. 
b Using y — y; = m(x — xı) and (xj, yj) = (1, 3), find the rule for the line. 
€ Using y — y, = m(x — xj) and (x), y1) = (4, - 1), find the rule for the line. 
d What do you notice about your results from parts b and c? Can you explain why this is the case? 


ENRICHMENT: Linear archery = = 11 


11 An archer’s target is 50 m away and is 2.5 m off the ground, as shown. Arrows are fired from a height 
of 1.5 m and the circular target has a diameter of 1 m. 


y target 


a Find the gradient of the straight trajectory from the 
arrow (in firing position) to: 
i the bottom of the target 
ii the top of the target. 

b Ifthe position of the ground directly below the 
firing arrow is the point (0, 0) on a Cartesian plane, 
find the equation of the straight trajectory to: 

i the bottom of the target 
ii the top of the target. 


€ Ify=mx + cis the equation of the arrow's trajectory, what are the possible values of m if the 
arrow is to hit the target? 
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1 Simplify the following. 
a 15a*b + 2ab — 6ba? + 8b b —3xy x 4x? 


Simplify by cancelling common factors. 


N 


36mk? p 92-02 
9mk 3 
4 m+3 5 a+4 x 18a? 
m 12 4a a+4 
3 Simplify the following algebraic fractions. 

a 3 + HO b 2 = » 
4 8 I 
aramea d 5 

8 12 


D 


a 2x+8=18 
C m+5_4 d 
5 3 


= 
Ü 
c 


a 2a+3>9 


b 3-10 
2 


€ 4(m+5) + 3(àm — 2) B 
TO 


21x — 3x2 = 
CE TENERE © 
6x «e 
E = = 
p wB, m5 co 
6 5 [77] 
N 
T=] 
=, 
N 
p 


m—-1 m-3 
Solve the following equations and check your solution by substitution. 


b 28k—4) 2 -17 
24-3. 4a*2 


4 


Solve the following inequalities and graph their solutions on a number line. 


€ 5m - 2» 7m — 6 d —(a—3) < 5(a + 3) 


-Ó 


a y= ES + 1; Use the gradient and y-intercept. 


6 Decide if the point (—3, 2) is on the line with the given equations. 
ay=x+2 b -2x+y=8 


Sketch the following linear relations. For parts a and b, use the method suggested. 


b —2x — 3y = 6; Use the x- and y-intercepts. 
c y=3 
d x=-2 
e y= T 
4 4 
r] 8 State the gradient and y-intercept of the following lines. 
a y=3x-2 b 3x+5y=15 
c9 9 Find the equation of each straight line shown. 
a y b y C y 
A A A 
(4, 11) (2, 5) 
(4, 2) 
3) 
2) 
=> =. 
7 X 7 x D » x 
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1H Length and midpoint of a line segment 


Learning intentions 

e To know the meaning of the terms line segment and midpoint 

e To understand that Pythagoras’ theorem can be used to find the distance between two points 
e To be able to find the length of a line segment (or distance between two points) 

e To know how to find the midpoint of a line segment 


Two important features of a line ; . 
Using coordinates to 


define locations and 
calculate distances 

are widely applied 
procedures, including 

by spatial engineers, 
geodetic engineers, 
surveyors, cartographers, 
navigators, geologists, 
archaeologists and 
biologists. 


segment (or line interval) are its length 
and midpoint. The length can be found 
using Pythagoras' theorem and the 
midpoint can be found by considering 
the midpoints of the horizontal and 
vertical components of the line 
segment. 


| LESSON STARTER | Guda Developing the rules 


y 
À (x2, y2) 
The line segment shown has endpoints (x1, y1) and (x9, y2). 4 


e Length: Use your knowledge of Pythagoras’ theorem to 
find the rule for the length of the segment. 


e Midpoint: State the coordinates of M (the midpoint) in 
terms of x4, Y1, X2 and y2. Give reasons for your answer. < T r> X 


KEY IDEAS LLL 


E The length of a line segment (or distance between two points 


(x1, y1) and (x9, y2)) d is given by the rule: | 52555) 
d — V( — x + (3 — y)? ie 
e This rule comes from Pythagoras’ theorem where the distance d is O M 1227 71 


the length of the hypotenuse of the right-angled triangle formed. 


Gn. y1) pas 


B The midpoint M of a line segment between (x4, y1) 
and (x2, y2) is given by: 


+ 
M= x} 2 Pi a 
2 2 


e This is equivalent to finding the average of the x-coordinates and the average of the 
y-coordinates of the two points. 
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BUILDING UNDERSTANDING 


@ The endpoints for the given line segment are (1, 2) and (5, 7). 
What is the horizontal distance between the two 
endpoints? 

What is the vertical distance between the two 
endpoints? 

Use Pythagoras’ theorem (c? = a? + b?) to find the 
exact length of the segment. 

State the midpoint of the segment. 


e The endpoints for the given line segment are (—2, —5) and (2, —1). 
What is the horizontal distance between the two endpoints? 
What is the vertical distance between the two endpoints? 
Use Pythagoras’ theorem (c? = a? + D?) to find the exact 
length of the segment. 


State the midpoint of the segment. 


© Simplify the following. 
2+4 

(2. 

—4 + 10 


c 


Find the exact distance between each pair of points. 


a (0,2) and (1, 7) b (—3, 8) and (4, -1) 

SOLUTION EXPLANATION 

a d-V(5 x) *05-»)? 
-V0-0?4(-2» Let (xj, y1) = (0,2) and (x9, y2) = (1,7). 
= V12 4 52 Alternatively, sketch the points and use Pythagoras’ theorem. 
= 726 Simplify and express your answer exactly, using a surd. 


b d—V(x—x)?- (y)? 
= V (4 — (-3))2 + (-1 — 8)2 Let Gey) = (—3, 8) and (x, y;) = (4, -1). 
= v7 + (-9)2 Alternatively, let (xj, y1) = (4, —1) and (x, y2) = (-3, 8). 
= V49 + 81 Either way the answers will be the same. 
= V130 
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Now you try 


Find the exact distance between each pair of points. 
a (0,3) and (1, 5) b (—2,7) and (3, —1) 


Find the midpoint of the line segment joining (—3, —5) and (2, 8). 


SOLUTION EXPLANATION 
asp ae 26) ym ar 3m 

M= ee =) Let (x1, y1) = (—3, —5) and (5$, yo) = (2, 8). 

= (2 S: 2 ae *) This is equivalent to finding the average of the 

2 2 x-coordinates and the average of the y-coordinates 
S m 3) of the two points. 
22 

Now you try 


Find the midpoint of the line segment joining (—2, —6) and (3, —2). 


Example 24 


Find the values of a if the distance between (2, a) and (4, 9) is V5. 


SOLUTION EXPLANATION 
d = V(x — x) + (yy y? Substitute all the given information into the rule for the 
V5 = V(4—-2)?+ 9 a distance between two points. y 
= p 2 : 45. 
V5- V2" + (9 a) Simplify and then square both sides 10 A ee 
5=4+ (9-a)? to eliminate the square roots. a eD 
1 = (9 — a)? Subtract 4 from both sides and take (2,8) V5 
"gm the square root of each side. 51 
G8) — qme lame Remember, if 3? = 1 then x = +1. 
su em gea) es 10 Solve for a. You can see there are =p ems ax 
two solutions. 4 
Y 
Now you try 
Find the values of a if the distance between (1, a) and (3, 7) is v13. 
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Exercise 1H 


1, 2-3(1/2) 2-3(1/2) 
1 Find the exact distance between: 
Example 22a a i (0,1) and (1,3) ii (0,3) and (2, 7) 
Example 22b b i (-3,7) and (4, 2) ii (—2, 8) and (1, 21) 


Example22 2 Find the exact distance between these pairs of points. 
a (0,4) and (2, 9) b (0,—1) and (3, 6) 
c (—1,4) and (0, -2) d (—3,8) and (1, 1) 
e (—2,-1) and (4, —2) f (—8,9) and (1, 23) 
g (-8,—-1) and (2,0) h (—4,6) and (8, — 1) 


Example23 3 Find the midpoint of the line segment joining the given points in Question 2. 


PROBLEM-SOLVING 4, 5-6(1/2) 4, 5-6(1/2) 5-6(1/2), 7 


4 Which of the points A, B or C shown on these axes is closest to the point (2, 3)? 


5 Find the value of a and b when: 
a The midpoint of (a, 3) and (7, D) is (5, 4). 
b The midpoint of (a, —1) and (2, b) is (—1,2). 


€ The midpoint of (—3, a) and (b, 2) is (+ 0). 


d The midpoint of (—5, a) and (b, —4) is (3 j 
Exmpe24 6 Find the values of a when: 

a The distance between (1, a) and (3, 5) is V8. 
The distance between (2, a) and (5, 1) is v13. 
The distance between (a, —1) and (4, —3) is v29. 
The distance between (—3, —5) and (a, —9) is 5. 


ao c 
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7 A block of land is illustrated on this simple map, which uses the 
ratio 1: 100 (i.e. 1 unit represents 100 m). 


a Find the perimeter of the block, correct to the nearest metre. 


b The block is to be split up into four triangular areas by building 


three fences that join the three midpoints of the sides of the block. 


Find the perimeter of the inside triangular area to the nearest metre. 


8 8,9 9, 10(1/2) 


8 Aline segment has endpoints (—2, 3) and (1, —1). 
a Find the midpoint using (xj, yi) = (—2, 3) and (x, y2) = (1, - 1). 
Find the midpoint using (x, y1) = (1, —1) and (x5, y2) = (—2, 3). 
Give a reason why the answers to parts a and b are the same. 
Find the length of the segment using (x1, y1) = (—2, 3) and (x5, y2) = (1, - 1). 
Find the length of the segment using (x1, y1) = (1, —1) and (x5, y2) = (—2, 3). 


-oO c oO c 


What do you notice about your answers to parts d and €? Give an explanation for this. 


9 The distance between the points (—2, —1) and (a, 3) is V20. Find the values of a and use a Cartesian 
plane to illustrate why there are two solutions for a. 


10 Find the coordinates of the point that divides the segment joining (—2, 0) and (3, 4) in the given ratio. 
Ratios are to be considered from left to right. 


a 1:1 b 1:2 € 2:1 
d 4:1 e 1:3 [^ 233 
ENRICHMENT: Shortest distance = - 11 


11 Sarah pinpoints her position on a map as (7, 0) and wishes to 


hike towards a fence line that follows the path y = x + 3, 
as shown. (Note: | unit = 100m). => 
a Using the points (7, 0) and (x, y), write a rule in terms 
of x and y for the distance between Sarah and the fence. 
b Use the equation of the fence line to write the rule in part a 
in terms of x only. 
€ Use your rule from part b to find the distance between L Sarah 
Sarah and the fence line to the nearest metre when: “TO 123 4 $ 6 v i 
i x=1 ii x22 ili x 23 iV x—4. Y (7, 0) 


d Which x-value from part € gives the shortest distance? 
e Consider any point on the fence line and find the coordinates of the point such that the distance will 
be a minimum. Give reasons. 
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1! Perpendicular and parallel lines 


Learning intentions 

e To know what it means for lines to be parallel or perpendicular 

e To know that parallel lines have the same gradient 

e To know that the gradients of perpendicular lines multiply to —1 

e To be able to determine if lines are parallel or perpendicular using their gradients 

e To be able to find the equation of a parallel or perpendicular line given a point on the line 


Euclid of Alexandria (300 Bc) was a Greek mathematician and is known as the 
‘father of geometry’. In his texts, known as Euclid’s Elements, his work is based 
on five simple axioms. The fifth axiom, called the ‘Parallel Postulate’, states: ‘It 
is true that if a straight line falling on two straight lines makes the interior angles 
on the same side less than two right angles, the two straight lines, if produced 
indefinitely, intersect on that side on which are the angles less than the two right 
angles.’ 


In simple terms, the Parallel Postulate says that if cointerior angles do not sum to 
180°, then the two lines are not parallel. Furthermore, if the two interior angles 
are equal and also sum to 180°, then the third line must be perpendicular to the 


other two. The mathematician 


Euclid of Alexandria 
4^ po a? be abi 


at+b#180 at+b=180 a=b=90 


| LESSON STARTER | usa Gradient connection 


Shown here is a pair of parallel lines and a third line that is 


perpendicular to the other two lines. 


* Find the equation of each line, using the coordinates shown 
on the graph. 

e What is common about the rules for the two parallel lines? 

e Is there any connection between the rules of the parallel 
lines and the perpendicular line? Can you write down this 


connection as a formula? 
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KEY IDEAS | 


Bi Two parallel lines have the same gradient. 
For example, y = 3x — 1 and y = 3x + 8 have the same gradient of 3. 


E Two perpendicular lines with gradients m, and m» satisfy the following rule: 
l ; ; : 
m; X m = —1 or m = om (i.e. m» is the negative reciprocal of m). 
Jl 


E Equations of parallel or perpendicular lines can be found by: 
e first finding the gradient (m) 
e then substituting a point to find c in y = mx + c. 


" 
e ^ 
yg umi 


- ea 
v 


e eim 
[^ l ~- — — 
nig 1 ie aa / 
SS SPS 
ee / 
ae id / 


Two planes, such as walls, intersect along a straight line. In a house design, 
linear equations in 3D can model the many parallel and perpendicular lines. 
Solving simultaneously finds the precise location of the intersection points. 


BUILDING UNDERSTANDING 


© What is the gradient of the line that is parallel to the graphs of these equations? 


à y-4x-6 b y=-7x-1 c y=-2r+2 


o9 Use m, = -l to find the gradient of the line that is perpendicular to the graphs of the following 
1 


equations. 
2 


a y=3x-1 b y=-2x+6 c y-i-2 


© A line is parallel to the graph of the rule y = 5x — 2 and its y-intercept is 4. The rule for the line is 


of the form y = mx + c. 
a State the value of m. b State the value of c. C Find the rule. 


O Answer true or false. 
a The lines y = 2x and y = 2x + 3 are parallel. 
b The lines y = 3x and y = —3x + 2 are perpendicular. 
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y=-3x- 8andy= jx 
b y= joe 2and2y—x=5 


shee BY = —5 gy 


SOLUTION 
y = —3x — 8, m= —3 
EN 
dE (E: 
x cc 
3 
So the lines are perpendicular. 
1 1 
=—-x+2,m=— 
ys dcm 
Dy 
2y=x+5 
1 3 1 
y--xctlnm-- 
2 2 p 


So the lines are parallel. 


yc -Ax- Land yc 2x +3 


b yaoxtland2y+2=7 


DES Shy = Il) ainal sur = Shy <p 2 


(1) 
(2) 


(1) 


(2) 


(1) 


(2) 


3x + 2y = -5 
2y 2—3x—-5 
E ee 
2) 2 2 
x-y=2 
SVS qp 
per gg i 
3 
ES x IL ss ll 
So the lines are neither parallel nor 
perpendicular. 
Now you try 
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Decide if the graphs of each pair of rules will be parallel, perpendicular or neither. 


EXPLANATION 


Both equations are in the form y = mx + c. 
Test: m4 X m = —1. 


Write both equations in the form y = mx + c. 


Both lines have a gradient of 2 so the lines are 
parallel. 


Write both equations in the form y = mx + c. 


(Noe; EST = -A) 
p 2) 


Subtract x from both sides, then divide both sides 
by -1. 


Test: m, X m; = —-1. 


The gradients are not equal and m, X m # —1. 


Decide if the graphs of each pair of rules will be parallel, perpendicular or neither. 


€ Greenwood et al. 2020 Cambridge University Press 


Chapter 1 


Example 26 


Find the equation of the line that is: 
a parallel to y = —2x — 7 and passes through (1, 9) 


b perpendicular to y = T — ] and passes through (3, —2) 


SOLUTION EXPLANATION 
a y=mx+c Write the general equation of a line. 
m = —2 Since the line is parallel to y = —2x — 7, m = —2. 
y=—2x +c 
Substitute (1, 9): Substitute the given point (1,9), where x = 1 and 
O= =A) te y = 9, and solve for c. 
iil ee 
<. y =—2x + 11 


b y=mx+c 


m= gale The perpendicular gradient is the negative 
3 3 
4 reciprocal of T 
T 
3 
4 
——Xx-tc 
EE 
Substitute (3,—2): Substitute (3, —2) and solve for c. 
4 
=} = —— (3) qr € 
3 ) 
—2=—-4+¢ 
C=? 
4 
4o ji em dr 
y zu 
Now you try 


Find the equation of the line that is: 
a parallel to y = —3x — 5 and passes through (1, 5) 


b perpendicular to y = ot — 3 and passes through (2, —1) 
Exercise 11 
1, 2-3(1/2) 2-3(1/2) 2-3(1/2) 


1 Decide if the graphs of each pair of rules will be parallel, perpendicular or neither. 


1 
Example 25a a y= —2x — 3 and y= a” +2 
1 
Example 25b b y= i +land2y-x=4 
Example 25c € 4x+ 2y=-4andx-y=3 
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Example25 2 Decide if the line graphs of each pair of rules will be parallel, perpendicular or neither. 


y-3x-landy23x47 b y= 5x- Gand y=3x—4 
y--ix*lady-2x-3 d y--4x-2andy2x- 7 

y= Sx Sand y=Le42 f y=-8r+4andy= 1-2 
2y+x=2andy= -x-3 h x-y=4andy=x45 

8y + 2x =3andy=4x4+1 j 3x-y=2andx+4+ 3y=5 


Example26 3 Find the equation of the line that is: 


a 
b 
C 


g 
h 


parallel to y = x + 3 and passes through (1, 5) 
parallel to y 2 —x — 5 and passes through (1, —7) 
parallel to y 2 —4x — 1 and passes through (—1, 3) 


parallel to y — ot + 1 and passes through (3, —4) 


parallel to y = -fx + Zand passes through (5, 3) 


perpendicular to y = 2x + 3 and passes through (2, 5) 
perpendicular to y = —4x + 1 and passes through (—4, —3) 


perpendicular to y = ot — 4 and passes through (4, —1) 
: 4 1 
perpendicular to y = a + 2 and passes through (—4, —2) 


perpendicular to y — -2x — : and passes through (—8, 3). 


PROBLEM-SOLVING 4(1/2) 4-6(1/2) 4-6(1/2), 7 


4 This question involves vertical and horizontal lines. Find the equation of the line that is: 


~o c c c 


h 


parallel to x = 3 and passes through (6, 1) 

parallel to x = —1 and passes through (0, 0) 

parallel to y 2 —3 and passes through (8, 11) 

parallel to y = 7.2 and passes through (1.5, 8.4) 
perpendicular to x — 7 and passes through (0, 3) 
perpendicular to x = —4.8 and passes through (2.7, —3) 


perpendicular to y — 3 and passes through G x) 


: 8 4 3 
erpendicular to y = — and through | ——, = }. 
perpendicular to y fe and passes throug ( T 5) 


5 Find the equation of the line that is parallel to each of these equations and passes through the given 


point. 
eI E 
a ye 05 b ys 7 
€ 3y—- 2x = 3, (-2,4) d 7x-y=-l, (-3,-1) 
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6 Find the equation of the line that is perpendicular to each of the equations given in Question 5 and 
passes through the same given point. 
7 A line with equation 3x — 2y = 12 intersects a second line at the point where x = 2. If the second line 


is perpendicular to the first line, find where the second line cuts the x-axis. 


8 8,9 8-10 


8 Findan expression for the gradient of a line if it is: 
a parallel to y = mx + 8 
b parallel to ax + by = 4 
C perpendicular to y = mx — 1 
d perpendicular to ax + by = —3. 


9 a Find the value of a if y = aX + cis parallel to y = 2x — 4. 


b Find the value of a if y = (= : 


) + cis parallel to y = —x — 3. 


c Find the value of aif y = ( — Jr + cis perpendicular to y = um = = 


2 5 


d Find the value of a if ay = 3x + c is perpendicular to y = -2x =k 


10 Find the equation of a line that is: 
a parallel to y = 2x + c and passes through (a, b) 
b parallel to y = mx + c and passes through (a, b) 
€ perpendicular to y = —x + c and passes through (a, b) 
d perpendicular to y = mx + c and passes through (a, b). 


ENRICHMENT: Perpendicular and parallel geometry = = 11-13 
11 A quadrilateral, ABCD, has vertex coordinates A(2, 7), B(4, 9), C(8, 5) y 
and D(6, 3). A -B 
a Find the gradient of these line segments. 81 A 
i AB ii BC iii CD iv DA 64 C 
b What do you notice about the gradients of opposite and adjacent 44 E 
sides? De 
€ What type of quadrilateral is ABCD? e 
<_—_—_——_> X 
0 2 4 6 8 


12 The vertices of triangle ABC are A(0, 0), B(3, 4) and (2 0). 


a Find the gradient of these line segments. 

i AB ii BC iii CA 
b What type of triangle is AABC? 
c Find the perimeter of AABC. 


13 Find the equation of the perpendicular bisector of the line segment joining (1, 1) with (3, 5) and find 
where this bisector cuts the x-axis. 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills 


developed throughout the chapter. In attempting to solve these problems, aim to identify the key 
information, use diagrams, formulate ideas, apply strategies, make calculations and check and 
communicate your solutions. 


Business profit 


1 Abby runs an online business making and selling Christmas stockings. Over time she has worked 
out that the cost to make and deliver 3 Christmas stockings is $125, while the cost to make and 
deliver 7 stockings is $185. The cost to produce each Christmas stocking is the same. Costs 
involved also include the purchase of the tools to make the stockings. 


Abby is interested in exploring the relationship between her profit, costs and selling price. She wants 
to determine the ‘break-even’ point and look at how this is impacted if the selling price is adjusted. 


a Draw a graph of cost versus the number of stockings made using the information given and 
assuming a linear relationship. 

b From your graph, determine a rule for the cost, C dollars, of making and delivering s stockings. 

Abby sells each stocking for $25. 

c Write a rule for the amount she would receive (revenue), R dollars, from selling s stockings 
and sketch its graph on the same axes, as in part a. 

d What are the coordinates of the point where the graphs intersect? 

e Profit is defined as revenue — cost. 

i Give a rule for the profit, P dollars, from selling s stockings. 

ii Use your equation from part i to find how many stockings must be sold to break even. 

f In the lead up to Christmas each year, Abby 
finds that she sells on average t stockings. She 
considers adjusting the selling price of the 
stockings at this time of year. 

i Determine the minimum price, p dollars, she 
should sell her stockings for, in terms of t, to 
break even. 

ii Use your result from part i to determine the 


minimum selling price if t = 5 or if t = 25. 


Comparing speeds 
2 To solve problems involving distance, speed and time we use the following well-known rule: 


distance — speed x time 


We will explore how we can use this simple rule to solve common problems. These include 
problems where objects travel towards each other, follow behind or chase one another, and 
problems where speed is altered mid-journey. 
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a Two cars travel towards each other on a 100 km stretch of road. One car travels at 80 km/h and 
the other at 70 km/h. 
i How far does each car travel in 1 hour? 
ii Complete the table below to determine how far each car has travelled after t hours. 


f 
t 


iii Hence, if the cars set off at the same time, how long will it be before the cars meet 
(i.e. cover the 100 km between them)? Answer in minutes. 

iv If two cars travel at x km/h and y km/h respectively and there is d km between them, 
determine after how long they will meet in terms of x, y and d. 

D Ed’s younger brother leaves the house on his bicycle and rides at 2 km/h. Ed sets out after his 
brother on his bike x hours later, travelling at 7 km/h. 

i Use an approach like in part a to find a rule for the time taken for Ed to catch up to his 
younger brother in terms of x. 
ii What is this time if x = 1? 

c Meanwhile, Sam is driving from city A to city B. After 2 
hours of driving she noticed that she covered 80 km and 
calculated that, if she continued driving at the same speed, 
she would end up being 15 minutes late. She therefore 
increased her speed by 10 km/h and she arrived at city B 
36 minutes earlier than she planned. Find the distance 


between cities A and B. 


Crossing the road 


3 Coordinate geometry provides a connection between 
geometry and algebra where points and lines can be 
explored precisely using coordinates and equations. 


We will investigate the shortest path between sets of 
points positioned on parallel lines to find the shortest 


distance to cross the road. 


Two parallel lines with equations y = 2x + 2 and y = 2x + 12 form the sides of a road. A chicken 
is positioned at (2, 6) along one of the sides of the road. Three bags of grain are positioned on the 
other side of the road at (0, 12), (—2, 8) and (3, 18). 
a What is the shortest distance the chicken would have to cover to get to one of the bags of grain? 
b Ifthe chicken crosses the road to get directly to the closest bag of grain, give the equation of 
the direct line the chicken walks along. 
€ By considering your equation in part b, explain why this is the shortest possible distance the 
chicken could walk to cross the road. 
d Using the idea from part c, find the distance between the parallel lines with equations 
y = 3x + l and y = 3x + 11 using the point (3, 10) on the first line. 
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1J Simultaneous equations using substitution 


When we try to find a solution to a set of equations rather than just 
a single equation, we say that we are solving simultaneous 
equations. For two linear simultaneous equations we are interested 
in finding the point where the graphs of the two equations meet. 
The point, for example, at the intersection of a company’s cost 
equation and revenue equation is the ‘break-even point’. This 
determines the point at which a company will start making a profit. 


The two simultaneous equations y = 2x — 3 and 4x — y= 5 ; have 


Learning intentions 


To understand that a single linear equation in two variables has an infinite number of solutions 

To know that two simultaneous linear equations (straight lines) can have 0 or 1 solution (points of 
intersection) 

To understand that the solution of two simultaneous equations satisfies both equations and lies on both 
straight line graphs 

To know how to substitute one algebraic expression for another to obtain an equation in one unknown 
To be able to solve simultaneous equations using the substitution method 


Simultaneous equations can solve personal 
finance questions such as: finding the 


| LESSON STARTER | ius; Wi Give up and do the algebra best deal for renting a house or buying a 

car; the job where you will earn the most 
money over time; and the most profitable 
investment account. 


a single solution. 


Use a guess and check (i.e. trial and error) technique to try to 


find the solution. 


Try a graphical technique to find the solution. Is this helpful? 


Now find the exact solution using the algebraic method of substitution. 
Which method is better? Discuss. 


KEY IDEAS 


BW Solving two simultaneous equations involves finding a solution that satisfies both equations. 


e When two straight lines are not parallel, there will be a single (unique) solution. 


Non-parallel lines Parallel lines (same gradient) 
y 
àt at 
1 point of intersection 0 points of intersection 
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E The substitution method is usually used when at least one of the equations has one pronumeral as 
the subject. For example, y = 3x + 20r x = 3y — 1. 
e By substituting one equation into the other, a single equation in terms of one pronumeral is 
formed and can then be solved. 
For example: 
x+y=8 [1] 
y= 3x+4 [2] 
Substitute [2] into [1]: x + (x + 4) = 8 
4x - 4-28 
ds dp = Il 
Find y: y= 3(1) +4=7 
So the solution is x = 1 and y = 7. The point (1, 7) is the intersection point of the graphs 
of the two relations. 


BUILDING UNDERSTANDING 


(1) By substituting the given values of x and y into both equations, decide whether it is the solution to 
these simultaneous equations. 
x+y=Sandx—y=-1;x=2,y=3 
3x — y = 2 and x + 2y=10;x=2,y=4 
3x+y=-landx—y=0;x=-l,y=2 
2y = x + 2 and x — y = 4; x = —2, y = —6 
2(x + y) = —20 and 3x — 2y 2 —20; x = —8, y 2 —2 


This graph represents the rental cost, $C, after k kilometres of a new car from two car rental firms 
called Paul’s Motor Mart and Joe’s Car Rental. 


a i Determine the initial rental $C Á 
280 mm 


cost from each company. 
Find the cost per kilometre 260 
when renting from 240 


each company. 220 


i Find the linear equations 200 


for the total rental cost from 180 


each company. 160 
Determine the number of 140 
kilometres for which the cost 120 
is the same from both 


rental firms. 80 
If you had to travel 300 km, 


which company would + = 
you choose? 200 400 600 800 1000 1200 k (km) 


€ If you had $260 to spend on travel, which firm would give you the most kilometres? 
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Solve these pairs of simultaneous equations using the method of substitution. 


a 2x+y=-7andy=x+2 b 2x—-3y 2—-8andy 2x43 
SOLUTION EXPLANATION 
a 2x+y=-7 [1] Label your equations. 
y=x+2 [2] 
Substitute equation [2] into equation [1]. Substitute equation [2] into equation [1] since 
2x + (x + 2) = -7 equation [2] has a pronumeral as the subject. 
Sheer 2S = Solve the resulting equation for x. 
3x = —9 
x--—3 
Substitute x = —3 into equation [2]. Substitute to find y. 
y=-3+2 y 
eee A 
= — 1 4 
Solution is x = —3, y = —1. gel 
2 2 
»X 
EE 
G3 
b 2x-3y=-8 [1] Label your equations. 
y=x+3 [2] 
Substitute equation [2] into equation [1]. Substitute equation [2] into equation [1]. 
2x — 3(x+ 3) = -8 Expand and simplify then solve the equation for x. 
2x — 3x - 9 = —8 Substitute x = —1 into either equation to find y. 
—-x-9=-8 y 
—-x=1 A 
x=-1 S 
—3y=-8 
Substitute x = —1 into equation [2]. S12) 
y=-14+3 1 
=2 -< >x 
Solution is x = —1, y = 2. SVL) -1? 1 3 4 
SS 2 
3 
4 
y 
Continued on next page 
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Now you try 
Solve these pairs of simultaneous equations using the method of substitution. 
a 3x+y=4andy=x-4 b x-2y=-7andy=x+4 
© Example 28 
Solve the pair of simultaneous equations: y = —3x + 2 and y = 7x — 8. 
SOLUTION EXPLANATION 
y=-3x4+2 [1] Write down and label each equation. 
y27x—8 [2] y 
Substitute equation [2] into equation [1]. A 
Ths = e eid H 
Ore e IG eae eC ae 
yal = 
Substitute x = 1 into equation [1]. E 
-= >x 
VEU -8-6-4-20 |2 4 6 8 
ee -1 
Solution is x = 1, y = —1. Ir VEBI 2 
Lg 
Now you try 
Solve the pair of simultaneous equations: y = —4x + 7 and y = 5x — 11 
Exercise 1J 
1, 2-3(1/2) 2-3(1/2) 2-3(1/s) 


1 Solve these pairs of simultaneous equations using the method of substitution. 
Example 27a a 2x+y=landy=x-5 
Example 27h b 3x-2y=-9andy=x+4 


Example27 2 Solve the following pairs of simultaneous equations, using the method of substitution. You can check 
your solution graphically by sketching the pair of graphs and locating the intersection point. 


a y=x+5and3x + y= 13 b y=x+3and6x+y=17 

€ y=x-— 2and3x-—2y=7 d y=x-— land 3x + 2y = 8 

e y=xand4x+3y=7 f y=xand7x + 3y 2 10 

g x=2y+3and lly -— 5x = -14 h x23y-2and7y - 2x = 8 

i x=3y-S5and3y+5x=11 j x= 4y + 1 and 2y - 3x = —23 
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3 Solve the following pairs of simultaneous equations, using the method of substitution. Check your 


solution graphically if you wish. 
a y=4x+2andy=x+8 b y= -2x -— 3 and y = —x — 4 
€ x=y-— 6andx= -2y +3 d x= -7y -— l1 andx = -y + 11 


e y=4-xandy=x-2 f y=5- 2xandy= 2x- 2 
g y= 5x- landy = = h y = 8x — Sandy = +E 
PROBLEM-SOLVING 4,6 4-6 5-7 


4 The salary structures for companies A and B are given by: 

Company A: $20 per hour 

Company B: $45 plus $15 per hour 

a Find a rule for $E earned for t hours for: 
i company A ii company B. 

b Solve your two simultaneous equations from part a. 

€ i State the number of hours worked for which the earnings are the same for the two companies. 
ii State the amount earned when the earnings are the same for the two companies. 


9 The values of two cars are depreciating (i.e. decreasing) at a 
constant rate according to the information in this table. 


Luxury sports coupe $62000 j $5000 
Family sedan $40000 $3000 


a Write rules for the value, $V, after t years for: 


i the luxury sports coupe 
ii the family sedan. 
b Solve your two simultaneous equations from part a. 
€ iÍ State the time taken for the cars to have the same value. 
ii State the value of the cars when they have the same value. 


6 The sum of the ages of a boy and his mother is 48. If the mother’s age is three more than twice the 
boy’s age, find the difference in the ages of the boy and his mother. 


7 The perimeter of a rectangular farm is 1800 m and its length is 140 m longer than its width. Find the 
area of the farm. 


8(1/2) 8(1/2), 9 8(1/2), 9, 10 


8 When two lines have the same gradient, there will be no intersection point. Use this idea to decide if 
these pairs of simultaneous equations will have a solution. 


a y-3x-landy23x 42 b y=7x+2andy=7x+6 
€ y=2x-—6andy=-2x4+1 d y=-x+7andy=2x-1 
e 2x-—y=4andy=2x+ 1 f 7x-y=landy=—-7x+2 
3x x — 2y x 
2y — 3x = 0 and y = ——-1 h ——=0andy=%+3 
g Ay y 2 4 M 2 
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9 For what value of k will these pairs of simultaneous equations have no solution? 
a y--4x—T7andy- kx -2 
b y= kx+ 4and3x-2y=5 
€ kx-3y=kandy=4x+1 


10 Solve these simple equations for x and y. Your solution should contain the pronumeral k. 
à x+y=kandy=2x 
b x—-y-kand y = — 
€ 2x-y=-kandy=x-1 
d y-—4x=2kandx=y+1 


ENRICHMENT: Factorise to solve = = 11(/2), 12 


Ti Factorisation can be used to help solve harder literal equations (i.e. equations including other pronumerals). 
For example: ax + y = band y = bx 
Substituting y = bx into ax + y = b gives: 


ax + bx=b 
x(a + b) = b (Factor out x.) 
b 
x -——— 
a+b 
Substitute to find y. 


"y-bx 35 = p 
U a+b a+b 


Now solve these literal equations. 
ax — y = b and y = bx 

ax + by=Oandy=x+1 

x — by = a and y = —x 

y = ax + b and y = bx 

y= (a — b)x and y = bx + 1 
ax + by = c and y = ax + c 


~ D c cO cC ~ 


g 7+ = Land y = ax 
h ax + y = band y= 


12 Make up your own literal equation like the ones in Question 11. Solve it and then test it on a classmate. 
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1K Simultaneous equations using elimination 


Learning intentions 
e To be able to identify and form equations involving a matching pair of terms 
* To be able to use the process of elimination to solve simultaneous equations 


The elimination method for the solution of simultaneous equations is commonly used when the equations 
are written in the same form. One pronumeral is eliminated using addition or subtraction and the value of 
the other pronumeral can then be found using one of the original equations. 


Using the initial cost 

of machinery and the 
production cost per item, 
financial analysts working for 
manufacturing companies, 
e.g. biscuit makers, can use 
simultaneous equations 

to determine the most 
profitable equipment to 
invest in. 


RSs Which operation? 


Below are four sets of simultaneous equations. 


e For each set discuss whether addition or subtraction would be used to eliminate one pronumeral. 
e State which pronumeral might be eliminated first in each case. 
e Describe how you would first deal with parts ¢ and d so that elimination can be used. 


a xty=5 b —4x — 2y 2-8 c 5x-y=l1 d 3x42y2-5 
2x+y=7 4x + 3y = 10 3x — 2y =—-5 4x —3y = -1 
KEY IDEAS 


W The method of elimination is generally used when both equations are in the form ax + by = d. 
25e = = 8 —5x + y= -2 


For example: 2m e or 6x + 3y=5 


e When there is no matching pair (as in the second example above) one or both of the equations 
can be multiplied by a chosen factor. This is shown in Example 30a and b. 


BUILDING UNDERSTANDING 


(1) Find the answer. 
a 2x subtract 2x b Syadd —5y C  —2x add 2x d —3y subtract —3y 


(2) Decide if you would add or subtract the two given terms to give a result of zero. 
a 7x,1x b —5y, Sy € 2y,—2y d —7y, -7y 


e What is the resulting equation when 2x — 3y = 4 is multiplied on both sides by the following? 
a 2 b 3 c 4 d 10 
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Solve the following pair of simultaneous equations using the elimination method. 


x+ y= 6and 3x — y = 10 


SOLUTION 
x+y=6 [I] 
3x-y=10 [2] 
[1] + [2]: 4x = 16 
x=4 
Substitute x = 4 into equation [1]. 
(4)+y=6 
4 EX 


Solution is x = 4, y = 2. 


Now you try 


EXPLANATION 


Label your equations to help you refer to them. 


Add the two equations to eliminate y. Then solve for 
the remaining pronumeral x. 


Substitute x — 4 into one of the equations to find y. 


State the solution and check by substituting the 
solution into the original equations. 


Solve the following pair of simultaneous equations using the elimination method. 


x+y=4and5x-y=14 


Sees 
ELLI] 


e Example 30 


Solve the following pairs of simultaneous equations using the elimination method. 


a y—3x- land 2y t 5x 2 13 


SOLUTION 
a y= fy = Il [1] 
Dy ae Swe 13 [ej 


[ls 2 y= Oe = 2 [3] 
PIS [3]: lies dni 
ael 


Substitute x — 1 into equation [1]. 


y-3(1) 21 
do y EA 
Solution is x = 1, y = 4. 
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b 3x+ 2y = 6 and 5x + 3y = 11 


EXPLANATION 


Label your equations. 


Multiply equation [1] by 2 so that there is a 
matching pair (2y). 

2y — 2y = 0 and 5x — (—6x) = 11x. 

Solve for x. 

Substitute into one of the equations to find y. 
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b 3x+2y=6 [l] 
5x+3y=11 [2] 

ies 9x+6y=18 [3] 
[2] x2 10x+6y=22 [4] 


[4] - [3]: x t 
Substitute x — 4 into equation [1]. 
3(4) -2y26 
2y = —6 
ges 


Solution is x = 4, y = —3. 


Now you try 


Multiply equation [1] by 3 and equation [2] by 

2 to generate 6y in each equation. Alternatively, 
multiply [1] by 5 and [2] by 3 to obtain matching x 
coefficients. 

Subtract to eliminate y. 


Substitute x — 4 into one of the equations to find y. 


State and check the solution. 


Solve the following pairs of simultaneous equations using the elimination method. 


a y—2x- l and 4y - 3x 2 15 


Exercise 1K 


b 5x+ 2y= 11 and 3x + 5y = -1 


1, 2-4(1/5) 2—4(1/2) 2-3(1/3), 4(1/2) 


Example29 1 Solve the pairs of simultaneous equations using the elimination method. 


a x+ty=S5and2x-y=4 


b x+y=7and5x-y=17 


Example29 2 Solve the following pairs of simultaneous equations using the elimination method. 


a x*y-7and5x—-y-5 
x—y=2and2x+ y 210 

3x + 4y = 7 and 2x + 4y = 6 
2x + 3y = 1 and 2x + 5y = -1 
2x + 3y = 8 and 2x — 4y = —6 
—3x + 2y = —4 and 5x — 2y = 8 


zX So 0D c 


b x+y=5and3x-y=3 

d x-—y=0and4x+y=10 

f x+3y= 5 and 4x + 3y= 11 

h 4x + y= 10 and 4x + 4y = 16 

j 3x+2y=8and3x-y=5 

| —2x + 3y = 8 and —4x — 3y 2 —2 


Example 30a 3 Solve the following pairs of simultaneous equations using the elimination method. 


a 3x+ 5y=8andx- 2y = -1 
€ x+2y=4and3x-y=5 


1 2 
e — 3x = —— and x + 2y = > 
y X 2 x y 2 


b 2x -y 2 10 and 3x — 2y = 8 
d 3x -— 4y 2 24 and x — 2y = 10 


f Tx- 2y = -2 and 3x + y = -2 


Example300 4 Solve the following pairs of simultaneous equations using the elimination method. 


a 3x+ 2y=6and5x+ 3y = 11 
€ 4x — 3y 2 O and 3x + 4y = 25 
e —2y — 4x = 0 and 3y + 2x = —2 


PROBLEM-SOLVING 


b 3x+2y=5 and 2x + 3y=5 
d 2x + 3y = 10 and 3x — 4y = -2 
f -7x + 3y = 22 and 3x - 6y = -11 


5 5,6 6,7 


5 The sum of two numbers is 1633 and their difference is 35. Find the two numbers. 


6 The cost of one apple and one banana at the school canteen is $1 and the cost of 3 apples and 


2 bananas is $2.40. Find the cost of a single banana. 
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7 A group of 5 adults and 3 children paid a total of $108 for their concert 
tickets. Another group of 3 adults and 10 children paid $155. Find the 
cost of an adult ticket and the cost of a child's ticket. 


8 8, 9(1/2) 9, 10 


8 Describe the error made in this working and then correct the error to find the correct solution. 
3x —-2y=5 [1] 
—-4Ax —-2y 2 —2 [2] 
[1] + [2]: —x 2-3 


<. x= -3 
3(-3) - 2y =5 
-9 - 2y =5 
—2y = 14 
y=-7 


Solution is x 2 —3 and y = —7. 


9 Solve these literal simultaneous equations for x and y. 
a ax+y=Oandax-—y=2 b x- by = 4and2x + by=9 
€ ax + by = 0 and ax — by = —4 d ax + by = a and ax — by = b 
e ax+ by = cand bx + ay = c 

10 Explain why there is no solution to the set of equations 3x — 7y = 5 and 3x — 7y = —4. 


ENRICHMENT: Partial fractions = 3 11(u/2) 


1i Writing — às as a sum of two ‘smaller’ fractions —— + 2 
œx- Dx 1) x-1 x+1 


involves a process of finding the values of a and b for which the two expressions are equal. Here is the 


, known as partial fractions, 


process. 
6 a b ; ; 
= + By equating coefficients: a +b — 0 [1] 
(x—-Dx-1 x-1 x+1 
a-b=6 [2] 
a(x + 1) + b(x — 1) . 
= [1] + [2] gives 2a = 6 
(x — DG 1) : 
a+ 1) + bx 1) =6 cn 
ax+a+bx—b=6 and so b = —3. 
ax +bx+a—b=6 : 6 _ 3 3 
x(a + b) + (a — b) = 0x + 6 @-D)@+t) x-1 x+1 
Use this technique to write the following as the sum of two fractions. 
-— — b— lo p ee 
(x — DG +1) (x + 2)(2x — 3) (2x — 1)(3x + 1) 
9x +4 7 2x — 1 f ]-x 
(3x — D (x + 2) (x -3)x— 4) (2x — 1)(4 — x) 
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1L Further applications of simultaneous equations 


Learning intentions 

e To know the steps involved in solving a word problem with two unknowns 

* To beable to form linear equations in two unknowns from a word problem 

e To be able to choose an appropriate method to solve two equations simultaneously 


When a problem involves two unknown variables, simultaneous equations can be used to find the solution 


to the problem, provided that the two pronumerals can be identified and two equations can be written from 


the problem description. 


Simultaneous equations 

can be used by farmers, 
home gardeners, nurses and 
pharmacists to accurately 
calculate required volumes 
when mixing solutions of 
different concentrations to get 
a desired final concentration. 


| LESSON STARTER | NA v3: 19 scores but how many goals? 


Nathan heard on the news that his AFL team scored 19 times during a game and the total score was 79 


points. He wondered how many goals (worth 6 points each) and how many behinds (worth 1 point each) 


were scored in the game. Nathan looked up simultaneous equations in his maths book and it said to follow 
these steps: 


1 
2 
3 
4 


Define two variables. 

Write two equations. 

Solve the equations. 

Answer the question in words. 


Can you help Nathan with the four steps to find out what he wants to know? 


KEY IDEAS 


W When solving problems with two unknowns: 


* Define a variable for each unknown. 

e Write down two equations from the information given. 
* Solve the equations simultaneously to find the solution. 
e Interpret the solution and answer the question in words. 
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BUILDING UNDERSTANDING 


1) Let x and y be two numbers that satisfy the following statements. State two linear equations 


according to the information. 

a They sum to 16 but their difference is 2. 

b They sum to 30 but their difference is 10. 

€ They sum to 7 and twice the larger number plus the smaller number is 12. 
d 


The sum of twice the first plus three times the second is 11 and the difference between four 
times the first and three times the second is 13. 


(2) The perimeter of a rectangle is 56 cm. If the length, /, of the rectangle is three times its width, w, 
state two simultaneous equations that would allow you to solve to determine the dimensions. 


© State expressions for the following. 
a the cost of 5 tickets at $x each 
b the cost of y pizzas at $15 each 
€ the cost of 3 drinks at $d each and 4 pies at $p each 


The sum of the ages of two children is 17 and the difference in their ages is 5. If Kara is the older 
sister of Ben, determine their ages. 


SOLUTION EXPLANATION 

Let k be Kara's age and b be Ben's age. Define the unknowns and use these to write two 
k+b=17 [l] equations from the information in the question. 
k-b=5 [2] e The sum of their ages is 17. 

[1] + [2]: 2k = 2) e The difference in their ages is 5. 

s k=l Add the equations to eliminate b and then solve 
to find k. 
Substitute k = 11 into equation [1]. Substitute k = 11 into one of the equations to 
11+b=17 find the value of b. 
b=6 
-. Kara is 11 years old and Ben is 6 years old. Answer the question in words. 
Now you try 


The sum of the ages of two children is 20 and the difference in their ages is 8. If Tim is the older 
brother of Tina, determine their ages. 
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John buys 3 daffodils and 5 petunias from the nursery and pays $25. Julia buys 4 daffodils and 


3 petunias for $26. Determine the cost of each type of flower. 


SOLUTION 


Let $d be the cost of a daffodil and $p be the 
cost of a petunia. 
3d + 5p = 25 [1] 
4d+3p=26 [2] 


[1] x4 12d+20p=100 [3] 


Als3 — 2e Sn = 73 [4] 
[3] = [4]: Mp = 22 
So gpe-3 


Substitute p = 2 into equation [1]. 


3d + 5(2) = 25 
3d + 10 = 25 
SOL SIS 

& de 


A petunia costs $2 and a daffodil costs $5. 


Now you try 


EXPLANATION 


Define the unknowns and set up two equations 
from the question. 

If 1 daffodil costs d dollars then 3 will cost 

3 <a = Bel. 

e 3 daffodils and 5 petunias cost $25. 

e 4 daffodils and 3 petunias cost $26. 
Multiply equation [1] by 4 and equation [2] by 
3 to generate 12d in each equation. 

Subtract the equations to eliminate d and then 
solve for p. 


Substitute p = 2 into one of the equations to 
find the value of d. 


Answer the question in words. 


Georgie buys 2 coffees and 3 muffins for $17 and Rick buys 4 coffees and 2 muffins for $22 from 


the same shop. Determine the cost of each coffee and muffin. 


Exercise 1L 


1-4 2-5 3-6 


Example31 1 The sum of the ages of two children is 24 and the difference between their ages is 8. If Nikki is the 


older sister of Travis, determine their ages by setting up and solving a pair of simultaneous equations. 


Example 31 2 Cam is 3 years older than Lara. If their combined age is 63, determine their ages by solving an 


appropriate pair of equations. 


Example 32, 3 Luke buys 4 bolts and 6 washers for $2.20 and Holly spends $1.80 on 3 bolts and 5 washers at the 
same local hardware store. Determine the costs of a bolt and a washer. 
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4 It costs $3 for children and $7 for adults to attend a school basketball game. If 5000 people attended 
the game and the total takings at the door was $25000, determine the number of children and the 
number of adults that attended the game. 


5 A vanilla thickshake is $2 more than a fruit juice. If 3 vanilla thickshakes and 5 fruit juices cost $30, 
determine their individual prices. 


6 A paddock contains ducks and sheep. There are a total of 42 heads and 96 feet in the paddock. How 
many ducks and how many sheep are in the paddock? 


| PROBLEM-SOLVING = | 7,8 7,8 8,9 


7 James has $10 in 5-cent and 10-cent coins in his change jar and counts 157 coins in total. How many 
10-cent coins does he have? 


8 Connor the fruiterer sells two fruit packs. 
Pack 1: 10 apples and 5 mangoes ($12) 
Pack 2: 15 apples and 4 mangoes ($14.15) 
Determine the cost of 1 apple and 5 mangoes. 


9 Five years ago I was 5 times older than my son. In 8 years' 


time I will be 3 times older than my son. How old am I today? 


| REASONING — O 10, 11 Til, 2 


10 Erin goes off on a long bike ride, averaging 10 km/h. One hour later her brother Alistair starts chasing 
after her at 16 km/h. How long will it take Alistair to catch up to Erin? (Hint: Use the rule d = s X t.) 


11 Two ancient armies are 1 km apart and begin walking towards each other. The Vikons walk at a pace 
of 3 km/h and the Mohicas walk at a pace of 4 km/h. How long will they walk for before the battle 
begins? 


12 A river is flowing downstream at a rate of 2 metres per second. Brendan, who has an average 
swimming speed of 3 metres per second, decides to go for a swim in the river. He dives into the river 
and swims downstream to a certain point, then swims back upstream to the starting point. The total 
time taken is 4 minutes. How far did Brendan swim downstream? 


ENRICHMENT: Concentration time = = 13,14 


13 Molly has a bottle of 1596 strength cordial and wants to make it stronger. She adds an amount of 10096 
strength cordial to her bottle to make a total volume of 2 litres of cordial drink. If the final strength of 
the drink is 2596 cordial, find the amount of 10046 strength cordial that Molly added. (Hint: Use 
Concentration = Volume (cordial) + Total volume.) 


14 A fruit grower accidentally made a 596 strength chemical mixture 
to spray his grape vines. The strength of spray should be 8%. He 
then adds pure chemical until the strength reaches 896 by which 
time the volume is 350 litres. How much pure chemical did he 
have to add? 
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1M Half planes = extenoine 


Learning intentions 


To know the meaning of the term half plane 

To know how to determine which side of a line to shade to sketch a half plane 

To understand that if a pair of coordinates satisfy an inequality then the point is in the required region 
To be able to find the intersecting region of two or more half planes 


You will remember that an inequality is a mathematical statement that contains one of these symbols: 


> or 2. The linear inequality with one pronumeral, for example 2x — 5 > —10, has the solution 
x > -25. 


«X, X, 


«X T T T T > X 
-3-2-1 0 


Linear inequalities can also have two variables: 2x — 3y > 5 and y < 3 — x are two examples. The 
solutions to such inequalities will be an infinite set of points on a plane sitting on one side of a line. This 
region is called a half plane. 


ysixtl 


All these 
points satisfy 
the inequality. 


| LESSON STARTER | russi Which side do | shade? 


You are asked to shade all the points on a graph that satisfy the inequality 4x — 3y > 12. 


First, graph the equation 4x — 3y = 12. 


Substitute the point (—2, 3) into the inequality 4x — 3y > 12. Does the point satisfy the inequality? 
Plot the point on your graph. 


Now test these points: 


a 
b 
C 
d 


(3, -2) 
Q,-1) 
(3, 0) 
(3, 1) 


Can you now decide which side of the line is to be shaded to represent all the solutions to the 
inequality? Should the line itself be included in the solution? 
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KEY IDEAS "44 


E The solution to a linear inequality with two variables is illustrated using a shaded region called a 


half plane. 
B When y is the subject of the inequality, follow these simple rules. 
e y2mx+c Draw a solid line (as it is included in the region) and shade above. 
e y»mx-ctc Draw a broken line (as it is not included in the region) and shade above. 
e y<mxtc Draw a solid line (as it is included in the region) and shade below. 


O W<< Hs ep © Draw a broken line (as it is not included in the region) and shade below. 
Here are examples of each. 


y2 —3x-b6 y» —3x + 6 y<—3x + 6 y<—3x + 6 


Bi If the equation is of the form ax + by = d, it is usually simpler to test a point, for example (0, 0), 
to see which side of the line is to be included in the region. 


Test (0, 0) 


E When two or more half planes are sketched on the same set of axes, the half planes overlap and 
form an intersecting region. The set of points inside the intersecting region will be the solution to 
the simultaneous inequalities. 


For example, y > 4x + 8 Li 
y<-x+4 E 


Intersecting 
region 


e To help define the intersecting region correctly, you should determine and label the point of 
intersection. 
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BUILDING UNDERSTANDING 


(1) Substitute the point (0, 0) into these inequalities to decide if the point satisfies the inequality; i.e. is 
the inequality true for x = 0 and y = 0? 


à y<3x-1 b jes = 3 


d 3x-2y«-1 e x-y»0 


(2) Match the rules with the graphs (A, B and C) below. 
axty<2 b y>-x+2 
A y B y 
El Region Ei Region 
required required 
y=-x+2 y=-x+2 


Sketch the vertical line x = —1 and the horizontal line y = 4 on the same set of axes. 
Shade the region x > —1 (i.e. all points with an x-coordinate greater than or equal to —1). 
Shade the region y < 4 (i.e. all points with a y-coordinate less than or equal to 4). 

Now use a different colour to shade all the points that satisfy both x > —1 and y < 4 
simultaneously. 


Sketch the half planes for the following linear inequalities. 


a y>15x-3 b y+2x<4 
SOLUTION EXPLANATION 
ay — ho 3 First, sketch y = 1.5x — 3 by finding the x- and 
y-intercept (x = 0): y-intercepts. 
y=-3 
x-intercept (y = 0): 
0 = 1.5x -3 
ise m 
EL 


Sketch a dotted line (since the sign is > not >) 
joining the intercepts and shade above the line, 
since y is greater than 1.5x — 3. 


El Region 
required 


Continued on next page 
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b y+2x=4 First, sketch y + 2x = 4 by finding the x- and 
y-intercept (x = 0): y-intercepts. 
y=4 
x-intercept (y = 0): 
PA. 
a 
Shading: Test (0, 0). Decide which side to shade by testing the point 
0+ 2(0) <4 (0, 0); i.e. substitute x = 0 and y = 0. Since 
0 < 4 (True) 0 < 4, the point (0, 0) should sit inside the 
z. (0, 0) is included. shaded region. 
y Sketch a solid line since the inequality sign is 


H Region <, and shade the region that includes (0, 0). 
required 


Now you try 


Sketch the half planes for the following linear inequalities. 
a y>25x-5 b y+3x<6 


Sketch both the inequalities 4x + y < 12 and 3x — 2y < —2 on the same set of axes, show the 
region of intersection and find the point of intersection of the two lines. 


SOLUTION EXPLANATION 
4x - y — 12 First sketch 4x + y = 12 by finding the x- and 
y-intercept (x = 0): y-intercepts. 
3 e 12 
x-intercept (y = 0): 
4x — 12 
ipea 
Shading: Test (0, 0). Test (0, 0) to see if it is in the included region. 


4(0) +0 < 12 
0 « 12 (True) 
So (0, 0) is included. 
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Sy = Dy = 2 Sketch 3x — 2y = —2 by finding x- and 


y-intercept (x = 0): y-intercepts. 
—2y = —2 
y=1 
x-intercept (y = 0): 
3x = —2 
ee 
3 
Shading: Test (0, 0). Test (0, 0) to see if it is in the included region. 


3(0) + 2(0) < —2 
0 < —2 (False) 
So (0, 0) is not included. 


Point of intersection: Find the point of intersection by solving the 
doce oem — equations simultaneously using the method of 
3x—2y2-2 [2] elimination. 


[1] x 2 8x-2y-224 [3] 
E se is ike = 22 


CSP 
Substitute x = 2 into equation [1]. 
4(2)+y= 12 
y=4 


The point of intersection is (2, 4). 


y Sketch both regions and label the intersection 
point. Also label the intersecting region. 


Region 
required 


w oa o 


(2, 4) 


B 4x+y212 
B 3x-2y<-2 
Intersecting region 


Now you try 


Sketch both the inqualities 3x + y < 6 and 2x — 3y < —7 on the same set of axes. Show the region of 
intersection and find the point of intersection of the two lines. 
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Chapter 1 


Exercise 1M 


1, 2-3(1/2), 5(*/2) 2-5(1/2) 


1 Sketch the half planes for the following inequalities. 
Example 33a a i y>2x-1 ii y< > +2 
Example 33b bi y+x<3 ii y+2x>26 


Exmple33a 2 Sketch the half planes for the following linear inequalities. 


à y2x-44 b y«3x-6 € y>2x-8 d y<3x-5 
e y<2-4% f y<2x4+7 g y<4x h y>6-3x 
i y<-x j x>3 k x«-2 | y22 


3 Decide whether the following points are in the region defined by 2x — 3y » 8. 


a (5,0) b (25,—1) c (0,—1) d (2,—5) 
4 Decide whether the following points are in the region defined by 4x + 3y < —2. 
11 
—- b (-5,6 c (2,—3 d (-3,4 
( 2 5) ( ) ( ) ( ) 
Example33b 9 Sketch the half planes for the following linear inequalities. 
a xt+3y<9 b 3x-y>3 € 4x -2y28 d 2x —3y» 18 
e -2x+y<5 f -2x+4y <6 g 2x+ 5y>-10 h 4x + 9y « —36 


PROBLEM-SOLVING 6 6, 7(1/2) 6—7(1/2) 


6 Write down the inequalities that give these half planes. 


a y b y 
3 
2 
X X 
O i 
y d y 
X X 
5 
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C 


Example34 7 Sketch both inequalities on the same set of axes, shade the region of intersection and find the point of 


intersection of the two lines. 


a x-2y24 b 3x+4y< 12 € 2x-3y>6 d 3x-5y< 15 
2x -2y « 8 3x +y>3 y<x-2 y-3x»-3 

e y2-x-4 f 2y-x«5 g 3x+2y< 18 h 2y25-c4x 
2x + 3y 26 y<10-x 4y -x«8 y«6-3x 


REASONING 801/2) 


8 Sketch the following systems of inequalities on the same axes. Show the intersecting region and label 
the points of intersection. The result should be a triangle in each case. 
a x20 b xz0 € x20 


z 
y2z0 y<0 5x + 2y < 30 
3x + 6y < 6 2x-y<4 4y -x 2 16 
d x«2 e x<0 f x+y<9 
y<3 y<x+7 2y-x26 
2x + Sy > 10 2x + 3y 2 -6 3x + y > -2 


9 Determine the original inequalities that would give the following regions of intersection. 


ENRICHMENT: Areas of regions = z 10,11 
10 Find the area of the triangles formed in Question 8 parts a to d. 


11 a Find the exact area bound by: 


i x«0 ii y<7 
y>0 x+ty>5 
x+2y <6 3x — 2y < 14 
x-y>-7 


b Make up your own set of inequalities that gives an area of 6 square units. 
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Using calculators to find intersection points (CAS) 


1 Sketch a graph of y = 3x — 1 and y = 2 — x and locate the intersection point. 


2 Sketch the intersecting region of y « 3x — 1 and y » 2 — x. 


Using the TI-Nspire: 


1 Ina Graphs page enter the rules 
f1(x) = 3x—1and f2(x) = 2 — x. Select 
>Analyze Graph>Intersection and select 
the lower and upper bounds containing the 
intersection point. Press to paste the 
coordinates to the graph. 


Hint: if multiple graphs are being entered use the 
down arrow to enter subsequent graphs. 


Hint: if the graph entry line is not showing, press 
or double click in an open area. 


2 Ina Graphs page press and select the 


required inequality from the list and edit £1(x) to 
y«3x-1and £209 to y» 2 — x. 


y<3 x-1 


B 017591! 25) 


Find the intersection point as shown above. 


Hint: if multiple graphs are being entered use the 
down arrow to enter subsequent graphs. 


Hint: if the graph entry line is not showing, press 
or double click in an open area. 


ISBN 978-1-108-77346-1 


Using the ClassPad: 


1 


In the Graph&Table application enter the rules 

yl = 3x — 1 and y2 = 2 — x then tap A. Tap 
Zoom Quick, Quick Standard to adjust the window. 
Tap Analysis, G-Solve Intersect. 


[dit Zoom Analysis e TX) 
=] Jel] ak Ya] te + 


Tap and clear all functions. With the cursor in 
y1 tap C=), select (<, enter the rule 3x — 1 and 
press EXE. With the cursor in y2 tap C=), select 

, enter the rule 2 — x and press EXE. Tap BF. 


[© Eit Zoom analysis e TX] 
PSL ELI g 
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Using calculators to find intersection points (non-CAS) 


1 Sketch a graph of y = 3x — 1 and y = 2 — x and locate the intersection point. 
2 Sketch the intersecting region of y < 3x — 1 andy > 2 — x. 


Using the TI-Nspire CX non-CAS: Using the Casio: 

1 Ina Graphs page enter the rules £1(x) = 3x — 1 1 Inthe Graph application enter the rules 
and f2(x) = 2 — x. Select >Analyze Y1 2 3x — 1 and Y2 = 2 — x then select F6 
Graph>Intersection and select the lower and upper (DRAW). Select SHIFT F2 (Z00M) then F5 (AUTO) 
bounds containing the intersection point. Press to adjust the window. Select SHIFT F5 (G-SOLVE) 
to paste the coordinates to the graph. then F5 (INTSECT). 


B] [EXE]:Show coordinates 


v4 i y 
Y2=2-x 
Urei | || 5.1.25) g 
i 7 E $ A B g 47 1 2 
| 
A 75,1.25) | = 
| -20 INTSECT 
¥=0. 75 Y=1.25 | 


Hint: if multiple graphs are being entered use the 
down arrow to enter subsequent graphs. 


Hint: if the graph entry line is not showing, press 
or double click in an open area. 


2 Ina Graphs page press (ve!) and select the required 2 Select SHIFT F6 (G & T) to return to the graph 
inequality from the list and edit f (X) to y < 3x — 1 relation list. To clear existing functions, select 
and f2(x) to y » 2 — x. F2 then F1 to remove each function. Select F3 

(TYPE) then F6 (>) to obtain the options for 

inequalities. Select F2 (Y«) and enter 3x — 1 to 

show the rule Y2 « 3x — 1. 


Select EXE to move to the next line. Select F3 
(075125) : (TYPE) then F6 (>) to obtain the options for 

Th t inequalities. Select F1 (Y>) and enter 2 — x to 
show the rule Y2 » 2 — x. Select F6 (DRAW) to 
sketch the intersecting region. Select SHIFT F2 
(Z00M) then F5 (AUTO) to adjust the window. 
Select SHIFT F5 (G-SOLVE) then F5 (INTSECT) to 
display the intersection point. 


Find the intersection point as shown above. 


[EXE]:Show coordinates 


Hint: if multiple graphs are being entered use the 
down arrow to enter subsequent graphs. 


Hint: if the graph entry line is not showing, press 
or double click in an open area. 
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Chapter 1 


Daria’s forest exit 


Daria is currently located in a forest and aims 
to walk to a clear grassland area. If her map is 
placed on a Cartesian plane, then Daria is at point 


A(—2, —2) and the edge of the forest is modelled 


: 1 : 7 Grassland 
by the line y = =F + 3 as shown. All units are in 


kilometres. 6 


Present a report for the following tasks and ensure 
that you show clear mathematical workings and 
explanations where appropriate. 


Preliminary task 


a If Daria walks on a path modelled by y = x find: 
iat what point she will come to the edge of the forest 
ji the distance walked to get to the edge of the forest. 


b Repeat part a for walking paths modelled by: 
[| x=-2 il y=3x4+4. 


€ If the walking path is modelled by the rule y = y + c find the value of c. 


Modelling task 


a The problem is to find the path so that Daria reaches the forest edge walking the minimum possible 
distance. Write down all the relevant information that will help solve this problem with the aid of 
a diagram. 


b Investigate at least 4 possible paths for Daria of the form y = mx + c by choosing values of m and c. 
For each path: 
i determine where Daria intersects the edge of the forest 
ii calculate how far she walks 
iii use a graph to illustrate your choices showing key features (use technology where appropriate). 


€ Compare your choices of m and c which describe Daria's path and determine the values of m and c 


Evaluate 
and so that she reaches the forest edge walking the minimum distance. 


oe! d Determine the relationship between the slope of shortest path and the slope of the forest boundary. 


e Summarise your results and describe any key findings. 


Extension questions 


a If Daria’s position (A) was altered, explore how this would impact your choices of m and c. 
b Ifthe forest boundary is modelled by a different straight-line equation, examine how this would 
impact on your conclusions regarding the minimum distance. 
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Angles between lines 


Consider what happens when we pick up one end of a classroom desk and tilt the desk so that its surface 
has a non-zero gradient. The more we raise the desk the greater the slope of the surface of the desk — the 
gradient of the desk is changing as we raise it higher above the ground. We are also changing the angle 
that the desk makes with the horizontal as we do this. Here we will investigate the relationship between 
this angle and the gradient. 


Angle and gradient 
a Find the gradient of the line joining these points: 
i (3, 0) and (5, 2) ii (2, 4) and (5, 8) iii (—1,2) and (4, 4). 
b Using your knowledge of trigonometry from Year 9, y 
create a right-angled triangle using each pair of points A 


in part a. Write a trigonometric ratio for the angle @ as 
shown. The first one is shown here. 


€ What do you notice about your trigonometric ratio and 


the gradient of each line? < > x 


d Hence, write a statement defining the gradient (m) of y 


a line in terms of the angle (0) the line makes with the 
positive x-axis. i.e. Complete the rule m = —— 


e Using your rule from part d, determine the gradient of a line that makes the following angles with 
the x-axis. Give your answer to one decimal place. 
i352 ii 54° iii 83° 

f Find the equation of a line that passes through the point (—2, 5) and makes an angle of 45° with the 
positive part of the x-axis. 


Acute angle between lines 


Here we will use the result m = tan @ to find the acute angle between 
two intersecting lines. 


a Sketch the lines y = 4x and y = x on the same set of axes. Label the acute 


angle between the two lines a. 


i Use the gradient of each line to find the angles (0; and 05) that each line 


makes with the x-axis. Round to one decimal place where necessary. 

ii How can 0; and 05 be used to find the acute angle a between the two 
lines? 

b Sketch the lines y = 5x — 12 and y = V3x — 2 on the same set of axes. 

i Use the gradient of each line to find the angles (6, and 05) that each line 
makes with the x-axis. Round to one decimal place where necessary. 

ii Insert a dashed line parallel to the x-axis and passing through the point of 
intersection of the two lines. Using this line, label the angles 0; and 05. 


iii Hence, use 0; and 8, to find the acute angle a between the two lines. 
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1 Tom walks at 4 km/h and runs at 6 km/h. He can 
3 Up for a challenge? If you get stuck 
save 3 — minutes by running from his house to on a question, check out the "Working 
4 with unfamiliar problems' poster at 
N the train station instead of walking. How many the end of the book to help you. 
G5 kil e : d 
£o ometres is it from his house to the station? 
e 
@ 2 A fraction is such that when its numerator is increased by 1 and its denominator is 
"em decreased by 1, it equals 1 and when its numerator is doubled and its denominator 
TT increased by 4 it is also equal to 1. What is the fraction? 
© 3 Show that the following sets of points are collinear (i.e. in a straight line). 
= a (25912): Oad ESE) b (a,2b), (2a, b) and (—a, 4b) 
E 4 Use two different methods from this chapter to prove that triangle ABC with vertices A(1, 6), B(4, 1) 
rT} and C(—4, 3) is a right-angled triangle. 
= 9 Two missiles 2420 km apart are launched at the same time and are headed towards each other. They 
a. pass after 1.5 hours. The average speed of one missile is twice that of the other. What is the average 
speed of each missile? 

6 Show that the points (7, 5) and (—1, 9) lie on a circle centred at (2, 5) with radius 5 units. 

7 A quadrilateral whose diagonals bisect each other at right angles will always be a rhombus. Prove that 
the points A(0, 0), B(4, 3), C(O, 6) and D(—4, 3) are the vertices of a rhombus. Is it also a square? 

8 Solve this set of simultaneous equations: 

$562 PA ec ro) 
2x — 3y + 3z = 10 
3x+y—z=4 

9 A triangle, POR, has P(8, 0), Q(0, —8) and point R is on the line y = x — 2. Find the area of the 
triangle POR. 

10 The average age of players at a ten pin bowling alley increases by 1 when either four 10-year olds 
leave or, alternatively, if four 22-year olds arrive. How many players were there originally and what 
was their average age? 
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Midpoint and length Parallel and perpendicular Finding a rule for a graph 
of a line segment lines For points (x;, y4) and (Xo, yo) 


m joining (x1, 1) Parallel lines have the same mE: x 
and (x2, y2) has: ETE s ine à 
2 Y2 gradient; e.g. y= 2x « 7 and To find line equation y= mx + c: 
Midpoint M= E a i J =] 1 Y= 2x- 4 ; e find gradient, m 
) For perpendicular lines with e substitute a point ifc is unknown 

Length/distance gradients m, and mp: using y= mx-- c 

Xo — X4)2+ (yo Me 2E ze - 

0o — X)? (Yo — Y) My X m=-1 OF My - or y- yj 2 m(x— Xy) 


eg. y= 3x«4and y=-{x+ 2 


Graphs of linear relations 
In the form y= mx+ c, mis the gradient, 
C is the y-intercept. 


= lise 
m- run 


y To graph: 
a use gradient and 
y-intercept or 
x b locate x-intercept 
(y= 0) and 
y-intercept (x= 0) 


Review of algebra 
Add/subtract like terms only. 
e.g. 2x+ 4x+ y =6x+y 
Multiply: 3x x 2y = 6xy 


Brie , — 24b. A 
Divide: 4ab + (2b) = EA Linear 


=2a relations 
Expand: a(b + c) = ab + ac 
a(b — c) - ab — ac 


y-intercept 


Algebraic fractions 
Add/subtract: find LCD. Solving linear equations Linear inequalities 


eg. 2.3. 10,32. 10:34 Some steps include: Equation contains ‘= sign. 
aR” Ga” Gg 5a e sing i ti zs 
ue ; USING UNVErSe Operations Inequalities have >, 2, < or <. 
Multiply: cancel common factors first. e collecting like terms on Dn domu Berne. 
ke cd : one side 
x = he 9 L 
[7 e multiplying by the LCD. x23 aissi 

Divide: multiply by the reciprocal of the z; 


6 z EIE PB 
fraction following the +. xsi -2-10 1 2 : 


Solve as per linear equations except 
when multiplying or dividing by a 
negative, reverse the inequality sign. 


Simultaneous equations 


Solve two equations in two pronumerals 
using: 
* substitution when one pronumeral 

is the subject; e.g. y= X+ 4. 

* elimination when adding or subtracting 
multiples of equations eliminates one 
variable. Inequalities with two variables represent 
the region above or below the line. 
For y 2 x- 3, shade above the line. 

For y > x- 3, use a dashed line. 


Half planes (Ext) 


For 2x - 3y « 6, test (0, 0) to decide 
which region to shade. 

2(0) + 3(0) « 6 (true) 

Include (0, 0); i.e. shade below 
dashed line. 


Applications of simultaneous 
equations 

* Define unknowns using 
pronumerals. 

* Form two equations from the 
information in the problem. 

e Solve simultaneously. 

* Answer the question in words. 


Two or more half planes form an 
intersecting region. 
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Chapter checklist: Success criteria 


1. | can simplify expressions using the four operations + , —, x, +. 
e.g. Simplify 3x x 2y — 4x2y + 2xy + 3x2y. 


2. lcan expand brackets using the distributive law. 
e.g. Expand and simplify —4y (2y + 3). 


3. Ican factorise simple algebraic expressions with a common factor. 
e.g. Factorise 6x? — 15x. 


4. Ican substitute numbers for pronumerals and evaluate. 
e.g. Given a= —3 and b = 4, evaluate ab + a?. 


Chapter checklist 


o 


5. | can cancel common factors in algebraic fractions. 
we AX — 2 
e.g. Simplify E 


6. lcan multiply and divide algebraic fractions. 
. ne 9X — 9 , 2X— 6 
e.g. Simplify — —— + 
3 may 20 5 


7. |can add and subtract simple algebraic fractions using the lowest common denominator. 


e.g. Simplify + 2 


8. I can add and subtract algebraic fractions with binomial numerators or denominators. 
X+3 x-2 4 3 
— and 
3 i x-2 x+4 


e.g. Simplify 


. [can solve linear equations with brackets and variables on both sides. 
e.g. Solve 4(3x — 5) = 7x. 


10. | can solve linear equations involving algebraic fractions. 


ag Solve ev eer. o o 
3 5 3 2 
11.1 can interpret number lines to write inequalities. = ae : w 
e.g. Write as an inequality. a 0 1 


12. | can represent a set of solutions on a number line. 
e.g. Graph the inequality x » 3 on a number line. 


13. I can solve linear inequalities. 
e.g. Solve 4 — a 8. 


14. | can determine if a point is on a straight line. 
e.g. Decide if the point (3, —1) is on the line 3x + 2y = 7. 


15. I can find the gradient and y-intercept from a straight line equation. 
e.g. State the gradient and y-intercept of 3y — 2x — 6. 


16. | can use the gradient and y-intercept to sketch a graph. 
e.g. Find the gradient and y-intercept of y= —2x + 7 and sketch its graph. 


17. | can find the x- and y-intercepts of a linear graph. 
e.g. Find the x- and y-intercepts and sketch the graph of 3x+ y= 9 
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G 


= = 


= 
qa 


— 


K 


= 
E 


E 
P 


1 


eo 


. | can sketch a horizontal or vertical line. 
e.g. Sketch y = 3. 


19. I can sketch a line of the form y = mx. 
e.g. Sketch y — 2x labelling the axis intercept and one other point. 


20. | can find the gradient of a line joining two points. 
e.g. Determine the gradient of the line joining the points (—2, 4) and (3, 1). 


21. | can find the equation of a line using a point and the y-intercept. 
e.g. Find the equation of the straight line shown. 
<= 
exc 
22. I can find the equation of a line given two points. 


e.g. Find the equation of the straight line joining the points (—2, —2) and (2, 3). 


23. | can find the distance between two points. 
e.g. Find the exact distance between the points (2, 4) and (5, 2). 


24. | can find the midpoint of a line segment joining two points. 

e.g. Find the midpoint of the line segment joining (—1, 5) and (5, 2). 
25. | can use a given distance to find coordinates. 

e.g. Find the values of a if the distance between (3, a) and (6, 10) is V34. 
26. | can decide if lines are parallel, perpendicular or neither. 


e.g. Decide if the graph of the lines y= 2x + 5 and 2y + x= 3 will be parallel, perpendicular or 
neither. 


27. | can find the equation of a parallel or perpendicular line. 
e.g. Find the equation of the line that is parallel to y 2 3x — 4 and passes through (2, 4). 


28. | can solve simultaneous equations using substitution. 
e.g. Solve the pair of simultaneous equations x — 2y = 4 and y = x — 3 using the method of substitution. 


29. | can solve simultaneous equations by adding or subtracting them. 
e.g. Solve the simultaneous equations x — 2y — 10 and x + y = 4 using elimination. 


3 


e 


. | can use the elimination method to solve simultaneous equations. 


e.g. Solve the pair of simultaneous equations 2x + 3y = 5 and 3x — 4y = —18 using the elimination 


method. 


3 


-— 


.| can set up and solve simultaneous equations. 
e.g. A teacher buys 5 of the same chocolate bars and 2 of the same ice-creams for $18 while 
another teacher buys 4 of the same chocolate bar and 5 of the same ice-creams for $28. Determine 
the individual costs of these chocolate bars and ice-creams. 


3 


N 


. | can sketch a half plane. 
e.g. Sketch the half plane y » 2x — 5. 


3 


oO 


. | can find the intersecting region. 
e.g. Sketch both the inequalities 2x + y > —2 and 2x — 3y < 6 on the same Set of axes, 
showing the point of intersection of the two lines and the intersecting region. 


© © 


}S1149949 143}dey9 Id 
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Short-answer questions 


G9 1 Simplify the following. You may need to expand the brackets first. 
a 8xy + 5x-— 3xy +x b 3a x 4ab 
= € 18xy + (12y) d 3(b+5)+6 
a3 e —3m(2m — 4) + 4n? f 3(Qx+4) —-5@4 2) 
z c9 2 Simplify these algebraic fractions by first looking to cancel common factors. 
= 12x - 4 So 4 a zc 
a 4 3x 5x+10 28 7 
= 
= ES 3 Simplify the following algebraic fractions. 
= 3 a b 5 ue 3 
e 7 2 6 a 
" x+4 g* T3 d 2 3 
6 15 x-3 x41 
4 Solve these linear equations. 
a 3-2x=9 b 32x-1)27-2(x45) 
3x-9. 5 d 2x-1 x-*2 
4 3 4 
Gz) 5 Write each of the following as an inequality. 
ae x b <> x t a > X 
-1012 -5-4 -3-2 -2-1 0 123 4 
E] 6 Solve the following inequalities. 
a 4x-3>17 b 3x 432«4(x—2) 
x 
UE d —2x > —4(1 — 3x) 
7 Marie’s watering can is initially filled with 2 litres 

of water. However, the watering can has a small 

hole in the base and is leaking at a rate of 0.4 litres 

per minute. 

a Write a rule for the volume of water, V litres, in 
the can after t minutes. 

b What volume of water remains after 90 seconds? 

€ How long would it take for all the water to 
leak out? 

d If Marie fills the can with 2 litres of water at her kitchen sink, what is the maximum 
amount of time she can take to get to her garden if she needs at least 600 mL to water 
her roses? 

ca 8 Sketch graphs of the following linear relations, labelling the points where the graph cuts the axes. 

a y=3x-9 b y=5-2x 

€ y=3 d x=5 

e y=2x f y2-5x 

g x+2y=8 h 3x+ 8y = 24 
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m) 9 Find the equation of these straight lines. 
a 


y b y 
À A 


(4, 5) Lo X 


(1, 6) 


10 For the line that passes through the points (—2, 8) and (3, 5), determine: 
a the gradient of the line b the equation of the line. 


11 Find the midpoint and the exact length of the line segment joining these points. 
a (2,5)and (6,11) b (3,—2) and (8, 4) € (—1, 4) and Q, - 1) 


e 12 Determine the equation of the line that is: 


1H/I 


a parallel to the line y = 3x + 8 and passes through the point (2, 4) 

b parallel to the line with equation y = 4 and passes through the point (3, —1) 

€ perpendicular to the line y = 2x — 4 and has a y-intercept with coordinates (0, 5) 

d perpendicular to the line with equation x + 3y = 5 and passes through the point (2, 5). 


13 Find the value(s) of the pronumeral in each situation below. 
a The gradient of the line joining the points (2, —5) and (6, a) is 3. 
b The line bx + 2y = 7 is parallel to the line y = 4x + 3. 
€ The distance between (c, —1) and (2, 2) is v13. 


14 Solve the following simultaneous equations, using the substitution method. 


a y=5x4+ 14 b 3x—2y 218 
y=2x+5 y=2x-5 


15 Solve these simultaneous equations by elimination. 


a 3x+2y=-11 b 2y-—5x=4 
2x—y-2-5 3y — 2x 26 
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Chapter review 


At the movies Jodie buys three regular 
popcorns and five small drinks for her friends 
at a cost of $24.50. Her friend Renee buys 
four regular popcorns and three small drinks 
for her friends at a cost of $23.50. Find the 
individual costs of a regular popcorn and a 
small drink. 


Sketch these half planes. 
a y>3x-4 
b 2x —3y > -8 


Shade the intersecting region of the inequalities x + 2y > 4 and 3x — 2y « 12 by sketching 
their half planes on the same axes and finding their point of intersection. 


Multiple-choice questions 


E 
e 
a 


e 
e 


a 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


The simplified form of 3x + 2x X 7y — 3xy + 5x is: 


A 10x + 4y B 35xy-6xy € mm D 5xy — 6x? E 8x + Ilxy 
BEC x 3 simplifies to: 
2 x-2 
A 9 B —6 C -4(x—-3) D 12 E 4(x—2) 
OHNE DN simplifies to: 
x-1 2x-3 
=i 3x = 7 3x — 17 
(x — 1)(2x — 3) (x — 1)(2x — 3) (2x — 3)(x — D 
11 — 6x x= 7 
(x — 1)(2x - 3) (2x — 3)(x — 1) 

The solution to —4(2x — 6) = 10x is: 
A gc B x-12 C kde D x--12 E NR 

2 3 3 
The number line that represents the solution to the inequality 2 — 5 «Ais: 
A a B =< T T T T > ad 

-3-2-1 0 1 —8 -7 -6 -5 -4 — 3 

C < T T T T T T T r>a D) <ra 

6 4 2 0 -7 -6 -5 —4 -3 
E a 

7 8 91011 
If (—1, 2) is a point on the line ax — 4y + 11 = 0, the value of a is: 
A -19 B 3 go D 5 E sj 


2 
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7 The graph shown has equation: y 
A x=-2 3 A 
B y2-2x 
IT] 
= 
£5 
T 
(a 


24 
C y=-2 1 
D x+y=-2 < 33 3- 
E y=x-2 -3-2-1r| 12 
< 2?) > 
25] D 
Y -— 
cD 
ea 8 The gradient and the y-intercept, respectively, of the graph of 3x + 8y = 2 are: <, 
cD 
E B 3,2 E Ü o3 E 32 z 
84 34 8 
(m) 9 The equation of the line joining the points (—1, 3) and (1, —1) is: 
A 2y-xz1 B y=2x-1 C y=-2x4+1 
D y-2x=1 E y-g 


10 The midpoint of the line segment joining the points (a, —6) and (7, b) is (4.5, —1). The values 
of the pronumerals are: 


A a=2,b=8 B a=3,b= -11 C a=9,b=5 
D a=2,b=4 E a=2.5,b=5 

C 11 The line that is perpendicular to the line with equation y = —3x + 7 is: 
A y=-3x+2 B 3x+y=-1 C y23x-3 
D 3y=4-x E 3y-x=4 


(m 12 The line that is parallel to the line with equation y = 2x + 3 and passes through the point 
(—3, 2) has the equation: 


A 2x+y=5 B y=2x+8 C y--y*i 
D y=2x-4 E y-2x 2-7 
" 13 The solution to the simultaneous equations 2x — 3y = —1 and y = 2x + 3 is: 
A x=-2,y=-1 B x-Ay-8 C x=2,y=7 
2 1 
D x2-5Sy2-- E x2-3,y z3 
37 9 á 
" 14 A community fundraising concert raises $3540 from ticket sales to 250 people. Children's 
tickets were sold for $12 and adult tickets sold for $18. If x adults and y children attended the 
concert, the two equations that represent this problem are: 
A x+ y= 250 B x+ y= 3540 C x+ y= 250 
18x + 12y = 3540 216xy = 3540 12x + 18y = 3540 
D x + y = 3540 E 3x + 2y = 3540 
18x + 12y = 250 x+ y= 250 
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98 Chapter 1 


(0, 0) B (1-1) C (-3,2) 


r 15 The point that is not in the region defined by 2x — 3y < 5 is: 
© à 


Chapter review 


(ec) A 


pw | 16 The half plane that represents the inequality y « 3x — 6 is: 


F Y 
a’ 


Extended-response questions 


1 There are two shrubs in Chen’s backyard that grow 
at a constant rate. Shrub A had an initial height of 
25 cm and has grown to 33 cm after 2 months. Shrub 
B was 28 cm high after 2 months and 46 cm high 
after 5 months. 


ono c c 


Essential Mathematics for the 


Write a rule for the height, h cm, after t months for: 
i shrub A 

ii shrub B. 

What was the initial height (i.e. at t = 0) of shrub B? 
Refer to your rules in part a to explain which shrub is growing at a faster rate. 


Graph each of your rules from part a on the same set of axes for 0 < t < 12. 

Determine graphically after how many months the height of shrub B will overtake the height 

of shrub A. 

i Shrub B reaches its maximum height after 18 months. What is this height? 

ii Shrub A has a maximum expected height of 1.3 m. After how many months will it reach 
this height? 

iii Chen will prune shrub A when it is between 60 cm and 70 cm. Within what range of 
months after it is planted will Chen need to prune the shrub? 


ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Chapter review 


2 A triangular course has been roped off for a cross-country B 
run. The run starts and ends at A and goes via checkpoints 
B and C, as shown. 
a Draw the area of land onto a set of axes, taking 


point A to be the origin (0, 0). Label the coordinates A = 20 km = C 
of B and C. 
b Find the length of the course, to one decimal place, by calculating the distance of legs 
AB, BC and CA. eB 
€ A drink station is located at the midpoint of BC. Label the coordinates of the drink station co 
on your axes. e 
d Find the equation of each leg of the course. © 
i AB ii BC iii CA = 


D) e Write a set of three inequalities that would overlap to form an intersecting region equal to 
the area occupied by the course. 
f A fence line runs beyond the course. The fence line passes through point C and would 
intersect AB at right angles if AB was extended to the fence line. Find the equation of the 


fence line. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


A | a 
J i | lal p 


e 


X Geometry 


sese 


The geometry of the Sydney Opera House is based All the curved sides of the 14 Opera House sails 
on triangles drawn on a sphere. To understand could be joined to form one very large, whole 
how this was achieved, imagine an orange sliced sphere. 

into wedges and then each wedge cut into two 

pieces in a slanting line across the wedge. The The Danish architect Jørn Utzon and engineer Ove 
orange skin of each wedge portion is a 3D triangle Arup chose a radius of 75 m for the virtual sphere 
and illustrates the shape of one side of an Opera from which to design the curved triangular sails. 
House sail. One full sail has two congruent curved ^ The calculations required high level mathematical 
triangular sides joined, each a reflection of the modelling, including the applications of circle and 
other. The edges of the sails form arcs of circles. spherical geometry. Designed in the 1950s and 
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Online resources (d 


A host of additional online resources are 
included as part of your Interactive Textbook, 
including HOTmaths content, video 
demonstrations of all worked examples, 
auto-marked quizzes and much more. 


In this chapter 


2A Review of geometry (CONSOLIDATING) 
2B Congruent triangles 

2C Investigating parallelograms using 

A drawing from the plans for the Sydney Opera House by architect Jørn Utzon. congruence 


The drawing shows how the famous ‘sails’ come from cutting portions out of 2D Similar figures (CONSOLIDATING) 
spheres. Can you see some of the sails in this drawing? 


2E Proving and applying similar triangles 

2F Circles and chord properties (104) 

2G Angle properties of circles: Theorems 1 
and 2 (10A) 

2H Angle properties of circles: Theorems 3 
and 4 (10A) 

2| Tangents to a circle (EXTENDING) 

2J Intersecting chords, secants and 
tangents (EXTENDING) 


Australian Curriculum 


MEASUREMENT AND GEOMETRY 
Geometric reasoning 


Formulate proofs involving congruent 
triangles and angle properties (ACMMG243) 


Apply logical reasoning, including the use 
of congruence and similarity, to proofs and 
numerical exercises involving plane shapes 
(ACMMG244) 


(104) Prove and apply angle and chord 
properties of circles (ACMMG272) 


1960s, it was one of the first ever projects to use 
CAD (computer-assisted drawing). 


© ACARA 
Overall the Opera House is 120 m wide, 85 m long 
and 67 m high (20 storeys above the water level). 
The sails are covered with about 1 million tiles and 
it is visited by over 8 million people each year. = 
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Chapter 2 


2A Review of geometry  consouipating 


Learning intentions 

e To review the names of types of angles and the names and properties of angles in parallel lines 

* To review the properties of triangles and quadrilaterals and the names and the angle sum rule of polygons 
e To know the meaning of the term regular polygon 

* To beable to work with polygon angle sums to find missing angles including exterior angles 


Based on just five simple axioms Nene 


who regularly use 
geometry include: 
sheet metal workers 
building a commercial 
kitchen; plumbers 
joining parallel but 
separated water pipes; 
carpenters building 
house roof frames; 
and builders of steps 
of school geometry are outlined in these and wheelchair ramps. 


(i.e. known or self-evident facts) the 
famous Greek mathematician Euclid 
(about 300 BC) was able to deduce many 
hundreds of propositions (theorems and 
constructions) systematically presented 
in the 13-volume book collection called 
the Elements. All the basic components 


books, including the topics angle 
sums of polygons and angles in parallel 
lines, which are studied in this section. 


| LESSON STARTER | Sis Three unknown angles 


This hexagon contains a pair of parallel sides and three unknown angles, a, b and c. 


e Find the value of a using the given angles in the hexagon. 
(Hint: Add a construction line parallel to the two parallel sides so that the angle of size a? is divided 
into two smaller angles. Give reasons throughout your solution.) 

e Find the value of b, giving a reason. 

e What is the angle sum of a hexagon? Use this to find the value of c. 

e Can you find a different method to find the value of c, using parallel lines? 


KEY IDEAS 


W Angles at a point 
e Complementary (sum to 90°) 
e Supplementary (sum to 180°) 
e Revolution (360°) 
e Vertically opposite angles (equal), as shown 
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B Angles in parallel lines 


Alternate angles are Corresponding angles are Cointerior angles are 
equal. equal. supplementary. 
a+b= 180 


E If two lines, AB and CD, are parallel, we write AB || CD. 


B Triangles 
e Angle sum is 180°. 
To prove this, draw a line parallel to a base and then mark the alternate angles in parallel lines. 
Note that angles on a straight line are supplementary. 


a+b+c=180 


e Triangles classified by angles. 
Acute: all angles acute Obtuse: one angle obtuse Right: one right angle 


pe 


e Triangles classified by side lengths. 


Scalene Isosceles Equilateral 
(3 different sides) (2 equal sides) (3 equal sides) 
L\ 
60° 
/\60° , 602A, 


B Quadrilaterals (Refer to Section 2C for more details on quadrilaterals.) 
* Parallelograms are quadrilaterals with two pairs of parallel 
sides. 
e Rectangles are parallelograms with all angles 90°. 
e Rhombuses are parallelograms with sides of equal length. 
e Squares are parallelograms that are both rectangles and 
rhombuses. 
e Kites are quadrilaterals with two pairs of equal adjacent sides. 
e Trapeziums are quadrilaterals with at least one pair of parallel sides. 
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104 = Chapter 2 


Bi Polygons have an angle sum given by S = 180(n — 2), where n is 


n Name 
the number of sides. 3 triangle 
e Regular polygons have equal sides and equal angles. 4 quadrilateral 
1 -2 
A single interior angle — SERA 5 pentagon 
E An exterior angle is supplementary to an interior angle. 9 paon 

e Fora triangle, the exterior angle theorem states that the T MEDIO 
exterior angle is equal to the sum of the two opposite interior È eckagon 
angles. 9 nonagon 
caot 10 decagon 


BUILDING UNDERSTANDING 
(1) State the names of the polygons with 3 to 10 sides, inclusive. 


(2) Decide whether each of the following is true or false. 
The angle sum of a quadrilateral is 300°. 
A square has 4 lines of symmetry. 
An isosceles triangle has two equal sides. 
An exterior angle on an equilateral triangle is 120°. 


a 
b 
C 
d 
e A kite has two pairs of equal opposite angles. 
f A parallelogram is a rhombus. 

g A square is a rectangle. 

h Vertically opposite angles are supplementary. 
l 


Cointerior angles in parallel lines are supplementary. 


© tate the pronumeral in the diagram that matches the following descriptions. 
alternate to d° 
corresponding to e° 


vertically opposite to b° 


[4] ind the values of the pronumerals, giving reasons. 


b 


S 
a 
b 
€ cointerior to c? 
d 
F 
a 
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Find the value of x in the following, giving reasons. 
a 150° b 


SOLUTION EXPLANATION 
a x+ 85 = 150 (exterior angle theorem) Use the exterior angle theorem for a triangle. 
s= 69 
b S= 180(n —2) Use the rule for the angle sum of a polygon 
= 180 x (5-2) (S sides sonm = 9): 
= 540 
x + 100 + 170 + 95 + 55 = 540 The sum of all the angles is 540°. 
x + 420 = 540 
Sex = A) 
Now you try 


Find the value of x in the following, giving reasons. 


sees 
LLI 


Find the value of the pronumeral, giving reasons. 
a aregular hexagon b 
Q 
Continued on next page 
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SOLUTION EXPLANATION 
a S=180( —2) Use the angle sum rule for a polygon with 
= 180 x (6 — 2) =O, 
E2772) 
a=720+6 In a regular hexagon there are 6 equal angles. 
= 120) 


b Construct a third parallel line, CF. 
ZBCF = 25? (alternate anglesin || lines) 
ZFCD = 180? — 140° 
= 40° (cointerior angles in || lines) 


z.a = 25+ 40 
= 65 
ZABC and ZFCB are alternate angles in parallel 
lines. ZFCD and ZEDC are cointerior angles in 
parallel lines. 
Now you try 


Find the value of the pronumeral, giving reasons. 
a aregular pentagon b 


Exercise 2A 


1, 2, 3-4(1/2), 5 2, 3-4(1/2), 5 2-5(1/3) 


Examplet 1 Find the value of x in the following, giving reasons. 


Exampleta 2 Using the exterior angle theorem, find the value of the pronumeral. 


18° 
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3 Find the value of the pronumeral, giving reasons. 


a b C 
f NS 
150 N 
<) 
"A 
Q 0 145° 


Example) 4 Find the value of x in the following, giving reasons. 


a C 
d f 
(2x + 55)? 
(x + 100)° 
we 
Example2a. 9 Find the size of an interior angle of these polygons if they are regular. 
a pentagon b octagon € decagon 
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PROBLEM-SOLVING 6(u2), 7 6(*/2), 7, 8 6(/2), 8-10 


Exampezb 6 Find the value of the pronumeral a, giving reasons. 
aa 


7 a Find the size of an interior angle of a regular polygon with 100 sides. 
b What is the size of an exterior angle of a 100-sided regular polygon? 


8 Find the number of sides of a polygon that has the following interior angles. 
a 150° b 162? c 172.5? 


9 Inthis diagram, y — 4x. Find the values of x and y. 


10 Find the value of x in this diagram, giving reasons. 
(Hint: Form isosceles and/or equilateral triangles.) 


11,12 11-13 Ie 


fi The rule for the sum of the interior angles of a polygon, $°, is given by S = 180(n — 2). 
a Show that $ = 180n — 360. 
Find a rule for the number of sides n of a polygon with an angle sum 5; i.e. write n in terms of S. 


b 
€ Write the rule for the size of an interior angle I° of a regular polygon with n sides. 
d Write the rule for the size of an exterior angle E? of a regular polygon with n sides. 
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12 Prove that the exterior angle of a triangle is equal to the sum of B 
the two opposite interior angles by following these steps. 
a Write ZBCA in terms of a and b and give a reason. 
b Find c in terms of a and b using ZBCA and give a reason. 5 c? 
A Aa QO 
C 


13 a Explain why in this diagram ZABD is equal to b°. 
b Using ZABC and ZBCD, what can be said about a, b and c? 
€ What does your answer to part b show? 


14 Give reasons why AB and DE in this diagram are parallel; i.e. AB ll DE. 
A B 


D E 


15 Each point on the Earth's surface can be described by a line of longitude 
(degrees east or west from Greenwich, England) and a line of latitude 
(degrees north or south from the equator). Investigate and write a brief 
report (providing examples) describing how places on the Earth can be 


located with the use of longitude and latitude. 


ENRICHMENT: Multilayered reasoning = = 16-18 


16 Find the value of the pronumerals, giving reasons. 


a b 
G 
17 Give reasons why ZABC = 90°. 
A 
C B 
18 In this diagram ZAOB = ZBOC and ZCOD = ZDOE. Give reasons D " 
why ZBOD = 90°. 
= B 
O 
A 
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Exploring triangles with interactive geometry 


Construct a triangle and illustrate the angle sum and the exterior angle theorem. 


Interactive geometry instructions and screens 

a Construct a line AD and triangle ABC, as shown. 

D Measure all the interior angles and the exterior angle ZBCD. 

€ Use the calculator to check that the angle sum is 180? and that ZBCD = ZBAC + ZABC. 
d Drag one of the points to check that these properties are retained for all triangles. 


Calculator 


off | Clear a - 
psc] [i] fo] reo | ee] 7 | Fo fon] n] |] c EY JE] Tes d Ee] e] 


off | Clear a Ta 
[inv] sin | cos] tan] sanj- | in | ton] abs orf cf v] p - lef id =| 
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2B Congruent triangles 


Learning intentions 

e To know the meaning of the term congruent 

e To be able to match corresponding sides and angles in congruent figures 

e To know the four tests for congruence of triangles 

e To know how to prove that two triangles are congruent using one of the tests 
e To be able to use congruence of triangles to prove other properties 


In geometry it is important to know whether or not two 
objects are in fact identical in shape and size. If two 
objects are identical, then we say they are congruent. 
Two shapes that are congruent will have corresponding 
(i.e. matching) sides equal in length and corresponding 
angles also equal. For two triangles it is not necessary 
to know every side and angle to determine if they are 
congruent. Instead, a set of minimum conditions is 


enough. There are four sets of minimum conditions 


for triangles and these are known as the tests for Civil engineers apply congruent triangle geometry in 
the design and construction of buildings, bridges, 
cranes and electricity pylons. Triangles are the 
strongest form of support and congruent triangles 
evenly distribute the weight of the construction. 


congruence of triangles. 


| LESSON STARTER | Sa Which are congruent? 


Consider these four triangles. 


1 AABC with ZA = 37°, ZB = 112? and AC = 5 cm. 

2 ADEF with ZD = 37°, DF = 5cm and ZE = 112°. 

3 AGHI with ZG = 45°, GH = 7cm and HI = 5 cm. 

4 AJKL with ZJ = 45°, JK = 7 cm and KL = 5 cm. 

Sarah says that only AABC and ADEF are congruent. George says that only AGHI and AJKL are 
congruent and Tobias says that both pairs (AABC, ADEF and AGHI, AJKL) are congruent. 


e Discuss which pairs of triangles might be congruent, giving reasons. 
e What drawings can be made to support your argument? 
e Who is correct: Sarah, George or Tobias? Explain why. 


KEY IDEAS H 


Bi Two objects are said to be congruent when they are exactly the same size and shape. For two 
congruent triangles AABC and ADEF, we write AABC = ADEF. 
e When comparing two triangles, corresponding sides are equal in length and corresponding 
angles are equal. 
e When we prove congruence in triangles, we usually write vertices in matching order. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


112 Chapter 2 


E Two triangles can be tested for congruence using the following conditions. 
e Corresponding sides are equal (SSS). 


e Two corresponding sides and the included angle are equal (SAS). 


e Two corresponding angles and a side are equal (AAS). 


e A right angle, the hypotenuse and one other pair of corresponding sides are equal (RHS). 


B AB || CD means AB is parallel to CD. 


E AB | CD means AB is perpendicular to CD. 


BUILDING UNDERSTANDING 


@ Which of the tests (SSS, SAS, AAS or RHS) would be used to decide whether the following pairs 
of triangles are congruent? 


a 5 b c 
6 
/ ~ / ^ 
2 


| 
5 7 
2 3 
7 
d e f 6 - 
3 
10 9 7 i | 
7 15 
1 bu. 6 
10 
8 
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o9 Assume these pairs of figures are congruent and state the value of the pronumeral in each case. 


a 2 X b x 4 ° 
2 L. 
5 mE j 
l l l ars 
2x 25 3x 


CX x * x3 
22225 


© 
Prove that these pairs of triangles are congruent. 
a b 
D : NC 
80? F 
o A 
DP 
A (E E 
C 

SOLUTION EXPLANATION 
a AB = DE (given) S List all pairs of corresponding sides and angles. 

ZBAC = ZEDF = 80? (given) A The two triangles are therefore congruent, with 

AC = DF (given) S two pairs of corresponding sides and the included 

So, AABC = ADEF (SAS) angle equal. 
b ZABC = ZDEF (given) A List all pairs of corresponding sides and angles. 

ZACB = ZDFE (given) A The two triangles are therefore congruent 

AB = DE (given) S with two pairs of corresponding angles and a 

So, AABC = ADEF (AAS) corresponding side equal. 
Now you try 
Prove that these pairs of triangles are congruent. 
a A b A 

NT \ 
IS (6 
B C E 
D 
NR x 
- F 
E 
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Example 4 


In this diagram, ZA = ZC = 90? and AB = CB. D 
a Prove AABD = ACBD. 


b Prove AD = CD. PU 
€ State the length of CD. A C 
B 

SOLUTION EXPLANATION 
a ZA= ZC = 90° (given) R Systematically list corresponding pairs of equal 

BD is common H angles and lengths. 

AB = CB (given) S 

.. AABD = ACBD (RHS) 
b AABD = ACBD so AD = CD Since AABD and ACBD are congruent, the 

(corresponding sides in congruent triangles) ^ matching sides AD and CD are equal. 
8 CD= 32cm AD = CD from part b above. 
Now you try 
In this diagram, ZA = ZC = 90° and AB = CB. B 
a Prove AABD = ACBD. 
b Prove AD = CD. A C 
€ State the length of AD. 

4m 
D 
Exercise 2B 
1-3 2, 3-A(1/) 2-4(1/2) | 
Example3 1 Prove that these pairs of triangles are congruent. 

a E b B D 

ÆN Í 

DN j j 

M E 
A C 
F 
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Example3 2 Prove that these pairs of triangles are congruent. 


a A D b F A B 
C E D G 
F 
C C D d E A 
C = 
: 
B 
D 
B 
A F F 
3 Find the value of the pronumerals in these diagrams, which include congruent triangles. 


a x b 
X 12 
52 H 
y 
7.3 A 


c a 


| d 16 
e _ > 
1.3 
< >| 
ff 
AA x 


Congruent objects are identical: same size and shape. 
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4 Prove that each pair of triangles is congruent, giving reasons. Write the vertices in matching order. 


a D C b A B 
VA 
A B 
VA 
D C 
C a B d D 
C 
E A B C 
D 
e f D 
A (d 
B 
PROBLEM-SOLVING 5 5.6 5-7 
Example4 5 In this diagram, O is the centre of the circle and ZAOB = ZCOB. A 


a Prove AAOB = ACOB. 
b Prove AB = BC. 


€ State the length of AB. 9 
ou 


6 Inthis diagram, BC = DC and AC = EC. 
a Prove AABC = AEDC. 


b Prove AB = DE. 
c Prove AB || DE. C 
d State the length of DE. 
D E 
7 Inthis diagram, AB = CD and AD = CB. A D 
a Prove AABD = ACDB. 
b Prove ZDBC = ZBDA. 
c Prove AD ll BC. 
B C 
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REASONING 


8 Prove the following for the given diagrams. Give reasons. 


a ABI DE b OB bisects AC; 
y E i.e. AB = BC 
: P di 
D 
A 
c AD|| BC d AD=AC 
D 
C E D C r 
NN A 
A B 
e ZOAD = ZOBC f ACL BD; 


A B ie. ZACD = ZACB 
D 
D C | 
B 


ENRICHMENT: Draw your own diagram = = 


a A circle with centre O has a chord AB. M is the midpoint of the chord AB. Prove OM L AB. 

b Two overlapping circles with centres O and C intersect at A and B. Prove ZAOC = ZBOC. 

€ AABC is isosceles with AC = BC, D is a point on AC such that ZABD = ZCBD, and E is a point 
on BC such that ZBAE = ZCAE. AE and BD intersect at F. Prove AF = BF. 


9 


f i») 
X — | 
3 j 
N 
k - 
— 
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2C Investigating parallelograms using congruence 


Learning intentions 

e To review the properties of different types of parallelograms 

e To know what is required to prove various properties of parallelograms 

e To understand that showing two triangles are congruent can help prove that other angles and lengths are 
equal or that lines must be parallel or perpendicular 

e To be able to use congruence to prove properties of quadrilaterals or test for types of quadrilaterals 


Recall that parallelograms are quadrilaterals with two pairs of parallel sides. B C 
We therefore classify rectangles, squares and rhombuses as special types of 

parallelograms, the properties of which can be explored using congruence. By 

dividing a parallelogram into ‘smaller’ triangles, we can prove congruence for 

pairs of these triangles and use this to deduce the properties of the shape. 


The parallelogram law of forces is widely applied in engineering, architecture and navigation. 
In a parallelogram ABCD, a boat aiming in direction AB against a tide or wind in direction AD 
results in the boat moving in the direction of the diagonal AC. 


| LESSON STARTER | vu: Aren't they the same proof? 


Here are two statements involving the properties of a parallelogram. 


1 A parallelogram (with parallel opposite sides) has opposite sides of 
equal length. 

2 A quadrilateral with opposite sides of equal length is a parallelogram. 
* Are the two statements saying the same thing? 
* Discuss how congruence can be used to help prove each statement. 
e Formulate a proof for each statement. 


KEY IDEAS 


Bi Some vocabulary and symbols: 
* If AB is parallel to CD, then we write AB || CD. 
e If AB is perpendicular to CD, then we write AB L CD. 
* To bisect means to cut in half. 
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E Parallelogram properties and tests: 
e Parallelogram — a quadrilateral with opposite sides parallel. 


* opposite sides are equal in length if opposite sides are equal in length 

* opposite angles are equal if opposite angles are equal 

e diagonals bisect each other if one pair of opposite sides are equal and parallel 
if diagonals bisect each other 


e all sides are equal length e ifall sides are equal length 
* opposite angles are equal e if diagonals bisect each other at right angles 
e diagonals bisect each other at right 

angles 


e diagonals bisect the interior angles 


* opposite sides are of equal length e if all angles are 90° 
e all angles equal 90° e if diagonals are equal in length and bisect each other 
e diagonals are equal in length and 

bisect each other 


e all sides are equal in length e ifall sides are equal in length and at least one angle 

e all angles equal 90? is 90? 

e diagonals are equal in length and e if diagonals are equal in length and bisect each other 
bisect each other at right angles at right angles 


e diagonals bisect the interior angles 


BUILDING UNDERSTANDING 


(1) Name the special quadrilateral given by these descriptions. 
a parallelogram with all angles 90° 
a quadrilateral with opposite sides parallel 
a parallelogram that is a rhombus and a rectangle 
a parallelogram with all sides of equal length 


Name all the special quadrilaterals that have these properties. 
All angles 90°. 
Diagonals are equal in length. 
Diagonals bisect each other. 
Diagonals bisect each other at 90°. 
Diagonals bisect the interior angles. 


© Give a reason why: 


a A trapezium is not a parallelogram. D A kite is not a parallelogram. 
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a Prove that a parallelogram (with opposite sides parallel) has equal opposite angles. 


b Use the property that opposite sides of a parallelogram are equal to prove that a rectangle (with 


all angles 90?) has diagonals of equal length. 


SOLUTION 
a D G 


A B 


ZABD = ZCDB (alternate angles in || lines) A 

ZADB = ZCBD (alternate angles in || lines) A 

BD is common S 

<. AABD = ACDB (AAS) 

-. ZDAB = ZBCD (corresponding angles in 
congruent triangles) 

Also since ZADB = ZCBD and ZABD = ZCDB 

then ZADC = ZCBA 

So opposite angles are equal. 


bp é 
A B 
Consider AABC and ABAD. 
AB is common S 
ZABC = ZBAD = 90° A 


BC = AD (opposite sides of a parallelogram are 
equal in length) S 

-. AABC = ABAD (SAS) 

-. AC = BD, so diagonals are of equal length. 


Now you try 


EXPLANATION 


Draw a parallelogram with parallel sides 
and the segment BD. 


Prove congruence of AABD and ACDB, 
noting alternate angles in parallel lines. 
Note also that BD is common to both 
triangles. 

Corresponding angles in congruent triangles. 


First, draw a rectangle with the given 
properties. 


Choose A ABC and ABAD, which each 
contain one diagonal. 


Prove congruent triangles using SAS. 


Corresponding sides in congruent triangles. 


Prove that a kite (with two pairs of equal adjacent sides) has one pair of equal angles. 
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Example 6 


a Prove that if opposite sides of a quadrilateral are equal in length, then it is a parallelogram. 


b Prove that if the diagonals of a quadrilateral bisect each other at right angles, then it is a rhombus. 


SOLUTION 

a D C 
A B 
AB = CD (given) S 
BC = DA (given) S 
AC is common S 
-. AABC = ACDA (SSS) 
- ZBAC = ZDCA 


So AB || DC (since alternate angles are equal). 
Also ZACB = ZCAD. 

-. AD || BC (since alternate angles are equal). 
-. ABCD is a parallelogram. 


b D (C 


A B 
AABE = ACBE = AADE = ACDE by SAS 
2, AVE} e (6/5) e (E10) = DA 
.. ABCD is a rhombus. 


Now you try 


EXPLANATION 


First, label your quadrilateral and choose two 
triangles, AABC and ACDA. 


Prove that they are congruent using SSS. 


Choose corresponding angles in the congruent 
triangles to show that opposite sides are parallel. 
If alternate angles between lines are equal then the 
lines must be parallel. 


All angles at the point E are 90°, so it is easy 
to prove that all four smaller triangles are 
congruent using SAS. 


Corresponding sides in congruent triangles. 


Every quadrilateral with four equal sides is a rhombus. 


Prove, using this diagram, that if opposite sides of a quadrilateral are 


equal in length, then it is a parallelogram. 
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Exercise 2C 


12 123 1-3) 
ExampleS 1 Complete these steps to prove that a parallelogram (with opposite D C 
parallel sides) has equal opposite sides. 
a Prove AABC = ACDA. 
b Hence, prove opposite sides are equal. 
A B 
2 Complete these steps to prove that a parallelogram (with opposite D C 


equal parallel sides) has diagonals that bisect each other. 
a Prove AABE = ACDE. 
b Hence, prove AE = CE and BE = DE. 


A B 
3 Complete these steps to prove that a rhombus (with sides of equal A D 
length) has diagonals that bisect the interior angles. 
a Prove AABD = ACDB. 
b Hence, prove BD bisects both ZABC and ZCDA. 
B C 
PROBLEM-SOLVING 4 4,5 546 
Example6 4 Complete these steps to prove that if the diagonals in a quadrilateral D C 
bisect each other, then it is a parallelogram. 
a Prove AABE = ACDE. 
b Hence, prove AB || DC and AD || BC. 
A B 
5 Complete these steps to prove that if one pair of opposite sides is D C 
equal and parallel in a quadrilateral, then it is a parallelogram. 
a Prove AABC = ACDA. 
b Hence, prove AB || DC. 
A B 
6 Complete these steps to prove that if the diagonals of a quadrilateral D C 
bisect each other at right angles, then it is a rhombus. 
a Give a brief reason why AABE = ACBE = AADE = ACDE. 
b Hence, prove ABCD is a rhombus. 
A B 
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10 


i 7,8 8,9 


Prove that the diagonals of a rhombus (i.e. a parallelogram with sides of equal length): 
a intersect at right angles 
b bisect the interior angles. 


Prove that a parallelogram with one right angle is a rectangle. 


Prove that if the diagonals of a quadrilateral bisect each other and are of equal length, then it is a 


rectangle. 


- - 10 
In this diagram, E, F, G and H are the midpoints of AB, BC, CD and DA, D G C 
respectively, and ABCD is a rectangle. 
Prove that EFGH is a rhombus. 
H F 
A B 
E 
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2D Similar figures — consouioatine 


Learning intentions 

e To know that similar figures have the same shape but a different size 

e To understand that for figures to be similar their corresponding angles must be equal and their 
corresponding sides in the same ratio 

e To know how to find the scale factor or ratio between two similar figures 

e To be able to use the scale factor to determine side lengths on similar figures 


You will recall that the transformation called enlargement involves reducing or enlarging the size of an 
object. The final image will be of the same shape but of different size. This means that matching pairs of 
angles will be equal and matching sides will be in the same ratio, just as in an accurate scale model. 


Architects, engineers 
and governments use 
scale models to help 
find design errors 
and improvements. 
Businesses that 
specialise in making 


3D scale models use 
physical construction, 
3D printing 


and computer 
 ..4 Simulations. 


LESSON ESSE The Q1 tower 


The Q1 tower, pictured here, is located on the Gold Coast and was the world's 
tallest residential tower up until 2011. It is 245 m tall. 


e Measure the height and width of the Q1 tower in this photograph. 

e Cana scale factor for the photograph and the actual Q1 tower be calculated? 
How? 

e How can you calculate the actual width of the Q1 tower using this photograph? 
Discuss. 


KEY IDEAS 


B Similar figures have the same shape but are of different size. 


e Corresponding angles are equal. 

e Corresponding sides are in the same proportion (or ratio). 

i length 

B Scalefactor = Barotac 

original length 

E The symbols lll or ~ are used to describe similarity and to write similarity statements. 
For example, AABC ll ADEF or AABC ~ ADEF. 
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BUILDING UNDERSTANDING 


[1] These two figures are squares. 


id i 
A B 
lcm 
E F 
3cm 


a Would you say that the two squares are similar? Why? 
b What is the scale factor when the smaller square is enlarged to the size of the larger square? 
€ Ifthe larger square is enlarged by a factor of 5, what would be the side length of the image? 


o Find the scale factor for each shape and its larger a image. 


RNC 6 
D Te 


(3) The two triangles shown opposite are similar. 


a In AABC, which vertex corresponds to (matches) vertex E? 


C F E 
b In AABC, which angle corresponds to ZD? 
€ In ADEF, which side corresponds to BC? 
d Give the similarity statement for the two triangles with B 
A D 


matching vertices in the same order. 


O Example 7 
These two shapes are similar. D F 5 cm E 
a Write a similarity statement for the two shapes. yen 
EH F 
b Complete the following: — ae 3 am d 
€ Find the scale factor. m 
d Find the value of x. A Dem JA G 
e Find the value of y. TEA 
H 
Continued on next page 
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SOLUTION EXPLANATION 
a ABCD ||| EFGH or ABCD ~ EFGH Use the symbol lll or ~ in similarity statements. 
b lee Ensure you match corresponding vertices. 

AD BC 

EB T 2 T 
Cc AB 5 O2 EF and AB are matching sides and both lengths are given. 
i] ape 32m EH corresponds to AD, which is 3 cm in length. 

= 15 Multiply by the scale factor. 
a 39$ 2.5 = 7/ DC corresponds to HG, which is 7 cm in length. 
I NS Multiply y by the scale factor to give 7. Solve for y. 
e 
Now you tr 
y ? B A F E 

These two shapes are similar. 4 
a Write a similarity statement for the S: ym 

two shapes. rt C > m 
b Complete the following: — = —. » D Jm 


€ Find the scale factor. 


d Find the value of x. G 
e Find the value of y. 


Exercise 2D 


1,2 2-4 3,4 


Example? 1 These two shapes are similar. D F 6cm E 
a Write a similarity statement for the two y cm 


shapes. 7 p 
cm 

b Complete the following: Ec PO 

cilius G xcm 


€ Find the scale factor. A 3cm B 
d Find the value of x. 8 cm 


e Find the value of y. 


Example7 2 These two shapes are similar. E A J 
a Write a similarity statement for the two shapes. 2cm 


b Complete the following: AB = ue D 2cm I H 


C Find the scale factor. C B x cm 


d Find the value of x. F G 


e Find the value of y. 3cm 
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3 These two shapes are similar. 


D A 
a Write a similarity statement for the two shapes. 9m 
12 m 
b Complete the following: EE —, ir om 
z= ‘CD B C F 
€ Find the scale factor. ym G 14m 


d Find the value of x. A 2 
e Find the value of y. 


4 Find the value of the pronumeral in each pair of similar figures. Round to one decimal place where 


10 
x 
5 
25 
x 
1.5 
37 
x 


necessary. 
a 0.6 0.4 


m 


b 

l — 
2 " 8 

f 


Tw \_\ 
0 
1 
x 7 10.7 
PROBLEM-SOLVING 5,6 5.6 6,7 


5 A 50 m tall structure casts a shadow 30 m in length. At the same time, a person casts a shadow of 
1.02 m. Estimate the height of the person. (Hint: Draw a diagram of two triangles.) 


El 6 ABMX ramp has two vertical supports, as shown. 
a Find the scale factor for the two triangles in the diagram. 1m 
b Find the length of the inner support. 
[<-> 


1m 60cm 


7 Find the value of the pronumeral if the pairs of triangles are similar. Round to one decimal place in part d. 
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8 939 9, 10 
8 In this diagram, the two triangles are similar and AB || DE. A 6 B 
a Which side in AABC corresponds to DC? Give a reason. 
b Write a similarity statement by matching the vertices. y 3 
c Find the value of x. 15 
d Find the value of y. * 
D2 E 


9 Decide whether each statement is true or false. 

a All circles are similar. All squares are similar. 
All rectangles are similar. All rhombuses are similar. 
All trapeziums are similar. 


All kites are similar. 


c 

e All parallelograms are similar. 
g All isosceles triangles are similar. 
i 


— ep Å“ a g 


All equilateral triangles are similar. All regular hexagons are similar. 


10 These two triangles each have two given angles. Decide whether they are similar and give reasons. 


ENRICHMENT: Length, area, volume and self-similarity = = 11, 12 


1i Shown here is a cube of side length 2 and its image after enlargement. 
a Write down the scale factor for the side lengths as an improper 
fraction. 
b Find the area of one face of: 
i the smaller cube ii the larger cube. 


c Find the volume of: 

i the smaller cube ii the larger cube. 
d Complete this table. 

[Cube | Length | Area | Volume | 
Small 2 
Large 3 
Scale factor (fraction) 


e How do the scale factors for Area and Volume relate to the scale factor for side length? 
f If the side length scale factor was d write down expressions for: 
i the area scale factor ji the volume scale factor. 


12 An object that is similar to a part of itself is said to be self-similar. 
These are objects that, when magnified, reveal the same structural 
shape. A fern is a good example, as shown in this picture. 
Self-similarity is an important area of mathematics, having 
applications in geography, econometrics and biology. 


Use the internet to explore the topic of self-similarity and 


write a few dot points to summarise your findings. 
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2E Proving and applying similar triangles 


Learning intentions 

e To know the four tests for similarity of triangles 

e To understand that two corresponding pairs of sides must be known to identify a common ratio 
e To know how to prove that two triangles are similar using the tests 

e To be able to use similarity of triangles to find unknown values 


As with congruent triangles, there are four tests for proving that two triangles are similar. When solving 
problems involving similar triangles, it is important to recognise and be able to prove that they are in fact 
similar. 


Optical engineers 

and optometrists 

use similar triangle 

. geometry to model 

the path of light rays 
through lenses and 

to calculate the size 

of virtual images. The 
designs of spectacles, 
cameras, microscopes, 
telescopes and 
projectors all use 
similar triangle analysis. 


WEISS. How far did the chicken travel? 


A chicken is considering how far it is across a road, so it places four pebbles in certain positions on one 
side of the road. Two of the pebbles are directly opposite a rock on the other side of the road. The number 
of chicken paces between three pairs of the pebbles is shown in the diagram. 


e Has the chicken constructed any similar triangles? If so, 
discuss why they are similar. 

e What scale factor is associated with the two triangles? 

e Is it possible to find how many paces the chicken must take to 
get across the road? If so, show a solution. 

e Why did the chicken cross the road? 
Answer: To explore similar triangles. 
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KEY IDEAS 


B Two objects are said to be similar if they are of the same shape but of different size. 
e For two similar triangles AABC and ADEF, we write AABC ll ADEF or AABC ~ ADEF. 
* When comparing two triangles, try to match up corresponding sides and angles, then look to 
see which similarity test can be used. 


B Two triangles can be tested for similarity by considering the following conditions. 
* All pairs of corresponding sides are in the same ratio (or proportion) (SSS). 


ls. 2.5 2 5 NN En 
Ee 3 5s] 


3 
6 
* Two pairs of corresponding sides are in the same ratio and the included corresponding angles 
are equal (SAS). 
ate 9 D 4 EON DAI AM) 
p 
C 


jäl 


e Three corresponding angles are equal (AAA). (Remember that two pairs of corresponding 
equal angles implies that all three pairs of corresponding angles are equal.) 


V v 

VM you 
SN NS C AB = 48 
B - ~ JAC = ANE 


15; Hr 


* The hypotenuses of two right-angled triangles and another pair of corresponding sides are in 
the same ratio (RHS). 


A D 
3 5 
6 10 zo) = Ad = 9 
3 E 10 6. 
5 3 
E F 


(Note: If the test AAA is not used, then at least two pairs of corresponding sides in the same 
ratio are required for all the other three tests.) 
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BUILDING UNDERSTANDING 


(1) This diagram includes two similar triangles. 


C 


A B 


Which vertex in ADEF corresponds to vertex B? 
Which angle in AABC corresponds to ZF? 
Which side in AABC corresponds to DE? 

Write a similarity statement for the two triangles. 


This diagram includes two similar triangles. 


A 


C 


D E 


Which angle in ACDE corresponds to ZB in AABC and why? 
Which angle in A ABC corresponds to ZE in ACDE and why? 
Which angle is vertically opposite ZACB? 

Which side on A ABC corresponds to side CE on ACDE? 

Write a similarity statement, being sure to write matching vertices 
in the same order. 


Which similarity test (SSS, SAS, AAA or RHS) would be used to prove that these pairs of 
triangles are similar? 


a 1 
1 
2 
0.5 
C 14 


13 
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Example 8 


Prove that the following pairs of triangles are similar. 


F 


a B C E 
15 5 . 
207 4 
A 
20° 
D 


SOLUTION 


a LER 2 (ratio of corresponding sides) S 
AC 
DE ote 2 (ratio of corresponding sides) S 
AB 15 

ZBAC = ZEDF = 20° (given corresponding 


angles) 


-. AABC ll ADEF (SAS) 


A 


b ZABC = ZFDE = 65° (given corresponding 


angles) A 
ZACB = ZFED = 40° (given corresponding 
angles) A 


<. AABC |l AFDE (AAA) 


b A Jg B E 
40° 40° 
V 
C 
/N65* 
D F 


EXPLANATION 


DF and AC are corresponding sides and DE 
and AB are corresponding sides, and both 
pairs are in the same ratio. 


The corresponding angle between the pair of 
corresponding sides in the same ratio is also equal. 


The two triangles are therefore similar. 


There are two pairs of given corresponding 
angles. If two pairs of corresponding angles 
are equal, then the third pair must also be 
equal (due to angle sum). 

The two triangles are therefore similar. 


F 


Now you try 
Prove that the following pairs of triangles are similar. 
a p C 
3 4 £ 
V 
2 4.5 6 
V 
D 
b 20° 
C 
A D 
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A cone has radius 2 cm and height 4 cm. The top of the cone is cut 
horizontally through D. 

a Prove AADE ll AABC. 

b If AD = 1 cm, find the radius DE. 


SOLUTION EXPLANATION 
a ZBAC is common A All three pairs of corresponding angles are 
ZABC = ZADE (corresponding angles in equal. 
parallel lines) A 


-. AADE lll AABC (AAA) Therefore, the two triangles are similar. 

b Du = ae Given the triangles are similar, the ratio of 

BC AB E : 

corresponding sides must be equal. 
DE | 
2 4 
DD EN Z Solve for DE 
= S Gin 

Now you try 


A cone has radius 3 m and height 6 m. The top of the cone is cut horizontally through D. 
a Prove AADE ll AABC. 
b If AD —2 m, find the radius DE. 


Exercise 2E 
1,2, 30) 2-A(1/2) 2-4(1/2) | 


Examples 1 Prove that the following pairs of triangles are similar. 


a B p b 
<> 
20 
i 
D F 
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Examples 2 Prove that the following pairs of triangles are similar. 
a B E b C F 
K B 
65 65° 
A [70° 4 1 T 
D X) 70? 
A 6 
C 
F EQ 
2 
D 


C d 
A D 8 y n 28 B n. ; 
32 8 D 
C 
C 10 
B 4 
F 


3 Find the value of the pronumerals in these pairs of similar triangles. 


a b A 
? © 13.5 
3 
1 
[4 ——————— — —| 
x 13 
e >| 
x 


d 24 
ee 
8 
f 
a 
18 
16 38.4 
b 
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4 For the following proofs, give reasons at each step. 


a Prove AABC ll AEDC. b Prove AABE lll AACD. 
A B A 
í B E 
D E C D 
c Prove ABCD ll AECA. d Prove AAEB ll ACDB. 
A B C C 
| E 
E 
PROBLEM-SOLVING 5,6 57 7,8 
Example9 9 A right cone with radius 4 cm has a total height of 9 cm. It contains an amount > " 
of water, as shown. 
a Prove AEDC ll AADB. Nei / 
b Ifthe depth of water in the cone is 3 cm, find the radius of the water surface in C 
the cone. 
D 
6 A ramp is supported by a vertical stud AB, where A is the midpoint of CD. E 
It is known that CD = 4 m and that the ramp is 2.5 m high; i.e. DE = 2.5 m. 
a Prove ABAC ll AEDC. B 


b Find the length of the stud AB. 


El 7 Ata particular time in the day, Felix casts a shadow 1.3 m long and 
Curtis, who is 1.75 m tall, casts a shadow 1.2 m long. Find Felix's 
height, correct to two decimal places. 


8 To determine the width of a chasm, a marker (A) is placed directly 
opposite a rock (R) on the other side. Point B is placed 3 m away 
from point A, as shown. Marker C is placed 3 m along the edge 
of the chasm, and marker D is placed so that BD is parallel to AC. 
Markers C and D and the rock are collinear (i.e. lie in a straight 
line). If BD measures 5 m, find the width of the chasm (AR). 
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REASONING 


9 Aiden and May come to a river and notice a tree on the opposite bank. Separately they decide to place 
rocks (indicated with dots) on their side of the river to try to calculate the river’s width. 
They then measure the distances between some pairs of rocks, as shown. 


Aiden’s rock placement May’s rock placement 


Have both Aiden and May constructed a pair of similar triangles? Give reasons. 


a 

b Use May’s triangles to calculate the width of the river. 
€ Use Aiden’s triangles to calculate the width of the river. 
d 


Which pair of triangles did you prefer to use? Give reasons. 


S | v 


10 There are two triangles in this diagram, each showing two given angles. 47° 919 


Explain why they are similar. 


Ti Prove the following, giving reasons. 


a OB=30A b AE = TAC 
B A B 
A 
ot 2 
2 C D E 


ENRICHMENT: Proving Pythagoras' theorem 


12 In this figure AABD, ACBA and ACAD are right angled. D 
a Prove AABD ll ACBA. Hence, prove AB? = CB x BD. i 
b Prove AABD lll ACAD. Hence, prove AD? = CD x BD. 
€ Hence, prove Pythagoras’ theorem AB? + AD? = BD?. 
A B 
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1 Find the size of each pronumeral in the following polygons, giving reasons. 


d e f ^s 


x? 


Te 
107° 


83° 


(ER) 2 a Prove that AABC is congruent to AQBP. 
A P 
C Q 
b Prove that B is the midpoint of CP. 
D 3 Prove that a rhombus has its diagonals perpendicular to each other. 
i] | 
D C 
4 Prove that if the opposite sides of a quadrilateral are parallel, then the quadrilateral is a 


parallelogram and the opposite sides are equal in length. 


5 For the two similar triangles shown: 


a Write a similarity statement. 
b Find the scale factor. 
€ Find the value of x. 
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(3) 6 Prove that the following pairs of triangles are similar. 
a A D 


Progress quiz 
(e 
& 


D 


ES 7 A vertical right cone with radius 6 cm and 
height 10 cm is filled with water to a height of 5 cm. 
a Prove that AEDC is similar to AADB. 
b Find the radius of the water's surface (EC). 


D 


Ey 8 Prove that if the midpoints, Q and P, of two sides of a triangle ABC are joined as shown, 
then QP is : that of CB. (First prove similarity.) 
A 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


2F Circles and chord properties — io 


Learning intentions 

e To know the meaning of the terms circle, chord, sector, arc and segment 

e To understand what is meant by an angle that is subtended by an arc or chord 

e To know the chord theorems and how to apply them to find certain lengths and angles 
e To be able to prove the chord theorems using congruent triangles 


Although a circle appears to be a very simple 
object, it has many interesting geometrical 
properties. In this section we look at radii and 
chords in circles, and then explore and apply the 
properties of these objects. We use congruence 


to prove many of these properties. 


Movie makers use circle geometry to help create the illusion of 
time passing slowly or of frozen motion, as in The Matrix (1999). 
Multiple cameras in a circle or arc sequentially or simultaneously 
photograph the actor and the images are stitched together. 


ESI EA; Dynamic chords 


This activity would be enhanced with the use of interactive geometry. 
Chord AB sits on a circle with centre O. M is the midpoint of chord AB. 
Explore with interactive geometry software or discuss the following. 


* Is AOAB isosceles and if so why? 
* Is AOAM = AOBM and if so why? 


e Is AB L OM and if so why? A B 
* Is ZAOM = ZBOM and if so why? M 


KEY IDEAS n) 


Bi Circle language 


minor 
p egment 
major SE 
segment 
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E An angle is subtended by an arc or chord if the arms of the angle meet the endpoints of the arc 


or chord. 
A 
A 
C 
B 
ZAOB is subtended at the centre Z ABC is subtended at the 
by the minor arc AB. circumference by the chord AC. 
B Chord theorem 1: Chords of equal length subtend equal angles at the D 

centre of the circle. SC 
e If AB= CD, then ZAOB = ZCOD. 
e Conversely, if chords subtend equal angles at the centre of the circle, V 


then the chords are of equal length. 


y 
A 
B Chord theorem 2: Chords of equal length are equidistant (i.e. of equal D 
distance) from the centre of the circle. oM 
e If AB= CD, then OE = OF. 
e Conversely, if chords are equidistant from the centre of the circle, 
then the chords are of equal length. 

uu 
A 


Bi Chord theorem 3: The perpendicular from the centre of the circle to 
the chord bisects the chord and the angle at the centre subtended by the 
chord. 
e If OM 1 AB, then AM = BM and ZAOM = ZBOM. 
e Conversely, if a radius bisects the chord (or angle at the centre 
subtended by the chord), then the radius is perpendicular to the chord. 


B 
B Chord theorem 4: The perpendicular bisectors of every chord of a 
circle intersect at the centre of the circle. 
e Constructing perpendicular bisectors of two chords will therefore 
locate the centre of a circle. 
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BUILDING UNDERSTANDING 


[1] Construct a large circle, then draw and label these features. 
a chord D radius 
d minor sector e major sector 


e Give the size of the angle in this circle subtended by the following. 
a chord AB 
minor arc BC 


b 
€ minor arc AD 
d 


chord DC 


[3] In this circle chords AB and CD are of equal length. 
Measure ZAOB and ZCOD. 
What do you notice about your answers from part a? 
Which chord theorem does this relate to? 
Measure OE and OF. 
What do you notice about your answers from part C? 
Which chord theorem does this relate to? 


© mn this circle OM L AB. 
Measure AM and BM. 
Measure ZAOM and ZBOM. 
What do you notice about your answers from parts à and b? 
Which chord theorem does this relate to? 


Tenes 


o W Example 10 
For each part, use the given information and state which chord theorem is used. 
a Given AB = CD and OE = 3 cm, find OF. b Given OM L AB, AB = 10 cm and 
A ZAOB = 92°, find AM and ZAOM. 
E c 
B 
A SN 
Q 
E QA 
AT . 
D 
SOLUTION EXPLANATION 
a OF —3cm (using chord theorem 2) Chords of equal length are equidistant from the 
centre. 
Continued on next page 
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b Using chord theorem 3: The perpendicular from the centre to the chord 
AM =5cm bisects the chord and the angle at the centre 
ZAOM = 46? subtended by the chord. 


10 + 2 = 5 and 92 + 2 = 46. 


Now you try 

For each part, use the given information and state which chord theorem is used. 

a Given AB = CD and OE = 2 m, find OF. b Given OM L AB, AB = 6 m and 
ZAOB = 120°, find AM and ZAOM. 


®© 
Prove chord theorem 3 in that the perpendicular from the centre of the circle to the chord bisects 
the chord and the angle at the centre subtended by the chord. 
SOLUTION EXPLANATION 
A First, draw a diagram to represent the situation. 
XN The perpendicular forms a pair of congruent 
SUM M triangles. 
B 
ZOMA = ZOMB = 90° (given) R 
OA = OB (both radii) H 
OM is common S 
-. AOMA = AOMB (RHS) 
-. AM = BM and ZAOM = ZBOM Corresponding sides and angles in congruent 
triangles are equal. 
Now you try 
Prove chord theorem 2 in that chords of equal length are equidistant (of equal distance) from the 
centre of the circle. 
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Exercise 2F 


1 For each part, use the given information and state which chord theorem is used. 
Example 10a a Given AB = CD and OE = 4 cm, find OF. 


Example 10b b Given OM L AB, AB = 6m and ZAOB = 100°, find AM and ZAOM. 


Example10 2 For each part, use the information given and state which chord theorem is used. 


a Given AB = CD and ZAOB = 70°, b Given AB = CD and OF = 7.2 cm, 

find the size of ZDOC. find the length of OE. 

A C 
M x 
» 
B 
D 
D —UC A 

€ Given OZ L XY, XY = 8 cm and ZXOY = 102°, find the length of XZ and the Y 

size of ZXOZ. LJ 

x 


3 The perpendicular bisectors of two different chords of a circle are constructed. Describe where 
they intersect. 
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4 Use the information given to complete the following. 


a Given ZAOB = ZCOD and CD = 3.5 m, b Given OE = OF and AB = 9m, 

find the length of AB. find the length of CD. 

B C 
3.5m 
OQ 
A D 
B 

€ Given M is the midpoint of AB, d Given ZAOM = ZBOM, 

find the size of ZOMB. find the size of ZOMB. 


SEY 7 


B 
PROBLEM-SOLVING 5 5,6 5(1/2), 6, 7 
5 Find the value of a for each unknown angle a°. 
a b C 


M 


6 Find the length OM. (Hint: Use Pythagoras’ theorem.) 
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7 Inthis diagram, radius AD = 5 mm, radius BD = 12 mm and chord 
CD = 8 mm. Find the exact length of AB, in surd form. 


[S 
V 


8 O39 8-10 
Examplett 8 a Prove chord theorem 1 in that chords of equal length subtend equal angles at the centre of the 
circle. 
b Prove the converse of chord theorem 1 in that if chords subtend equal angles at the centre of the 
circle then the chords are of equal length. 
9 a Prove that if a radius bisects a chord of a circle then the radius is perpendicular to the chord. 
b Prove that if a radius bisects the angle at the centre subtended by the chord, then the radius is 
perpendicular to the chord. 
10 In this circle ZBAO = ZCAO. Prove AB = AC. A 
(Hint: Construct two triangles.) ob 
B C 
ENRICHMENT: Common chord proof = = 11 
11 For this diagram, prove CD L AB by following these steps. B 
a Prove AACD = ABCD. fN 
b Hence, prove AACE = ABCE. Fa \ 
€ Hence, prove CD L AB. NY 
A 
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Exploring chord theorems with interactive geometry 


1 Construct a circle with centre O and any given radius. 
2 Construct chords of equal length by rotating a chord about the centre by a given angle. 
3 Illustrate the four chord properties by constructing line segments, as shown below. 
Measure corresponding angles and lengths to illustrate the chord properties. 
e Chord theorem |: Chords of equal length subtend equal angles at the centre of the circle. 
e Chord theorem 2: Chords of equal length are equidistant from the centre of the circle. 
e Chord theorem 3: The perpendicular from the centre of the circle to the chord bisects the chord 
and the angle at the centre subtended by the chord. 
e Chord theorem 4: The perpendiculars of every chord of a circle intersect at the centre of the 
circle. 
4 Drag the circle or one of the points on the circle to check that the properties are retained. 


Chord theorem illustrations 
Chord theorem 1 Chord theorem 2 


ZA ie 


3.90 cm 
Chord theorem 3 Chord theorem 4 
cm ~ 
Z\ 
NV 
cm 
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2G Angle properties of circles: Theorems 1 and 2 io 


Learning intentions 

e To know the relationship between angles at the centre of a circle and at the circumference subtended by the 
same arc 

e To know that a triangle in a semicircle creates a right angle at the circumference 

e To be able to combine these theorems with other properties of circles 


The special properties of circles extend to the pairs of angles formed by radii and chords intersecting at the 


circumference. In this section we explore the relationship between angles at the centre and at the 


circumference subtended by the same arc. 


Road and railway tunnel design and construction are complex geological and technical 
processes. Civil engineers use geometry, including circle properties and theorems, to 
establish the geometrical requirements for structural stability. 


RENO Discover angle properties: Theorems 1 and 2 


This activity can be completed with the use of a protractor and pair of compasses, but would be enhanced 


by using interactive geometry software. 


First, construct a circle and include two radii and two chords, as shown. 


The size of the circle and position of points A, B and C on the circumference A 
can vary. 

e Measure ZACB and ZAOB. What do you notice? 

e Now construct a new circle with points A, B and C at different points on B 
the circumference. (If interactive geometry software is used simply drag the 
points.) Measure ZACB and ZAOB once again. What do you notice? 

e Construct a new circle with ZAOB = 180° so AB is a diameter. c 
What do you notice about ZACB? 
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KEY IDEAS 7; 
E Circle theorem 1: Angles at the centre and circumference Cams 
e The angle at the centre of a circle is twice the angle at a point on the A 5 
circle subtended by the same arc. z 
B 
For example: 
1 2 3 


E Circle theorem 2: Angle in a semicircle e 
e The angle in a semicircle is 90°. 
e This is a specific case of theorem 1, where ZACB is known as the 
angle in a semicircle. A 


(E 
BUILDING UNDERSTANDING 
(1) Name another angle that is subtended by the same arc as ZABC in these circles. 
a D b B c € 
D 
D A 
A 
C 
A 
C 
B 
d F e A p f D 
: / 5 
A C 
G C Wes 
E 
B E E 
D B 
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If ZAOB = 122°, find ZACB using circle theorem 1. 


@ For this circle, O is the centre. A KC > B 
a Name the angle at the centre of the circle. 
b Name the angle at the circumference of the circle. 
€ If ZACB = 40°, find ZAOB using circle theorem 1. 
d 
C 


e For this circle AB is a diameter. 


a What is the size of ZAOB? A MON 
What is the size of ZACB using circle theorem 2? j C 
B 


b 
€ If ZCAB = 30°, find ZABC. 
d If ZABC = 83°, find ZCAB. 


eee 
LLLI 


Find the value of the pronumerals in these circles. 


a A b 
<\ 
P US 
A 
C 
SOLUTION EXPLANATION 
E Da = 6 From circle theorem 1, ZBOC = 2ZBAC. 
105) 
b ZABC is 90°. AC is a diameter, and from circle theorem 2 
<. a + 90 + 70 = 180 ZABC = 90°. 
a G= A) 
Now you try 
Find the value of the pronumerals in these circles. 
a B b 
Kw De 
T 
A 
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Find the size of ZACB. (e 
AU 
SOLUTION EXPLANATION 
ZONE e 2S AAOB is isosceles. 
ZAOB = 180° — 2 x 25° Angle sum of a triangle is 180°. 
= sor 
Jo ZINEI} = (O3)” The angle at the circumference is half the angle 
at the centre subtended by the same arc. 
Now you try 
Find the size of ZACB. A m 
~ 
a B 
C 


Exercise 2G 


2(1/2), 3, 4 


txmplei2 1 Find the value of the pronumerals in these circles. 
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Exampetza 2 Find the value of x in these circles. 


Exampet2 3 Find the value of x in these circles. 
a b P d C 


Ç N 


4 Find the size of both ZABC and ZABD. 
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5 a Find the size of ZADC and b Find the size of ZABC and € Find the size of ZAOD and 
ZABC. ZADC. ZABD. 


A 


> 
to 


| 


d 
d 


PROBLEM-SOLVING 6-7 (1/2) 6-7 (1/2) 


6 Find the size of ZABC. 


Z NY, 
d I) e iw, f KP sa 
"AA 


Exmpei3 7 Find the size of ZOAB. 


a ANB b 
V 
C 
d A e 
SN : 
Z 
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8 8.9 call 


For the first circle shown, use circle theorem 1 to find the size of ZACB. A QN 
>) B 
C 


For the second circle shown, use circle theorem 1 to find the size of ZACB. 
For the second circle what does circle theorem 2 say about ZACB? A 180? 
Explain why circle theorem 2 can be thought of as a special case of 


Q 
circle theorem 1. 4 B 


C 
9 Thetwo circles shown illustrate circle theorem 1 for both a minor arc and a major arc. 
a When a minor arc is used, answer true or false. minor arc AB 
i ZAOB is always acute. 
ii ZAOB can be acute or obtuse. 
iii ZACB is always acute. 
iv ZACB can be acute or obtuse. 
b When a major arc is used, answer true or false. 
i ZACB can be acute. 
ii ZACB is always obtuse. 
iii The angle at the centre (2a?) is a reflex angle. 
iv The angle at the centre (2a?) can be obtuse. 
10 Consider this circle. B 
a Write reflex ZAOC in terms of x. A 
ne ig fe 
b Write y in terms of x. 
«- 
Ti Prove circle theorem 1 for the case illustrated in this circle by following A 


these steps and letting ZOCA = x? and ZOCB = y°. 


a Find ZAOC in terms of x, giving reasons. 
b Find ZBOC in terms of y, giving reasons. B 
c Find ZAOB in terms of x and y. 
d Explain why ZAOB = 2zACB. 
C 
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ENRICHMENT: Proving all cases 


12 Question 11 sets out a proof for circle theorem 1 using a given illustration. Now use a similar technique 


for these cases. 
a Prove ZAOB = 22ACB; i.e. prove ZAOB = 2x°. 


b Prove reflex ZAOB = 2ZACB; i.e. prove reflex ZAOB = 2(x + y)°. 


> 


\ 


x 


€ Prove ZAOB = 2ZACB; i.e. prove ZAOB = 2y°. 


A 


oy 


C 


13 Prove circle theorem 2 by showing that x + y = 90. 


A 
C NI 
B 
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Exploring circle theorems with interactive geometry software 


1 Construct a circle with centre O and any given radius. 


Illustrate the four angle properties by constructing line segments, as shown. 

Measure corresponding angles to illustrate the angle properties. 

e Circle theorem 1: The angle at the centre of a circle is twice the angle at a point on the circle 
subtended by the same arc. 


Circle theorem 2: The angle in a semicircle is 90°. 


Circle theorem 3: Angles at the circumference of a circle subtended by the same arc are equal. 


Circle theorem 4: Opposite angles in a cyclic quadrilateral are supplementary. 
3 Drag the circle or one of the points on the circle to check that the properties are retained. 


Circle theorem illustrations 


Circle theorem 1 Circle theorem 2 
| ] 
90.0? 
114.8? 
NC 
D 
Circle theorem 3 Circle theorem 4 
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Chapter 2 


2H Angle properties of circles: Theorems 3 and 4 10a 


Learning intentions 

e To know that angles at the circumference subtended by the same arc or chord are equal 

e To know that a cyclic quadrilateral is one that has all four vertices on the circumference of a circle 
e To know that opposite angles in a cyclic quadrilateral are supplementary 

e To be able to apply the circle theorems to find unknown angles 


When both angles are at the circumference, there are two 
important properties of pairs of angles in a circle to consider. 


You will recall from circle theorem | that in this circle 
ZAOD = 2ZABD and also ZAOD = 2ZACD. This 
implies that ZABD = ZACD, which is an illustration 
of circle theorem 3 — angles at the circumference 
subtended by the same arc are equal. 


A , : : 
Agricultural engineers used circle geometry 
D when designing the drive elements of the header, 
conveyer, separator, thresher and cutter units in 
the combine harvester. 


ÁA 


B c 
The fourth theorem relates to cyclic quadrilaterals, which have all four vertices sitting on the same circle. 


This also will be explored in this section. 


ESAE GUS Discover angle properties: Theorems 3 and 4 


Once again, use a protractor and a pair of compasses for this exercise or use interactive geometry software. 


e Construct a circle with four points at the circumference, as shown. 


e Measure ZABD and ZACD. What do you notice? Drag A, B, C or D and compare the angles. 
A 


D 


B c 
e Now construct this cyclic quadrilateral (or drag point C if using interactive geometry software). 
e Measure ZABC, ZBCD, ZCDA and ZDAB. What do you notice? Drag A, B, C or D and compare 


angles. 
A 
D 
B 
C 
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KEY IDEAS 


E Circle theorem 3: Angles at the circumference 


D 
e Angles at the circumference of a circle subtended by the same e 
arc are equal. Ve d C 


e As shown in the diagram, ZC = ZD but note also that ZA = ZB. 


B A cyclic quadrilateral has all four vertices sitting on the same circle. 


E Circle theorem 4: Opposite angles in cyclic quadrilaterals 
* Opposite angles in a cyclic quadrilateral are supplementary 
(sum to 180°). 


a+c= 180 
b+d= 180 


BUILDING UNDERSTANDING 


(1) Name another angle that is subtended by the same arc as ZABD. 


a A b B 
D A 


B 


e» For this circle, answer the following. 
a Name two angles subtended by arc AD. 
Using circle theorem 3, state the size of ZACD if ZABD = 85°. 


b 
€ Name two angles subtended by arc BC. 
d Using circle theorem 3, state the size of ZBAC if ZBDC = 17°. 


Circle theorem 4 states that opposite angles in a cyclic quadrilateral 
are supplementary. 

a What does it mean when we say two angles are supplementary? 
b Find the size of ZABC. 

€ Find the size of ZBCD. 

d Check that ZABC + ZBCD + ZCDA + ZDAB = 360°. 
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Example 14 


Find the value of the pronumerals in these circles. 


a /| b 
7 
SOLUTION EXPLANATION 
dmg 90 The a? and 30° angles are subtended by the 
same arc. This is an illustration of circle 
theorem 3. 
b a+ 128 = 180 The quadrilateral is cyclic, so opposite angles 
fo Gi SD sum to 180°. 
b + 125 = 180 This is an illustration of circle theorem 4. 
A = S3 
Now you try 
Find the value of the pronumerals in these circles. 
a b 


V 


Exercise 2H 


1, 2-3(1/2) 2-3('/2) 2-3 (1/3) 


Example4. 1 Find the value of the pronumerals in these circles. 


a b 
K È 
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EampeMa 2 Find the value of x in these circles. 


Example14n 3 Find the value of the pronumerals in these circles. 


PROBLEM-SOLVING A(1/2) 4-5(1/2) 4-5(1/3) 


4 Find the value of x. 


d e 
V 
e] 
(| A 20° 
A 
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© 
U 


C 
f 
6 6,7 7,8 
6 ZABE is an exterior angle to the cyclic quadrilateral BCDE. B A 
a IfZABE = 80°, find ZCDE. 
b If ZABE = 71°, find ZCDE. C E 
€ Prove that ZABE = ZCDE using circle theorem 4. 
D 
7 Prove that opposite angles in a cyclic quadrilateral are supplementary A 


by following these steps. 

a Explain why ZACD = x? and ZDAC = y*. 

b Prove that ZADC = 180? — (x + y)?. 

€ What does this say about ZABC and ZADC? 


8 If ZBAF = 100°, complete the following. 
a Find: 
i ZFEB ii ZBED iii ZDCB. 
b Explain why AF ll CD. 
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ENRICHMENT: A special property 


9 Consider a triangle ABC inscribed in a circle. The construction line BP is a diameter and PC is a 
chord. If r is the radius, then BP = 2r. 


a What can be said about ZPCB? Give a reason. 
b What can be said about ZA and ZP? Give a reason. 
c If BP =2r, use trigonometry with ZP to write an equation linking r and a. 


d Prove that 2r — ET giving reasons.See the poster on the inside back cover of your book for more 
sin 


information about solving unfamiliar problems. 


Y 
LR 


$ 


^ 


D 


» 
* 


7 " ‘y ] $ - 
ANS "e nd 


<a 
\ 2 


& V m 
PATTY 
SOX nA 


i} 


- 


An 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


Mirror, mirror 


1 The law of reflection says that the angle of reflection 


is equal to the angle of incidence as shown. TN 
angle of incidence 


angle of reflection 


George, who is 1.6 m tall, places a mirror (M) on the ground in front 
of a building and then moves backwards away from the mirror 
until he can sight the top of the building in the centre of the mirror. 


George is interested in how the height of the building can be 
calculated using the mirror. He wants to only use 
measurements that can be recorded from ground level and 


combine these with the similar triangles that are generated 
after positioning the mirror on the ground. 


a The distance is measured between the mirror and the building (35 m) D 
and the mirror and George's location (2 m) as shown (not to scale). 
i Prove that a pair of similar triangles has been formed. A building 
ii Use similarity to find the height of this building. 1.6m M 


b Another building is 24 m high. If the mirror is placed 1.5 m B ; ES NC 
m 


from George such that he can see the top of the building in the E 
centre of the mirror, how far is George from the base of the 
building? 
€ George moves to 20 m from the base of another building. 
i If the building is 11.2 m high, how far from George does the mirror need to be placed so that he 
can see the top of the building in the centre of the mirror? 
ii Repeat part i to find an expression for how far from George the mirror needs to be placed for a 


building of height y m. Answer in terms of y and use your expression to check your answer to part i. 
Airport terminal 


2 Engineers are working on the design of a new airport terminal. 


A cross-section of an airport terminal design is illustrated in this 
diagram where the roof is held up by a V-shaped support as 
shown. Points A, B and C sit on a circle with centre O and 


OA, OB and OC are perpendicular to EF, EG and FG E A F 
respectively. Also, EG = FG and EA = AF. 
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The engineers are interested in the relationship between various angles within the design. Given the 


fixed geometric properties of the cross-section the engineers will explore how changing one angle 
affects the other angles so that they have a better understanding of the design limitations. 


a If ZAEB is set at 40? find: 


i ZEGF ii ZBOC ill ZBAC. 
b If ZOCA is set at 10° find: 
i ZBOC il ZAEB. 


€ If ZAEB = a? find ZBAC in terms of a. 
Use your rule in part € to verify your answer to part à iii. 

e As ZAEB increases, describe what happens to ZBAC and make a drawing to help explain your 
answer. 


Circles on the farm 


3 Acircle is a locus defined as a set of points that are equidistant 
(the same distance) from a single point. While not always 
initially visible, such loci exist in many common situations. 


A farmer wishes to investigate the existence of such circle loci 
in everyday situations in a farm environment. These include 
fencing an area using two fixed posts and training a horse 


around a given point. 


a A triangular region is being fenced on a farm. It connects to posts A-—10 m— p 
A and B that are 10 m apart on an existing fence. The two new 
fences are to meet at right angles as shown. fence | 3 ; P fence 2 
i Describe and draw the location of all possible points where the 
two fence lines can meet. 
ii Which point from part i gives the maximum triangular area and what is this area? 
iii If the two fence posts are x m apart, give a rule for the maximum possible area of the triangular 
region in m?. 
iv If fences 1 and 2 were replaced with a single fence in the shape of a semicircle, give an expression 
for the area gained in terms of x, where x metres is the distance between the fence posts. 
b A horse is doing some training work around a circular paddock. The trainer stands on the edge 
of the paddock at T (as shown) watching the horse through binoculars as it moves from point A to 
point B. 
i Give an expression for the size of ZATB. 
ii The horse is trotting at a constant rate of 1 lap (revolution) per minute. 
At what rate is the trainer moving his binoculars following the horse 
from A to B, in revolutions per minute? 
iii If the horse completes a lap (revolution) in x minutes, at what rate is the 
trainer moving his binoculars in terms of x? 
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2| Tangents to a circle — extenoine 


Learning intentions 

e To know that a tangent is a line that touches a circle or curve at one point 

e To know that a tangent is perpendicular to the radius at the point of contact 

e To be able to find angles involving tangents 

e To know that two different tangents drawn from an external point to the circle create line segments of 
equal length 


e To know that the angle between a tangent and a chord is equal to the angle in the alternate segment 
e To be able to apply the alternate segment theorem 


When a line and a circle are drawn, three possibilities arise: they could intersect 0, 1 or 2 times. 


OO gf 


0 points 1 point 2 points 


If the line intersects the circle once then it is called a tangent. If it intersects twice it is called a secant. 


ESNE Gu From secant to tangent 


This activity is best completed using interactive geometry software. 


e Construct a circle with centre O and a secant line that intersects at A and B. 


A 
Then measure ZBAO. 
* Drag B to alter ZBAO. Can you place B so that line AB is a tangent? 
In this case what is ZBAO? 
B 
b 2 i y 
Where the 'pitch' circles meet, gears have a common tangent. Mechanical 
and auto engineers apply circle geometry when designing gears, including for 
vehicle engines, clocks, fuel pumps, automation machinery, printing presses 
and robots. 
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KEY IDEAS 


B A tangent is a line that touches a circle at a point called the point of contact. 


point of 
< contact 
tangent 
e A tangent intersects the circle exactly once. A 
e A tangent is perpendicular to the radius at the point 
of contact. in 
* Two different tangents drawn from an external point PA= PB 


to the circle create line segments of equal length. 


E A secant is a line that cuts a circle twice. 


/Secant\ 


E Alternate segment theorem: The angle between a tangent and 
a chord is equal to the angle in the alternate segment. 
ZAPY = ZABP and 
ZBPX = ZBAP 


BUILDING UNDERSTANDING 


How many times does a tangent intersect a circle? 
At the point of contact, what angle does the tangent 
make with the radius? 

If AP is 5 cm, what is the length BP in this diagram? 


o9 For this diagram use the alternate segment theorem and name 
the angle that is: 
a equal to ZBPX 
D equal to ZBAP 
€ equal to ZAPY 
d equal to ZABP. 


© What is the interior angle sum for: 


a atriangle? 
b a quadrilateral? 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


166 Chapter 2 


Find the value of a in these diagrams that include tangents. 


a b A 
AN n : 
D B B 
B 
SOLUTION EXPLANATION 
a ZBAO=90° BA is a tangent, so OA L BA. 
a+ 90 + 67 = 180 The sum of the angles in a triangle is 180°. 
da d) = 2/5) 
b ZPAO = ZPBO = 90? PA L OA and PB L OB. 
Obtuse ZAOB = 360° — 220° = 140° Angles in a revolution sum to 360°. 
a+ 90 + 90 + 140 = 360 Angles in a quadrilateral sum to 360°. 
“a= 40 
Now you try 


Find the value of a in these diagrams that include tangents. 
a A b A 


Aso V ay B 
€ E 


B 
© Example 16 
In this diagram XY is a tangent to the circle. A 
a Find ZBPX if ZBAP = 38°. 
b Find ZABP if ZARY - 71?. B 
Y IP X 
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SOLUTION EXPLANATION 


a ZBPX = 38° The angle between a tangent and a chord is 
equal to the angle in the alternate segment. 


b ZABP=71° 
Now you try 
In this diagram XY is a tangent to the circle. Y P X 
a Find ZBPX if ZBAP = 50°. 
b Find ZABP if ZAPY = 70°. B 
A 
Exercise 2l 
1-5 2-6 2-6 
Examples 1 Find the value of a in these diagrams that include tangents. 
b 
a B A 
(e 
«L^ q DP 
A B 


Exampletsa 2 Find the value of a in these diagrams that include tangents. 


a b C B 
Sf 
« « P 20? 
A 
Examples» 3 Find the value of a in these diagrams that include two tangents. 
a 1309 A , A 152° à 
LL CA 
S v] MM S 
P 
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Example16 4 In this diagram, XY is a tangent to the circle. Use the alternate A 
segment theorem to find: 
a ZPAB if ZBPX = 50? 
b ZAPY if ZABP = 59° 


5 Find the value of a, b and c in these diagrams involving tangents. 


a c 
6 Find the length AP if AP and BP are both tangents. 
$ 5cm P b A 
B 
P 
11.2 cm 

‘A B 

PROBLEM-SOLVING 7-8(1/2) 7-8(/2) 7-8(/5), 9 


7 Find the value of a. All diagrams include one tangent line. 
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8 Find the value of a in these diagrams involving tangents. 


b 


9 Find the length of CY in this diagram. 
Z A 3cm X 


10 


10 Prove that AP — BP by following these steps. 
a Explain why OA = OB. 
b What is the size of ZOAP and ZOBP? 
t€ Hence, prove that AOAP = AOBP. 
d Explain why AP = BP. 


Ti Prove the alternate angle theorem using these steps. 
First, let ZBPX = x°, then give reasons at each step. 
a Write ZOPB in terms of x. 
b Write obtuse ZBOP in terms of x. 
€ Use circle theorem 1 from angle properties of a 
circle to write ZBAP in terms of x. 
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12 These two circles touch with a common tangent XY. 
Prove that AB || DC. You may use the alternate segment theorem. 


13 PT is acommon tangent. Explain why AP = BP. 


ENRICHMENT: Bisecting tangent 


14 In this diagram, AABC is right angled, AC is a diameter 
and PM is a tangent at P, where P is the point at which 
the circle intersects the hypotenuse. 

a Prove that PM bisects AB; i.e. that AM = MB. 
b Construct this figure using interactive geometry 
software and check the result. Drag A, B or C 


to check different cases. 


g 
XZA 
f; wes 
9 gU. E 
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2J 


2J Intersecting chords, secants and tangents — extenoina 


Learning intentions 

e To know the difference between a chord, a tangent and a secant 

e To know the relationship between the lengths of intersecting chords 

e To know the relationship between the lengths of secants that intersect at an external point 
e To know the relationship between the lengths of an intersecting secant and tangent 

e To be able to apply these relationships to find unknown lengths 


In circle geometry, the lengths of the line segments (or intervals) formed 
by intersecting chords, secants or tangents are connected by special rules. 
There are three situations in which this occurs: 


1 intersecting chords 


2 intersecting secant and tangent 
3 intersecting secants. 


Architects use circle and chord 
geometry to calculate the 
dimensions of constructions, 


LESSON STARTER Equal products such as this glass structure. 


Use interactive geometry software to construct this figure and then 


B 
measure AP, BP, CP and DP. £5 LO " 
D 


* Calculate AP x CP and BP x DP. What do you notice? 
e Drag A, B, C or D. What can be said about AP x CP and BP x DP 
for any pair of intersecting chords? 


KEY IDEAS 7) 


E When two chords intersect as shown, then A 
ARX (CIP e IP S« ID Or axe = (wil, 


E When two secants intersect at an external point P as shown, B 
then AP x BP — DP x CP. A 
P- 
D C 
E When a secant intersects a tangent at an external point B 
as shown, then AP x BP = CP?. 
A 
C 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


172  Chapter2 


BUILDING UNDERSTANDING 


L1) State these lengths for the given diagram. 
a AP b DP c AC 


o9 Solve these equations for x. 
a ¢R2=7 «3 b 4x=5x2 
€ (x+3)x7=6x9 d 74+4=5x1l 


e State the missing parts for the rules for each diagram. 


eee 
„araa 


e Example 17 


Find the value of x in each figure. 


se E c 


"7l cm 
SOLUTION EXPLANATION 
J xs«3els Equate the products of each pair of line 
3x-5 segments on each chord. 
E 
b 8x(x4-8)29x28 Multiply the entire length of the secant 
8x + 64 = 252 (19 + 9 = 28 and x + 8) by the length from the 
8x = 188 external point to the first intersection point with 
. 188 the circle. Then equate both products. 
Ms B Expand brackets and solve for x. 
_ 47 
E 
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© 5x (+5 = 7 Square the length of the tangent and then equate 


5x + 25 = 49 with the product from the other secant. 
5x = 24 
24 
x= — 
5 
Now you try 


Find the value of x in each figure. 
a | b C 
/ 1j 4m 2m 


5m 


Exercise 2J 
1-4 2-4 2-4(1/3), 5 


Example17 1 Find the value of x in each figure. 


i = ' ol T d 


txmpetza 2 Find the value of x in each figure. 


à a Dem ° 11 cm 
2 a d 
E 23m 9 
8m NC 4 cm 
18 m| 117m eS 
x cm 
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Exmpetz; 4 Find the value of x in each figure. 


a b C 
6 cm 
Sm 14 mm 
10 em 3m 21 mm 
5 Find the exact value of x, in surd form. For example, v7. 
a b 
poA 
5 
x 
7 
PROBLEM-SOLVING 6(1/2) 6(1/2) 6(1/2), 7 


6 Find the exact value of x. 


me 2 


NS 
- 

O 

-l 

E 


7 Foreach diagram, derive the given equations. 
a x^-5x-56-20 b x? + 11x-220=0 C x? + 23x- 961 =0 


QU di 31/ qe 
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8 Explain why AP = BP in this diagram, using your knowledge from this section. 


9 In this diagram AP = DP. Explain why AB = DC. 


10 Prove that AP x CP = BP x DP by following these steps. 


b 
C 
d 


| E B 
( 
D 


P 
x) 
C 


Explain why ZACP = ZABC. 
Prove ABPC lll ACPA. 
Prove AP x BP = CP”. 


A 


B 
A 
D 
B 

a What can be said about the pair of angles ZA and ZD and also A. 

about the pair of angles ZB and ZC? Give a reason. 
b Prove AAPP ll ADCP. á a 
c Complete: D 

APO 

NEG. 
d Prove AP x CP = BP x DP. 
Ti Prove that AP x BP = DP x CP by following these steps. B 

a Consider APBD and APCA. What can be said about 

ZB and ZC? Give a reason. 
b Prove APBD || APCA. A C 
€ Prove AP x BP = DP x CP. rum 

P 
12 Prove that AP x BP = CP? by following these steps. B 
a Consider ABPC and ACPA. Is ZP common to both triangles? 
C 


ENRICHMENT: Horizontal wheel distance = 


13 Two touching circles have radii rų and r. The horizontal 
distance between their centres is d. Find a rule for d in 
terms of rų and ry. : 


P 


-«— d—» 
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Chapter 2 


The impassable object 


Without the use of sophisticated equipment, it is possible to estimate the distance across an impassable 


object like a gorge or river, using similar triangles. 


Present a report for the following tasks and ensure that you show clear mathematical workings and 


explanations where appropriate. 


Preliminary task E 


On an adventure you come to a gorge and try to estimate / 
the distance across it. You notice a boulder (A) directly / 
across the other side of the gorge and then proceed to place / 
rocks (B, C, D and E) on your side of the gorge in special / 


positions as shown. You measure BC = 10 m, CD = 6 m and c ——— 
6m; 10m g 


DE — 8 m. 


a 
b 
C 


Prove the AABC Ill AEDC. Ta 
Find the scale factor linking the two triangles. : 
Find the distance across the gorge. 


Modelling task 


a 
b 


Choose an object near your school or house like a river, road or ravine. 

Consider the possible placements of pebbles or other objects (as per the Preliminary task) to create 
similar triangles. 

Assess your situation by taking measurements (without crossing your chosen object) and illustrate 
with a diagram. 


Prove that your triangles are similar. 
Determine a scale factor for your triangles. 
Estimate the distance across your chosen impassable object. 


Evaluate g 
and h 
verify 


Construct other possible placements of the pebbles by adjusting their position. 
Assess each situation and recalculate your estimate for the distance across your impassable object. 
Compare your results from your constructions. 


Summarise your results and describe any key findings. 


Extension questions 
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Investigate other possible ways in which similar triangles can be constructed (resulting in a 
different type of diagram to the one above) to solve such a problem. 

Find a different type of problem where similar triangles can be identified. Prove that the triangles 
formed are similar and use them to solve the problem. 


Some special points of triangles and Euler’s line 


This investigation explores three special points in a triangle; the circumcentre, the centroid and the 
orthocentre. This is best done using an interactive geometry package. 


The circumcentre of a triangle 


The perpendicular bisectors of each of the three sides of a triangle B 
meet at a common point called the circumcentre. A 
a Construct and label a triangle ABC and measure each of its angles. 
b Construct the perpendicular bisector of each side of the triangle. 
€ Label the point of intersection of the lines N. This is the circumcentre. 
d By dragging the points of your triangle, observe what happens to 
C 


the location of the circumcentre. Can you draw any conclusions 
about the location of the circumcentre for some of the different types 
of triangles; for example, equilateral, isosceles, right-angled or obtuse? 
e Construct a circle centred at N with radius NA. This is the circumcircle. Drag the vertex A to 
different locations. What do you notice about vertices B and C in relation to this circle? 


The centroid of a triangle 


The three medians of a triangle intersect at a common point called the centroid. 
A median is the line drawn from a vertex to the midpoint of the opposite side. 


A 
é b 
a Construct the centroid (R) for a triangle ABC. EN 
b Drag one of the vertices of the triangle and explore the properties of ees 
a 
A 


the centroid (R). B C 
The orthocentre of a triangle 
The three altitudes of a triangle intersect at a common point called the 
orthocentre. An altitude of a triangle is a line drawn from a vertex to the 
opposite side of the triangle, meeting it at right angles. Q Q 
a Construct the orthocentre of a triangle (O) for a triangle ABC. S 
b Drag one of the vertices of the triangle and explore the properties of L € 
the orthocentre (0). B 
Euler's line 
a Construct a large triangle ABC and on this one triangle use the previous instructions to locate the 
circumcentre (N), the centroid (R) and the orthocentre (O). 
b Construct a line joining the points N and R. Drag the vertices of the triangle. What do you notice 
about the point O in relation to this line? This is called Euler's line. 
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1 Ina triangle ABC, angle C is a right angle, D is the 


Up for a challenge? If you get stuck 
on a question, check out the "Working 
with unfamiliar problems' poster at 
the end of the book to help you. 


midpoint of AB and DE is perpendicular to AB. 
The length of AB is 20 and the length of AC is 12. 
What is the area of triangle ACE? 


2 Inthis diagram, AB = 15 cm, AC = 25 cm, BC = 30 cm and A 
ZAED = ZABC. If the perimeter of AADE is 28 cm, find the 
lengths of BD and CE. 


Problems and challenges 


3 Other than straight angles, name all the pairs of equal angles C 


ZA) 
Se, 


4 A person stands in front of a cylindrical water tank and has a viewing angle of 27? to the sides of the 


in the diagram shown. 


tank. What percentage of the circumference of the tank can they see? 


5 Anisosceles triangle ABC is such that its vertices lie on the circumference of a circle. AB — AC and 
the chord from A to the point D on the circle intersects BC at E. Prove that AB? — AE? = BE x CE. 


6 D,Eand F are the midpoints of the three sides of AABC. The straight A 

line formed by joining two midpoints is parallel to the third side 

and half its length. 

a Prove AABC ll AFDE. 

AGHI is drawn in the same way such that G, H and / are the midpoints 

of the sides of ADEF. 

b Find the ratio of the area of: 
i AABC to AFDE ii AABC to AHGI. 

t Hence, if AABC is the first triangle drawn, what is the ratio of the 
area of AABC to the area of the nth triangle drawn in this way? 
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Australian Curriculum Year 10 & 10A 3ed 


Similar triangles application 


B 
g AABC IIl A AED (AAA) 
LIN, 


COE) 


eS 
-—54—- 


3.6 
Scale factor = 57 


=1.5 
“XX 15= 5.4 
x=5.4+1.5 
X— 3.6 


Similar figures Angle properties of circles (10A) 
All corresponding angles are equal, 
corresponding sides are in the same Angle at centre is 
ratio; i.e. same shape but different in twice angle at the 
size. circumference 
Tests for similar triangles: subtended by the 
SSS, SAS, AAA, RHS. Angle sum of polygon same arc. 
Written as ABC III A.DEF or S= 180(n— 2), where nis 
A ABC — A DEF. the number of sides. 


Polygons 


The angle in a 


: semicircle is 90°. 
Congruent triangles 


Such triangles are identical, written 
AABC= A DEF. 

Tests for congruence are 

SSS, SAS, AAS and RHS. 


E Congruent by SAS 


Angles at circumference 
subtended by the same 
arc are equal. 


Opposite angles in 
cyclic quadrilaterals are 
supplementary. 
Circles and chords (10A) a (s — 180 y 


B ABisa chord. b+ d— 180 


A 


Chord theorem 1 
Chords of equal length 
subtend equal angles. 


ANOAB is isosceles 
given OA and OB are 
radii. 


Chord theorem 2 
If AB= CD, 
then OE= OF. 


Chord theorem 3 
T 
Perpendicular from angents (Ext) 


centre to chord bisects 


chord and angle at 0. A tangent touches a circle 


TER once and is perpendicular 
Chord theorem 4 a JZ point orto the radius at the point of 
Perpendicular bisectors contact contact. 

of every chord of a circle tangent 

intersect at the centre. 


Tangents PA and PB 


zi have equal length; i.e. 
Intersecting chords, secants, tangents (Ext) PA= PB. 


A P 
secant 
B © APx BP= CPx DP Alternate segment theorem: 
angle between tangent and 
chord is equal to the angle in 
D : the alternate segment. 
T ab= cd P 
79 A 
B AP x BP= CP? 
C CP is a tangent. 
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Chapter checklist: Success criteria 


2A | 1. | can apply the exterior angle theorem. 
e.g. Find the value of x, giving reasons. 


2A | 2. | can find an unknown angle in a polygon. 
e.g. Find the value of x in the polygon shown. 


Chapter checklist 


3. I can work with angles in parallel lines. 
e.g. Find the value of x, giving reasons. 


28 | 4. | can prove congruence of triangles. E 
e.g. Prove that this pair of triangles are A 
€ 
B D F 


o 5. I can use congruence in proof. C 
e.g. For the diagram shown, prove 

AADC = ABDC and hence state the 

length of AC, giving a reason. 


e 6. I can prove properties of quadrilaterals. A B 
e.g. Prove that a parallelogram (with opposite 
parallel sides) has equal opposite sides. 


(58) 7. | can test for a type of quadrilateral. A B 
e.g. Prove that if one pair of opposite sides is 

equal and parallel in a quadrilateral then it is a 

parallelogram. 


8. | can find and use a scale factor in H G 
similar figures. 
e.g. The two shapes shown are 


D C 
similar. Find the scale factor 7.5 cm 6 cm 
and use this to find the values 4^ cm X cm 
of x and y. n 


A 
3 cm E yom F 
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a 9. | can prove similar triangles using similarity tests. D 
e.g. Prove that the following A 


triangles are similar. 
ib e d 
D 


B 6 C F 
E 12 
B 10. I can establish and use similarity. 3cm 
e.g. A cone has radius 3 cm and height 6 cm. Prove EX 
that AADE lll AABC and find the radius DE C BAS C 
if AD = 2 cm. 
6cm E 
A 


S 
1s1y3312 13}dey9 E i 


Lar | 11. | can use chord theorems. 
e.g. Given AM = BM and zAOB = 100°, find (m) 


ZAOM and zOMB. 


cS 


Y 


centre of a circle. 


13. I can apply circle theorem 1. A 
e.g. Find the value of y in the circle shown. A 


 2F | 12. | can prove chord theorems. 
e.g. Prove chord theorem 1 in that chords of equal length subtend equal angles at the (m) 


14. | can apply circle theorem 2. 
e.g. Find the value of y in the circle shown. RN 9 
/ Y [^ 
C 


26 | 15. | can apply circle theorems with other circle 
properties. (m) 


e.g. Find the size of ZACB. 
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v 

16. | can apply circle theorem 3. 

e.g. Find the value of a. (m) 
17. | can apply circle theorem 4. 

e.g. Find the value of a. (m) 
18. | can find angles involving tangents. A 

e.g. Find the value of b in this diagram an 

involving a tangent. p 

D 

19. | can use the alternate segment theorem. 

e.g. In the diagram XY is a tangent to the circle. 

Find ZABP if zBAP = 23? and ZAPX = 65°. 4 

B 
X Ja Y 
20. | can find lengths using intersecting chords. 
e.g. Find the value of x in the diagram. p 
21.1 can find lengths using intersecting secants 
and tangents. [> 
e.g. Find the value of x in the diagram. San 
me 
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Short-answer questions 


c9 1 Determine the value of each pronumeral. 
a 


b 
CD 
d -— 
c = 
- co 
118 <, 
à T = 
2 Find the size of ZABC by adding a third parallel line. 
a B A b D C 
C« ) 86° 
126° 
D E 
C9) 3 Prove that each pair of triangles is congruent, giving reasons. 
a B F, 
A D 
e E 
b A C A 
D B 
B C D C 
4 Complete these steps to prove that if one pair of opposite sides P 3 
is equal and parallel in a quadrilateral, then it is a parallelogram. 
a Prove AABC = ACDA, giving reasons. 
b Hence, prove AD || BC. 
D C 
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184 Chapter 2 


9 In each of the following, identify pairs of similar triangles by proving similarity, giving reasons, 
and then use this to find the value of x. 


a G8 C F 147 b A 
= BO QE / 
o 1 13 x 10.5 y Jd 
2 
a x 
= i 71 
= D 
E] D 8 C 
= d 
= : p 
= 
e 
x 
i Z\ [j (N 
C 63 D A x B 7 C 
4.2 
B 
ea 6 Find the value of each pronumeral and state the chord theorem used. 
a SEN b 10cm P 
" /K 
: 2157 
a cn 
10 cm 
2G/H 7 Use the circle theorems to help find the values of the pronumerals. 
Q | 
C d 
e f 
S > 
SA 
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8 Find the value of the pronumerals in these diagrams involving tangents and circles. 
a b 
> 

C 
= 
e 

T 
=r 


T 
-— 
-— 
© 
= 
© 
= 


9 Find the value of x in each figure. 


2J 


° QO € 


-e 


pe. 


Multiple-choice questions 


1 The value of a in the polygon shown is: 
A 46 B 64 C 72 
D 85 E 102 


2 The test that proves that AABD = ACBD is: A C 
A RHS B SAS C SSS D 
D AAA E AAS 


3 The value of x in the diagram shown is: 
A 432 B 45 C 3.6 8.8 


D 55 E 52 : 9.6 
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The name given to the dashed line in the circle with centre O is: 
A adiameter B a minor arc C achord 
D atangent E asecant 


Q5 
a A circle of radius 5 cm has a chord 4 cm from the centre of the circle. 
= The length of the chord is: 
D A 45cm B 6cm C 3cm 
+= D 8 E 7.2cm 
= cm 
x The values of the pronumerals in the diagram are: 
co A a=55, b= 35 
B a=30,b=70 > 
C a=70,b=35 £4 
D a=55,b=70 LON 
E a=40,b=55 pee 
Lm | 7 A cyclic quadrilateral has one angle measuring 63° and another angle 
measuring 108?. Another angle in the cyclic quadrilateral is: 
A 63? B 108° C 122° D 75? E 117° 
EN 8 Forthe circle shown at right with radius 5 cm, the value of x is: xcm 
A 13 B 10.9 C 12 
© D 17 E 156 
12cm 
TE 9 By making use of the alternate segment theorem, the value of 
ZAPB is: 
© A 50° B 45° C 10° 
D 52° E. 25? 
X P yY 
51 10 The value of x in the diagram is: 
A 7.5 B 6 C 3.8 
© D 4 E 5 
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Extended-response questions 
1 The triangular area of land shown is to be divided into two areas such that AC || DE. The land 
is to be divided so that AC: DE = 3:2. 
m] 
zm 
£5 
cS 
em 


C 
E 
cD 
-— 
co 
sD b = 
= 
a Prove that AABC ll ADBE. 
b If AC = 1.8 km, find DE. 
c IfAD=1kmand DB = x km: 
i show that 2(x + 1) = 3x ii solve for x. 
d For the given ratio, what percentage of the land area does 
ADBE occupy? Answer to one decimal place. 
2 The diagram below shows two intersecting circles sharing common tangents AR and AS. The 
distance between the centres O and O’ of the two circles is 15 cm. Other measurements are as 
shown. Given that the two centres O and O' and the point A are in a straight line, complete the 
following. 
a Find the sizes of these angles. 
i ZROS ii ZRAS 
b Use the rule for intersecting secants and tangents to help find the diameter of the smaller 
circle. 
Hence, what is the distance from A to O? 
d By first finding AR, determine the perimeter of AROS. Round to one decimal place. 
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Indices: 
and + 


Ls 
p 
a 
x 


re 


| 


=, 
— 
^. 
= 
1) my 
Hn 
uo 
m Pm 
"ma 
HITS 
REL 


ine 


na WANA 
! 


4 
i 


M 


~~, 
ee, 
uas 
= 
“=, 
=a 
et 
may 
=, 
ei 
=, 
Pu 
pu 
Se 
E] 
w 
E 
= 
m 
a 
> 
ts 

_ 
a 
Ba 
"a " 
w 
= 


E TM 


Ld | Í 

J ! 8t p" > 

Environmental science E = 
= Environmental scientists investigate and measure the number of generations. In a laboratory using c! 
— ——— the growth rates of bacteria and their effects on the ^ favourable conditions, E. coli double approximately * 
-— waterways of countries around the world. The Yarra ^ every 20 minutes..In summer where the temperature 
m River in Melbourne, one of Victoria's mostimportant along the Yarra River can be over 30°C, the growth 
p—— rivers, has been in the spotlight for the past decade of these bacteria and others needs to be monitored. 

or so with high levels of pollutants and bacteria, The Environmental Protection Agency (EPA) and 
—— such as E. coli, making it unsafe in certain locations _ -Melbourne Water take samples along the waterway 
p for swimming, fishing and even rowing. and analyse it for levels of bacteria and pollutants. 
oe Scientists look at the rate at which bacteria double. The decay rate of other pollutants is also examined | 
p This process follows an exponential growth pattern by investigating their half-life, as this also follows an : 

— 4  of29,21, 22, 23, 24, 25, ...2" where n represents exponential pattern: 20, 2-71, 2-2, 2-3, 2-4... | 
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Online resources (d 


A host of additional online resources are 
included as part of your Interactive Textbook, 
including HOTmaths content, video 
demonstrations of all worked examples, 
auto-marked quizzes and much more. 


In this chapter 


3A Irrational numbers including surds 
3B Adding and subtracting surds 

3C Multiplying and dividing surds 

3D Rationalising the denominator 

3E Review of index laws 

3F Negative indices 

3G Scientific notation 

3H Rational indices 

3| Exponential equations 

3J Graphs of exponentials 

3K Exponential growth and decay 

3L Compound interest 

3M Comparing simple and compound interest 


Australian Curriculum 


NUMBER AND ALGEBRA 
Patterns and algebra 


Simplify algebraic products and quotients 
using index laws (ACMNA231) 


Money and financial mathematics 
Connect the compound interest formula to 
repeated applications of simple interest using 
appropriate digital technologies (ACMNA229) 
Real numbers 

Define rational and irrational numbers 
and perform operations with surds and 


fractional indices (ACMNA264) 


Linear and non-linear relationships 


Solve simple exponential equations 
(ACMNA270) 


E = 


" Sa 
== Aem © ACARA 
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Chapter 3 


3A Irrational numbers including surds 104 


Learning intentions 

e To know the meaning of the terms rational number, irrational number and surd 
e To know how to identify a number as rational or irrational 

e To know simple rules related to surds 

* To be able to simplify surds using the highest square number factor 


You will recall that when using Pythagoras’ theorem to find unknown lengths 


in right-angled triangles, many answers expressed in exact form are surds. The 
length of the hypotenuse in this triangle, for example, is V5, which is a surd. 


V5 


2 


A surd is a number that uses a root sign (V. ), sometimes called a radical sign. 


They are irrational numbers, meaning that they cannot be expressed as a fraction 


in the form ©, where a and b are integers and b ¥ 0. Surds, together with other Many formulas contain 
E b , , l numbers that are surds. 
irrational numbers such as pi, and all rational numbers (fractions) make up the The formulas for the 
entire set of real numbers, which can be illustrated as points on a number line. speed of a rising weather 


balloon and the speed 


; : : ; " ; f its falli i 
—3 (rational) 5 (rational) V2 (irrational) z (irrational) ERAT Ursus 


BEN MEN NE zi: 


T T T T T T T T > 
-3 -2. =l 0 1 2 3 4 


| LESSON STARTER | Gu: Constructing surds 


Someone asks you: ‘How do you construct a line that is v 10 cm long?’ 


Use these steps to answer this question. 


* First, draw a line segment AB that is 3 cm in length. 
e Construct segment BC so that BC = 1 cm and AB L BC. You may wish to use a set square or pair of 


compasses. 
C 

| lcm 
A 3cm B 


e Now connect point A and point C and measure the length of the segment. 
e Use Pythagoras’ theorem to check the length of AC. 


Use this idea to construct line segments with the following lengths. You may need more than one triangle 
for parts d to f. 


a v2 b v17 c v20 
d v3 e v6 t v22 
Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


KEY IDEAS "n 


E Every real number can be located as a point on a number line. Real numbers include: 


* rational numbers (i.e. numbers that can be expressed as fractions) 


For example: 2 D =A 1G, 27. 0.19 
7. 39 


The decimal representation of a rational number is either a terminating or recurring 
decimal. 
* irrational numbers (i.e. numbers that cannot be expressed as fractions) 
For example: V3, ONT. 412 — 1, z, 2x — 3 
The decimal representation of an irrational number is an infinite non-recurring decimal. 


E Surds are irrational numbers that use a root sign (WV D 
e For example: v2, 5v11, —V200, 14- V5 
* These numbers are not surds: V4(= 2), 3 1235S 3); ES —2). 


E The nth root of a number x is written Vx. 
e If Vx— y then y" = x. For example: 4/32 = 2 since 25 = 32. 


BW The following rules apply to surds. 
° (Vx)? = x and Vx2 = x when x > 0. 
e Vxy = Vx x Vy when x > 0 and y > 0. 


. (b= Ue sme 
SU 


E When a factor of a number is a perfect square we call that factor a square factor. Examples of 
perfect squares are: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, ... 


B When simplifying surds, look for square factors of the number under the root sign and then use 


Va x b = Va x vb. 


BUILDING UNDERSTANDING 


& Choose the correct word(s) from the words given in red to make the sentence true. 
A number that cannot be expressed as a fraction is a rational/irrational number. 
A surd is an irrational number that uses a root/square symbol. 
The decimal representation of a surd is a terminating/recurring/non-recurring decimal. 
v25 is a surd/rational number. 


o9 State the highest square factor of these numbers. For example, the highest square factor 
of 45 is 9. 
a 20 b 125 48 d 72 
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Express each number as a decimal and decide if it is rational or irrational. Then locate all the 
numbers on the same number line. 


2055 b 137% c ; 
SOLUTION EXPLANATION 
a —V3 = —1.732050807 ... Use a calculator to express as a decimal. 
—Vv3 is irrational. The decimal does not terminate and there is no 


recurring pattern. 


b 137906 — = = 99 137% is a fraction and can be expressed using a 

137% is rational. terminating decimal. 
c S — 0.428571 Tis an infinitely recurring decimal. 

: is rational. Use the decimal equivalents to locate each number 

on the real number line. 
3 
3 7 187 
X T © T T T T v T V T > 
-2 -1 0 1 2 

Now you try 


Express each number as a decimal and decide if it is rational or irrational. Then locate all the 
numbers on the same number line. 


a v5 b —40% c z 
a spss 
Simplify the following. 
a v32 b 3v200 C a d 2 
SOLUTION EXPLANATION 
a v32- V16x2 When simplifying, choose the highest square factor 
= V16 x V2 of 32 (i.e. 16 rather than 4) as there is less work to 
= 4V2 do to arrive at the same answer. 


Compare with 
432 = V4 x 8 = 2V8 = 2V4 x 2 = 2 x 2V2 = 4V2 
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b 3¥V200 = 3V100 x 2 Select the apporopriate factors of 200 by finding its 


= 3x V100 x V2 highest square factor: 100. 
=3x10x v2 Use Vx x y = Vx x Vy and simplify. 
EKZ 
c 5v40 zi 5v4 x 10 Select the appropriate factors of 40. The highest 
6 6 square factor is 4. 
75 x Vixi 
6 
B 
= 10°V10 Cancel and simplify. 
63 
_ 5V10 
3 
75 VB Va 
= Use 4/7 = —. 
2 v9 Y Wy 
BORO 5v3 Then select the factors of 75 that include a square 
v9 : number and simplify. 
Now you try 
Simplify the following. 
a v20 b 2V300 c nm d 2 


Express these surds as a square root of a positive integer. 


a 2V5 b 7v2 

SOLUTION EXPLANATION 

a 2V5=V4x V5 Write 2 as V4 and then combine the two surds using 
= 20 Mx Vy = Vig 

b 7V2 = V49 x v2 Write 7 as V49 and combine. 
= V98 


Now you try 


Express these surds as a square root of a positive integer. 


a 3v2 b 5/3 
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Chapter 3 


Exercise 3A 


1, 2-6 (1/2) 2-7 (1/3) 2-7 (1/4) 


Example1 1 Express each number as a decimal and decide if it is rational or irrational. Then locate all the numbers 


on the same number line. 
a -v2 b 150% c - 


Example1 2 Express each number as a decimal and decide if it is rational or irrational. Then locate all the numbers 


on the same number line. 
a v5 b 18% C 2 d —12496 
e E t v2 g 2v3 T. 
3 Decide if these numbers are surds. 
a v7 b 2V11 c 2v25 d —5v144 
e = f cs g 1-v3 h 2v1+ V4 
Example2a 4 Simplify the following surds. 
a v12 b v45 c v24 d v48 
e v75 f 500 g v98 h v90 
i v128 j v360 k v162 | v80 
Exampezbc — 9 Simplify the following. 
a 2v18 b 3V20 c 4vV48 d 2v63 
e 3V98 f 4V125 g vas h Ws 
E E , X9 E 
12 20 18 
i 344 n 5V200 i 2V98 à 3V68 
2 25 7 21 
4 6V75 : 4V150 , 27108 p 3v147 
20 5 18 14 


Example2d 6 Simplify the following. 


NIE i yZ k 4/5 | 4/56 
27 4 72 716 


Example3 — 7 Express these surds as a square root of a positive integer. 


a 2v3 b 4v2 c 52 d 3V3 
e 3v5 f 6v3 g 8v2 h 10V7 
i 9V10 j 5v5 k 7v5 | 1173 
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PROBLEM-SOLVING 8,9 8, 9, 11(1/2) 10, 11(1/2) 


8 Simplify by searching for the highest square factor. 


a v675 

b v1183 
c v1805 
d v2883 


9 Determine the exact side length, in simplest form, of a square with the given area. 
a 32m? b 120 cm? c 240mm? 


10 Determine the exact radius and diameter of a circle, in simplest form, with the given area. 
a 24r cm? b 542m? c 1282 m2 


Ti Use Pythagoras’ theorem to find the unknown length in these triangles, in simplest form. 


a b 6m 
eM 


REASONING 


12 Ricky uses the following working to simplify V72. Show how Ricky could have simplified V72 using 
fewer steps. 


V722N9x8 
= 3v8 
=3v4x2 
=3x2xv2 
= 6V2 


13 a List all the factors of 450 that are perfect squares. 
b Now simplify V450 using the highest of these factors. 


14 Use Pythagoras' theorem to construct a line segment with each of the given lengths. You can use only a 
ruler and a set square or compasses. Do not use a calculator. 


a v10cm 
b v29cm 
c vV6cm 
d v22cm 
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196 Chapter3 


ENRICHMENT: Proving that V2 is irrational 


15 We will prove that V2 is irrational by the method called ‘proof by contradiction’. Your job is to follow 


and understand the proof, then copy it out and try explaining it to a friend or teacher. 


2 


a Before we start, we first need to show that if a perfect square a“ is even then a is even. We do this 


by showing that if a is even then a? is even and if a is odd then a? is odd. 


If a is even then a = 2k, where k is If a is odd then a = 2k + 1, where k is 
an integer. an integer. 
Soa? = (2k)? So a? = (2k + 1)? 
= 4k? = 4k? 4+ 4k +1 
= 2 x 2k*, which must be even. = 2 x QI + 2k) + 1, which must be odd. 


. If a? is even then a is even. 
b Now, to prove V2 is irrational let's suppose that V is instead rational and can be written in the 


form in simplest form, where a and b are integers (b # 0) and at least one of a or b is odd. 


V2 


SIS 


2 
So2= = (squaring both sides) 
b 


a = 2b? 


z. @ is even and, from part a above, a must be even. 


If ais even, then a = 2k, where k is an integer. 


dfe = 2b? 
Then (2k)? = 2b? 
4k2 = 2b? 

2k? = p 


<. b? is even and therefore b is even. 


This is a contradiction because at least one of a or b must be odd. (Recall that : in simplest form 


will have at least one of a or b being odd.) Therefore, the assumption that V2 can be written in the 
form : must be incorrect and so V2 is irrational. 


VB= 1.414219562*. 
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3B Adding and subtracting surds — toa 


Learning intentions 

e To understand that only like surds can be combined under addition and subtraction 

e To know how to add and subtract like surds 

e To know that it is helpful to simplify all surds before determining if they can be added or subtracted 


We can apply our knowledge of like terms in algebra to help simplify expressions involving the addition and 
subtraction of surds. Recall that 7x and 3x are like terms, so 7x + 3x = 10x. The pronumeral x represents 
any number. When x = 5 then 7 x 5 + 3 x 5 = 10 x 5, and when x = V2 then 7V2 + 3V2 = 10V2. 
Multiples of the same surd are called ‘like surds’ and can be collected (i.e. counted) in the same way as we 


collect like terms in algebra. 


To design the Hearst Tower in New York, architects solved many 
equations, such as linear, quadratic and trigonometrical. Where possible, 
architects use surds in mathematical solutions to achieve precise results. 


EAIN Can 32 + v8 be simplified? 


To answer this question, first discuss these points. 


e Are 3V2 and V8 like surds? 
* How can V8 be simplified? 
e Now decide whether 3V2 + V8 can be simplified. Discuss why 3V2 — V7 cannot be simplified. 


KEY IDEAS //, 


Bi Like surds are multiples of the same surd. 
For example: V3, —5v3, V12 = 2V3, 2V75 = 10V3 


E Like surds can be added and subtracted. 


W Simplify all surds before attempting to add or subtract them. 
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198 Chapter3 


BUILDING UNDERSTANDING 


(1) Decide if the following pairs of numbers are like surds. 


a v3,2/3 b 5,v5 c 2V2,2 d 4v6, V6 
e 2Vv3,5v3 D 3/5395 g -2v5,3V/5 h -/7,—2V7 


o9 Recall your basic skills in algebra to simplify these expressions. 
à lix— 5x b 2x — 7x € —4a + 2la d 4t- 5t+2t 


© a Simplify the surd v48. 


b Hence, simplify the following. 
i v3 + v48 il v48 — 773 ili 548 — 3V3 


Simplify the following. 

a 2V3 + 4V3 b 4v6 + 3V2 — 3V6 + 2V2 

SOLUTION EXPLANATION 

ay A 64 Collect the like surds by adding the coefficients: 
2+4=6. 

b 4V6 + 3V2 —3V6 + 2V2 = V6 + 5V2 Collect like surds involving V6: 
4V6 — 3V6 = 1V6 = V6 
Then collect those terms with V2. 

Now you try 

Simplify the following. 

a 2Vv5 + 3Vv5 b 3V7 + 2/3 — 2V7 + 5V3 


Simplify these surds. 
a 5v/2- v8 b 2v5 — 3V20 + 6v45 
SOLUTION EXPLANATION 
a 5V2— V8 = 5V2 — V4 x 2 First, look to simplify surds: V8 has a 
-5V2-2V2 highest square factor of 4 and can be 
= 3V2 simplified to 2V2. 
Then subtract like surds. 
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b 2v5 — 3V20 + 6V45 = 2V5 —-3V4x5+6V9x5 Simplify the surds and then 


Now you try 


Simplify these surds. 
a 7W2-v8 


Exercise 3B 


= 2V5 — 6V5 + 18V5 collect like surds. Note that 
= 14V5 3V4x5=3x V4 x V5 = 6V5. 


b 2v3 = 2V27 + 3v12 


FLUENCY 


1, 2-4(t/2) 


1 Simplify the following. 


Example 4a a i 3V7+2Vv7 ji 7V3 + 2V3 
Example 4b b i 7V542V3 -— 5V5 + 3v3 ji 4V5 + 6VII — 2V5 + 2V11 
Example4a 2 Simplify the following. 
a 2V5 +4Vv5 b 5v3 — 273 c 7V2- 3V2 
d 8v2- 5v2 e 7V5 +4V5 f 6v3 — 5/3 
g 4V10 + 3V10 — v10 h 6v2—4v2 + 3V2 i v21— 5V21 + 2V21 
j 3v11-— 8VI1 - v11 k -2V13 + 5V13 — 4V13 |. 10V30 — 15V30 — 2V30 


Example4b 3 Simplify the following. 


a 2V3 + 3V2- V3 + 2v2 b 5v6 + 4vV11 — 2V6 + 3V11 

c 3v5 — 4V2 + V5 — 3V2 d 5v2 +2V5- 7v2- v5 

e 2V3 + 2V7 + 2V3 — 2V7 f 5V11 + 3/6 — 3/6 — 5V11 

g 2v2 -— 4V10 — 5V2 + V10 h —4v5 — 2V15 + 5V15 + 2v5 
Example5a 4 Simplify the following. 

a v8—v2 b V8 +3V2 c V274+ V3 

d v20- v5 e 4V18 — 5V2 f 2V75 + 273 

g 3V444 2V11 h 3/8- V18 i v24 + v54 

| 2V125 — 3445 k 3V72 + 2V98 | 3V800 — 4V200 

PROBLEM-SOLVING 5(t/;) 5(1/2), 7(1/2) 5-7(1⁄) 
Examplesb © Simplify the following. 

a v2 =+ v50 + V98 b v6 — 224 + 3V96 

€ 5V7 + 2V5 — 328 d 2V80 — V45 + 2V63 

e v150 — V96 — V162 + V72 f VI2 + V125 — v50 + V180 

g 7V3 — 2V8 + V12 + 3V8 h v36 — V108 + V25 — 3V3 

i 3V49 + 2V288 — V144 — 2V18 j 2V200 + 3V125 + V32 — 3242 
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200 Chapter3 


6 Simplify these surds that involve fractions. Remember to use the LCD (lowest common denominator). 


a 3S. UNE b v5, V5 (H v2 v2 

2 3 4 3 5 6 
NS e 2V2_ v2 t 3V3., v3 

4 12 5 2 7 2 
QS _ avs MEETS | sv10_, 3vi0 

6 9 10 15 6 8 


7 Find the perimeter of these rectangles and triangles, in simplest form. 


a b 
[ise mE 


3N8 cm 
VIZ cm 


c V8 cm d 
Baf A V20 cm 


e f V27 cm 
2 


V75 cm 


8 8, 9(1/2) 9(1/2), 10 


8 a Explain why V5 and V20 can be thought of as like surds. 
b Explain why 3/72 and V338 can be thought of as like surds. 


9 Prove that each of the following simplifies to zero by showing all steps. 


a 5v3 — V108 + V3 b v6 + V24 — 3V6 

c 6/2 — 2/32 + 2V2 d v8- v18 + V2 

e 2V20 — 7V5 + v45 f .3V2 - 2/27 — V50 + 6V3 + V8 
10 Prove that the surds in these expressions cannot be simplified by addition or subtraction. 

a 3V12- V18 b 4V8 + v20 c v50 — 2v45 

d 5v40 + 2Vv75 e 2v200 + 3V300 f v80 — 2v54 


ENRICHMENT: Simplifying both surds and fractions = = 11("/2) 


11 To simplify the following, you will need to simplify surds and combine using a common denominator. 


v8 v2 p V2, v3 3v5 _ v20 g V98 _ 5v2 
3 5 4 6 4 3 4 2 
2V75 _ 373 p ¥63_ 4v7 y 2V8. VD p 54, v24 
5 2 9 5 3 2 4 7 
v27 V108 j 5V48 | 2V14 k 2v96 _ v600 j 3¥125  2V80 
5 10 6 T 5 7 14 21 
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3C Multiplying and dividing surds 10a 


Learning intentions 

e To know how to multiply and divide surds 

e To understand that, by definition, Vx x vx is equal to x and that this can be helpful in simplifying 
multiplications 

e To be able to apply the distributive law to brackets involving surds 


When simplifying surds such as V18, we write 
V18=V9x2=V9xv2= 3V2, where we use 
the fact that Vxy = vxx Vy. This can be used in 
reverse to simplify the product of two surds. A 


similar process is used for division. 


A surd represents an accurate value until approximated with a 
decimal. Surveyor training includes solving problems where the 
trigonometry ratios are expressed as surds because these are 
exact values and give accurate results. 


| LESSON STARTER | UUL Exploring products and quotients 


When adding and subtracting surds we can combine like surds only. Do you think this is true for 
multiplying and dividing surds? 


e Usea calculator to find a decimal approximation for V5 x V3 and for V15. 
e Use a calculator to find a decimal approximation for 2V10 + V5 and for 2V2. 
e What do you notice about the results from above? Try other pairs of surds to see if your observations 
are consistent. 


Bi When multiplying surds, use the following result. 
+ exse is 
e More generally: a Vx x bv y = abv xy 

BI When dividing surds, use the following result. 


; Sy; 


e More generally: avx = ae 
bvy byy 


E Use the distributive law to expand brackets. 


° ee =ab+ac 
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202  Chapter3 


BUILDING UNDERSTANDING 
@ State the missing parts. 
a vI5«- v3- (5 b V42+v7= z 
m m 


c V6x 5-2 V6x d v11 x V2- VII 
=V___ =V 


o9 Use the definition of squares and square roots to simplify the following. 


a v6x v6 b v7 c (v5)2 


© Expand the brackets. 
a 2(x+ 3) b 5Qx- 1) € 6(5 —4x) 


Simplify the following. 
a V2x V3 b 2V3x3V15 c (2V5)? 
SOLUTION EXPLANATION 
a V2x 3-2 V2x3 Use Vx x Vy = Vxy. 
E 
b 2V3x3V1522x3x V3x15 Use aVx x bv y = abv xy. 
= 6V45 Then simplify the surd v45, which has a highest 
= (OVO «3 square factor of 9, using V9 — 3. 
=6x V9 x V5 Alternatively, using V15 = V3 x V5: 
= 18V5 2/3 x 3V15 = 2 x 3x V3 x V3 x V5 
=2x3x3xv5 
= 1875 
E CYS = 215 25 Recall that a? = a x a. 
=4x5 Combine the whole numbers and surd components 
= 2) by multiplying 2 x 2 = 4 and V5 x V5 — 5. 
Now you try 
Simplify the following. 
a V5x v3 b 3V2x4V6 c Gv7? 
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Simplify these surds. 
ET en 2 
SOLUTION 
a -v10-v2-— AE 
2-5 
12V18 12 /18 
3/3 3W3 
= 4vV6 

Now you try 
Simplify these surds. 
20/1555 


12V18 


3/3 


EXPLANATION 


Use V ye 4/5 


Uke —— = 4 
bvy byy 

b 14V22 
Wil 


Use the distributive law to expand the following and then simplify the surds where necessary. 


a V¥3(3V5 — v6) 
SOLUTION 
a V33V5 — v6) =3V15 — V18 
=3V15— V9x2 
= 3V15 — 3/2 
b 3V6(2V10 — 4V6) = 6V60 — 12x 6 
= 6V4 x 15 — 72 
= 12V15 — 72 
Now you try 


b 3V6(2V10 — 4v6) 


EXPLANATION 
Expand the brackets V3 x 3V5 = 3V/15 and 


V3 x V6 = V18. 
Then simplify v18. 


Expand the brackets and simplify the surds. 
Recall that V6 x V6 = 6 and V4 x 15 = 2V15. 


Use the distributive law to expand the following and then simplify the surds where necessary. 


a vV2(5V3 — V7) 
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204 ~=Chapter3 


Exercise 3C 


1, 2-8(1/2) 2—8(/2) 2—8(/5) 
1 Simplify the following. 
Example 6a a i v7 x V6 ii Vil x V5 
Example 6b b i 2N3 x 5V7 ii 3/7 xX 2V5 
Example 6c c i (2 v3)2 ii (3 V5)? 
Example6a 2 Simplify the following. 
a v3x v5 b V7xv3 c v2x v13 
d v5 x v7 e v2 x (-VvI15) f -=7v6x v5 
g —V6x (-v11) h -V3x(-v2) i v10 x v7 
Example7a 3 Simplify the following. 
a v20- V2 b V18- v3 c v33 =+ (- VID) 
d —¥30 + (-46) E p 330 
Vs v3 
, “0 ee | 
VB V2 V10 
4 Simplify the following, making use of Vx x Vx = x, x > 0, in each part. 
a v3x v3 b Vv5xvs5 c Vox v9 
d vi4x v7 e V2x v22 f V3x V18 
g v10x v5 h vi2x v8 i v5 x v20 
Example6b 5 Simplify the following. 
a 2V5x V15 b 37x v14 c 4V6 x v21 
d —5V10 x v30 e 3v6 x (—V18) f 5v3 x v15 
g 3V14 x 2v21 h —4vV6 x 5V15 i 2V10 x (-2V25) 
j —2V" x (-3V14) k 4V15 x 2v18 | 9V12 x4v21 
Exampleéc 6 Simplify the following. 
a (V1? b (v13)? c QV3? 
d (5V5)? e (7/39? f (9/2? 
Example7) 7 Simplify the following. 
a ovl4 p v2 a 4v30 
37 52 8 V6 
į 32 $E , 12¥70 
226 921 18 V14 
Example8 8 Use the distributive law to expand the following and then simplify the surds where necessary. 
a v3(V2- V5) b v2(V7 - v5) c —V5(v11 + V13) 
d —2V3(V5 + V7) e 3V2(2V13 - V11) f 4v5(v5 — V10) 
g 5V3(2V6 + 3V10) h —2V6(3V2 - 2V3) i 3V7QN7 + 3V14) 
j 6V5GV15 — 2V8) k —2V8(2V2 — 3V20) | 2V3(7V6 + 5V3) 
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Australian Curriculum Year 10 & 10A 3ed 


PROBLEM-SOLVING 10 9(1/2), 10 9(1/2), 10, 11 


9 Simplify the following. 


a (2v7)2 b (-3V2)2 c -(5/3»? 
d v2(3- V3) - v8 e vV8(V6 + V2) — v3 f V5(V2 + 1) — V40 
g V44 — 2(V11 - 1) h v24 -2V2(v3 — 4) i 2V3(V6 — V3) — v50 


10 Determine the unknown side of the following right-angled triangles. Recall that à? + b? = c? for right- 
angled triangles. 


a b C 8 
Zt LG NA 
2V7 
4 


fl a The perimeter of a square is 2V3 cm. Find its area. 
b Find the length of a diagonal of a square that has an area of 12 cm?. 


12 12, 13 13, 14 
12 Use Vx x Vy = Vxy to prove the following results. 
a V6x vV6-6 b —V8x V8 = -8 € -V5x(-vV5)25 
13 V8 x V27 could be simplified in two ways, as shown. 
Method A Method B 
V8 x V27 = VAx2x 9x3 V8 x V27 = V8 x 27 
= 2V2 x 3/3 = V216 
=2x3xv2x3 = V36 x 6 


a Describe the first step in method A. 
b Why is it useful to simplify surds before multiplying, as in method A? 
Multiply by first simplifying each surd. 


i v18 x v27 ii v24 x V20 iii V50 x v45 
iv V54 x V75 v 2V18 x V48 vi V108 x (-2V125) 
vii —4V27 x (— V28) viii V98 x V300 ix 2V72 x 3V80 
14 TE could be simplified in two ways. 
Method A Method B 
Va v3 v3 5! 
= V4 =2 
=2 
Choose a method to simplify these surds. Compare your method with that of another student. 
ya y V20 ¢ -162 
v3 v5 v2 
E , 2⁄5 NEN 
54/8 15V5 v75 
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206 Chapter3 


ENRICHMENT: Higher powers 15-16(1/2) 


15 Look at this example before simplifying the following. 
(2V3)3 = 23(v3)° 


=2x2x2xv3x V3 x V3 
=8x3xv3 
= 24V3 
a (3v2)3 b (5/39 
c 2(3V3)3 d (V5) 
e (—v3)4 f (2v2)5 
g -3QV59? h 2(-3V2)3 
3 
i 5(2v3)4 j ane 
k v2» i (3v2)4 
4 4 
2 3 Da pz 4 
" (5V2) - (2V3) " (2V3) i 3V2) 
4 3 9 3 
, Q5? , EOY 8V3)? , Gv2y 
5 24 P 3-75 d 
á Qua qou3p p YD? , 2V8? 
50 ` 5 9 ] (V27)3 
16 Fully expand and simplify these surds. 
a QV3- V2)2 + (V3 + V2)? 
b (v5 -= V3? + (V5 + V3)? 
€ (V3 — 4V5)(V3 + 4V5) — (V3 — V5)2 
d —10V3 — QV3— 52 
e (V3 —-2V6? + (1 + V2)? 
t (2V7 -= 3)? — 3 — 2V7)? 
g (2V3 — 3V2 (2V3 + 3V2) — (V6 — V2)2 
h V2(2V5 — 3V3)2 + (V6 + V5)? 
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3D Rationalising the denominator 10a 


Learning intentions 

e To understand that a surd multiplied by itself gives a whole number 

e To know that rationalising the denominator refers to converting an irrational denominator to one that is rational 
e To be able to rationalise the denominator 


As you know, it is easier to add or subtract fractions when 
the fractions are expressed with the same denominator. In a 
TE - í : 1 
similar way, it is easier to work with surds such as — and 
/3-1 v2 


"t when they are expressed using a whole number 
5 


in the denominator. The process that removes a surd from 


the denominator is called ‘rationalising the denominator’ 


because the denominator is being converted from an 


irrational number to a rational number. Working through a problem using surds 
provides exact value solutions. Navigation 
training uses surd manipulation to solve 
problems of speed and direction, applying 


| LESSON STARTER | STARTER What do | multiply by? Pythagoras' theorem and trigonometry. 


When trying to rationalise the denominator in a surd like UN you must multiply the surd by a chosen 


number so that the denominator is converted to a whole number. 


* First, decide what each of the following is equivalent to. 


a: » 2 E 
v5 v2 v21 
e Recall that Vx x Vx = x and simplify the following. 
a v5xv5 b 2V3 x v3 c AV x V7 


e Now, decide what you can multiply " by so that: 
2 


- the value of sk does not change, and 
v2 
- the denominator becomes a whole number. 
* Repeat this for: 
a JL. b — 
v5 2V3 


KEY IDEAS 7 


/ 


B Rationalising a denominator involves multiplying by a number equivalent to 1, which changes 
the denominator to a whole number. 


ae E 38 x Vy = xv y 
Vy Vy 
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BUILDING UNDERSTANDING 
Q Simplify. 
v6 2V5 
v6 4v5 


(2) State the missing number. 


a V3x _ =3 b V10x V10= _ c 2V5x _=10 d —_x3V7=21 


© Use a calculator to find a decimal approximation to each number in the following pairs of numbers. 


What do you notice? 


1 v7 " I1V11 11V55 


E] 


JY 4s. 8 


Rationalise the denominator in the following. 


ee p Z 262: TE. 
v3 v5 5V2 v3 
SOLUTION EXPLANATION 
a 2-2 x UE Choose the appropriate fraction equivalent to 1 
J NES V3. 
24/3 to multiply by. In this case, choose T since 
eg ave! 3 
3 Ve xe ce 
b 3v2 = 3v2 x v5 Choose the appropriate fraction. In this case, 
v5 ws v5 P 
3/10 use — since V5 x V5 = 5. Recall 
= E V5 
A2 «0/5 = 2005 = V0. 
2v7 = 2v7 x v2 Choose the appropriate fraction; i.e. v2 
54/2 5A 42 v2 
"NI 5x V2x V2=5x2=10 
= 105 Cancel the common factor of 2. 
| v14 
3 
d 1 ES =a PS x S Expand using the distributive law: 
: ? : Q- V3) x V3 =1x V3- V3 x V3 = v3 -3 
_v3-3 
3 
Now you try 
Rationalise the denominator in the following. 
Td I dE EEDUS "ro 
v2 VI 32 v7 
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Exercise 3D 


1, 2-5(*/2) 2-5(1/2) 
1 Rationalise the denominator in the following. 
s 
v6 
y 9 
v2 
i 25 
7V6 
ee 
v5 
a A b p C 3 d 4 
v2 v7 En v5 
5 8 v5 V2 
e — f — g — h — 
Và v2 Và v7 


e 


Rewrite each of the following in the form Ya and then rationalise the denominators. 
b 
a TE b 5 E d 
3 7 11 
e Th f TE y 4/22 h 
3 7 3 


4 Rationalise the denominators. 


e 


SI AS 


, 2 p 5v3 ME 
v7 v3 v2 
XG p D3 (M 
v7 v10 v15 
5 Rationalise the denominators. 
T p 2G Q8 Q8 
573 3V2 3v5 5V10 
E QM , 6 „ 090 
3V35 3v27 2V3 2V70 
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PROBLEM-SOLVING 7 6(1/2), 7 6-8(/3) 


Examplesd 6  Rationalise the denominators. 


1+ V2 p SWR p 2258 
Và Vi vs 
d V3 - V5 " v5 + V2 , V10 — V7 
v2 v7 Và 
4D 4 V7 p 15412 ; V6- 1710 
v6 VIO v5 
4V2 — 5/3 y 3V5 + 5V2 | 3v10 + 573 
V6 v10 v2 
7 Determine the exact value of the area of the following shapes. Express your answers using a rational 
denominator. 
a E: is b C V2 mm 
$ Es 
5cm d 
2 V3 mm 
—m 
V6 
8 Simplify the following by first rationalising denominators and then using a common denominator. 
1 1 3 1 3 2 
a — + b —+— e —-— 
V8 v V8. V8 Vi 48 
d 5 Z 2 e l + 5 f 3 + 2 
2V3 3V2 3V2 4v3 2V5 5V3 
y 02 NT p love, 4v2 i Sv2_4v7 
5/7 3v2 3/5 3V3 3V5 3V6 
REASONING 9 9, 10(1/2) 


9 Explain why multiplying a number by a does not change its value. 
x 


10 Rationalise the denominators and simplify the following. 


V3 +a b V6 +a à V2ra 
v7 v5 v6 
d V3 — 3a è V5 — 5a f V7 — 7a 
v3 v5 v7 
g 4a + V5 h 3a + V3 i 2a + v7 
v10 v6 v14 
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Ti To explore how to simplify a number such as 


, first answer these questions. 


a Simplify. 7 
i 4- v2)(4 + V2) ii G- VDG + V7) iii (5V2 — V3)(5V2 + V3) 


b What do you notice about each question and answer in part a above? 


€ Now decide what to multiply by to rationalise the denominator. 


d Rationalise the denominator in these expressions. 


Te —— i V2 w —2¥6 _ 
4= V2 43 «1 V4 — V3 V6 — 2V5 
ENRICHMENT: Binomial denominators = = 12(1/2) 
12 Rationalise the denominators in the following by forming a ‘difference of two perfect squares’. 
2 2 21 
Forexample: = x 
JZl Vi VIS 1 
| 24v2-1) 
(V2 + 1)W2-1 
| 292-2 
2-1 
=2V2-2 
a 3 b ad C 2 d 2 
V3 +1 31 45 —2 1- V2 
"E: i 7 à 4 h 2 
1- v3 6- v7 3 — V10 Se 
i 2 j 6 k 4 i v2 
VIl- v2 J2+V5 V3 + V7 AT 4 
N v6 ! 3V2 à 2V5 j b 
6-1 159 V5 4 2 Va + vb 
— , Ya vb EE" Q0 ab 
Va — vb Va + vb Va + vb Va — vb 
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3E Review of index laws  consotipatine 


Learning intentions 


From your work in Year 9 you will 
recall that powers (i.e numbers 
with indices) can be used to 
represent repeated multiplication 
of the same factor. For 

example, 2 x 2 x 2 = 23 and 


To know that powers are used as a short hand way of writing repeated multiplications 

To understand that index laws for multiplication and division apply only to common bases 
To know how to combine powers with the same base under multiplication and division 

To know how to apply powers where brackets are involved 

To know that any number (except 0) to the power of zero is equal to 1 

To be able to combine a number of index laws to simplify an expression 


Index laws efficiently 
simplify powers of 

a base. Powers of 

2 calculate the size 
of digital data and 
bacterial populations, 
and powers of 


4 10 are used 
5xxXxXxXxXx-5x.The when calculating 
five basic index laws and the zero earthquake and 
power will be revised in this eina 


section. 


aU EX UIS Recall the laws 


Try to recall how to simplify each expression and use words to describe the index law used. 


4 
e 53x 57 © (a)? ° (3) 
-—À * Qa e (4 


KEY IDEAS A 


E Recall that a = a! and 5a = 5! x al. 


E The index laws 


O lLigwy ile P? $2 Gi? e Ge? Retain the base and add the indices. 
ad : ets 
* Law 2: a^ —- q" — "s atia Retain the base and subtract the indices. 
a 
O- Lawi Ua ex gis Retain the base and multiply the indices. 
* Law 4: (a x b)" = q" x pm Distribute the index number across the bases. 
QE que uM : 
e Law 5: b = p Distribute the index number across the bases. 
E The zero power: a? = 1 Any number (except 0) to the power of zero is 
equal to 1. 
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BUILDING UNDERSTANDING 


1) Simplify, using index form. 
a 3x3x3x3 TX7X7X7X7X7 
D 2xXXXXx3xx 2xbxax4xbxaxa 


o9 State the missing parts to this table. 


4 2 1 
23 = 8 


[3] State the missing components. 
à 2x2 =2x2x 


=x 
(2x)9 x 2x9 = __ 
=2 


Simplify the following using the first index law. 


a ox b 3a2b x 4ab? 

SOLUTION EXPLANATION 

a Oxx'2 There is a common base of x, so add the indices. 
b 3a2b x 4ab? = 12a? p^ Multiply coefficients and add indices for each 


base a and b. Recall that a = al. 


Now you try 


Simplify the following using the first index law. 
dex x b 2ab? x 7a?p? 


Simplify the following using the second index law. 


a m +m b 4x2y? + (83 
SOLUTION EXPLANATION 
a m'm’ =m Subtract the indices when dividing terms with the 
same base. 
Continued on next page 
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A4x2y? 
b 4p + (8xy?) = 4 First, express as a fraction. 
X 2 bue à : £ 
i Divide the coefficients and subtract the indices 
ae of x and y (i.e. x?-1 y>—2), 
2 
TN 
ees 
2 y 


Now you try 


Simplify the following using the second index law. 
a m +m b 5x34 010292) 


Simplify the following using the index laws. 


DOS 3 23 x 4 4.2 
a (à b (2y5)3 (= ) je CEE 
5y^z 8x2y 
SOLUTION EXPLANATION 
a Wer esee Use index law 3 and multiply the indices. 
b (2553 223i Use index law 4 and multiply the indices for each 
=9® base 2 and y. (Note: 2 = 2!.) 

3x2\3 — 336 . : : 
C I = Raise the coefficients to the power 3 and multiply 

3y'z S the indices of each base by 3. 

27S 
125y62? 
243 4.2 3.6 Al 9) 
d a) - Dy = My a2 » Remove brackets first by multiplying the indices 
&x y &x^y for each base. 
12x7y8 Simplif ing i 
= plify the numerator using index law 1. 
8x2y 
T: 33y! Simplify the fraction using index law 2, 
2 subtracting indices of the same base. 


Now you try 
Simplify the following using the index laws. 
DINZ ayy Cay 
a (ap b (359 c (2 ) ye eens 
Tyz2 2x2y 
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Evaluate, using the zero power. 


a 4a? 
SOLUTION 
a 4a?=4x1 


=d 


b 2p9+ (3p 22x 141 


=3 


Now you try 


Evaluate, using the zero power. 


a 24 


Exercise 3E 


b 2p? + (3p)° 


EXPLANATION 


Any number to the power of zero is equal to 1. 


Note that (3p)? is not the same as 3p. 


b 5p? +(7p)? 


1, 2-5(1/2) 2-5 (1/3) 
Simplify the following using the first index law. 
ai x» ll x6 x x2 
b i Sab x 2ab? ii 4a*b x 3ab4 
Simplify, using the first index law. 
a xa xxx c bxb’ 
d 7m? x 2n? 254 X 35? È x 2È 
1 2 4 3 3 3s 
—p* x h =—c* x =c i osx = 
d dod 5 ^5 
j 2x*y x 3xy? k 3a*b x Sa? | 3v7w x 62w 
m 3x4 x 5x? x 10y4 n 2rs? x 3r*s x 27s? 0 4mÓn! x mn x 5mm? 
Simplify, using the second index law. 
a rsx b a! a6 c +q 
8 8 
d Db cs _ 
3 d? 
T. 15 
g 2 h — | 2x5) +x 
6 9 
j m 
j  3Ps? + (Ps) k 6p*q? + (342p?) |. 16m7x9 + (8m3x4) 
2p4 5 
a?b 28 8? 
7a?b —3 x^y —8x2y3 
P Mab 9x3y 16x2y 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


ISBN 978-1-108-77346-1 


© Greenwood et al. 2020 


Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


216 


Chapter 3 


Example zac 4 Simplify using the third, fourth and fifth index laws. 


a (>)? 
e (4°) 


; a*\? 
| (S) 
(S) 
5g 
Example13 5 Evaluate the following 


a 8x9 
e 5(g 


PROBLEM-SOLVING 


a Éx 
extn! x Xn? + (xn) 


m?w x mw? 


mw 
9x23 x 6x7y5 
12xy6 
16a5b x 4ab! 
32a! L6 
k —5(a?b)? x (3aby? 
4m2n x 3(m?n)? 
6m?n 
2(ab)? x Qa?by? 
4ab? x 4a! b3 
7 Simplify. 
a (-3)3 
8 Simplify. 


a [os 


REASONING 


b (0)? 
f Qu 


(2) 2 
2pq? 
using the zero power. 


b 379 
f 82-5 


ampetd 6 Use appropriate index laws to simplify the following. 


b -(3)3 


b ((53)7 


c 4(a2)3 d 5053 
g (39) h (3p5* 
243N 2 4,2N4 
« () (C) 
z y 
0 at 3 p 4p°q° 4 
394 3r 
c (559 d (10a52)0 
g 450 —9 h 739 — 4(2y)9 
6(1/2), 7 6(1/2), 7 6(1/5), 7, 8 
b xy + (xy) X xy? 
d xy x xy 
dy 
f ras! x ras? 
rés! 


Ax*y3 x 1222? 
24x4y 
(3m?n*)3 x mn? 
(4f?2)° x f?g* = (3023) 
(Tyz)? x 3yz? 


102)? 
(2m*)? , (6my 
3(mn^) — (-2n)> m4 
(-3)4 d —34 


9 Evaluate without the use of a calculator. 


i» 
132 
25? 
54 
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10 When Billy uses a calculator to raise —2 to the power 4 he gets —16 when the answer is actually 16. 


What has he done wrong? 


1i Find the value of a in these equations in which the index is unknown. 


a 27-8 b 3¢=81 
d (—3)4 = -27 e (—5)% = 625 


ENRICHMENT: Indices in equations = 


12 If x^ = 3, find the value of: 
a x b xt-1 c 2xló 


13 Find the value(s) of x. 
a x+=16 b 2116 c 25216 


14 Find the possible pairs of positive integers for x and y when: 
a x =16 b »-—64 c x—81 


C 
f 
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3F Negative indices 


Learning intentions 

e To understand how a negative power relates to division 

e To know how to rewrite expressions involving negative indices with positive indices 
e To be able to apply index laws to expressions involving negative indices 


The study of indices can be extended to include negative powers. Using the second index law and the fact 
that a = 1, we can establish rules for negative powers. 


a0 + a” =a" (indexlaw2) also a0 +a" — 1 + a^ (as a = 1) 


= at = 1 
a” 
Therefore: a" = E 
aq" 
Also: —=1+a™” 
= : 1 
Steg 
n 
=1x% 
1 
— a” 


1 
Therefore: — = a". 
q^" 


A half-life is the time taken for radioactive material to halve in 
size. Calculations of the quantity remaining after multiple halving 
use negative powers of 2. Applications include radioactive waste 
management and diagnostic medicine. 


| LESSON STARTER | Visa The disappearing bank balance 


Due to fees, an initial bank balance of $64 is halved every month. 


64 32 16 8 4 2 1 = 


26 | 25 


Rija 


26 24 2-1 


Copy and complete the table and continue each pattern. 


Discuss the differences in the way indices are used at the end of the rows. 


What would be a way of writing rr using positive indices? 


What would be a way of writing » using negative indices? 
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KEY IDEAS / 


Ba”= re For example, 273 = ibe 2 
at 29 8 
mH 1 m 1 3 
—— = í] Forexample = 0 e 
ge 2-9 


BUILDING UNDERSTANDING 


(1) State the next three terms in these patterns. 


RRL no? tL? a os 


b x2, x!) x9, 4 


o9 Recall that i = = Similarly, state these fractions using positive indices. 
2 
e 
25 16 
© State each rule for negative indices by completing each statement. 


a at= b d 
ae aS 


Oo Express the following with positive indices using a^" = —, and evaluate. 
a 


a 52 b 3-3 C 4x 72 


Express each of the following using positive indices. 


oes b 3x5? C ER 
x3 
SOLUTION EXPLANATION 
a b= ES secre í 
bt a" 
3y? l ! a” 
b 3x-4y2 = 2 x is the only base with a negative power. P3 J x = 
js I œ lo ga 
C x Use eS a Se eem 
= "ZZ 2 3 
= 5x3 
Now you try 
Express each of the following using positive indices. 
a b? b 2x2y C =a 
x4 
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Simplify the following expressing answers using positive indices. 


2a3b” b 4m-2n3 

ab? 8mP>n—4 
SOLUTION EXPLANATION 

2a>b? ces : ; SS 

= er^ Use index law 2 to subtract powers with common base a 
abs Des 
andhaa 
B ; - 2m 
a Express with positive powers — x — x —. 
1 @ b 
—243 läm InI 

b W W A Cancel common factor of 4 and subtract powers m~2~5 and n?- 79, 

nn 8 "nes loi oa 

7 Express with positive powers — X — x —. 
cL 2 m 1 
2m! 

Now you try 
Simplify the following expressing answers using positive indices. 

Sa?b? 3m-3n® 

atb! 9m^n-? 


(p ?q)* x (=) x b ( 2m3 ) A Cy 
5p-1¢3 @ "m r 
SOLUTION EXPLANATION 
-274 -2\ -3 -8,4 6 
qq) x (? ) S E x Z Deal with brackets first by multiplying each 
5p-lq3 qi Sp-lg? q? ur b 
Pu of the indices within the brackets by the 
EON HN bracket power. 
5p Gg Uei ES 
“110 se index laws 1 and 2 to combine indices 
UNE! of like bases. Simplify each numerator 
» and denominator first: p~8+® = p-? and 
E Ru VEO 
5p (i) AAG -1,10 
Mise m L to express p^! with a positive 
index. 
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Now you try 


Multiply each of the indices within the 


bracket by the bracket power. 
Multiply by the reciprocal of the divisor. 


Use index laws 1 and 2 to combine indices of 
like bases. 


Write the answer with positive powers. 


Simplify the following and express your answers using positive indices. 


(p-1q T (=) —1 
DP NF 


Exercise 3F 


2m? 


b 2 Am7|n2\3 
rán) r 


1, 2-5 (1/2) 2—6(1/5) 2—6(14) 
1 Express each of the following using positive indices. 
Example 14a a i b2 iT] a 
Example 14b b i 4x71y3 il 7x-3y? 
Example 14c c i p ii 6 
r? xT 
Example 14b 2 Express the following using positive indices. 
a x? b a^ c 2m4 d 3y7 
e 3a*b-3 f 4m3n-3 g 10x2y5z h 3x~4y-2z3 
i p j E d2e-^f5 k Bode | 2 p3e-Sqr2 
Example 4¢ 3 Express the following using positive indices. 
a ES b 2 C DE. d 3 
x? y? m^! b75 
4 2 4 3 
Tu p 3m j 2 yo 
a n4 3a73 2g? 
Example15a 4 Use index laws 1 and 2 to simplify the following. Write your answers using positive indices. 
3 -2 7 -4 5 -9 
a x'xx b a'xa c 2b xb d 3y xy? 
e xy xx3y4 f 4a~®y4 x dy? g 2a~3b x 3a~2b-3 h 6a*b? x 3a~*b 
i afb? j m?n? k 3x2y | Am? n^ 
a2b? mn? 6xy? Tmn” 
242,4 4.6 
r 12r*s 
m abt + (a2?) n p (pq o P » s p 5 
p&r 9rs 
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Exampleisb 9 Express the following in simplest form with positive indices. 


—2 —3 -2 Af-5 
2x h Td e 5s d if 
3x7? 104-5 3s a? 
pu QC 3w-2 E 
f?p ps 6w 3x? 12c?40-3 


6 Express the following with positive indices. 


2\ 4 INA 
(=) (=) c 2077 d 4(d-2)3 
x 4m? 
e (3175? f 5(x2)-2 g (3x54 h -8(5)3 
| qe j Gry" k 7G7y* | 20°)? 
PROBLEM-SOLVING 7(u2) 7-8(1/2) 7—8(1/5), 9 
Examples 7 Simplify the following and express your answers with positive indices. 
a (ab)? x (ap^)! b Qp5*x Gp!q)? c 267y y x (3x? 
203p? x 2a*b> (3rs2)4 — (2r2s)2 A 4(x-2y2 x 
q^? pt "nm E. ly 2x-3y 
(£y . (s) h (=e) . (Ey i 3(x2y~4)2 . (y) 3 
p? i az rà ` p 2(xy?)? f (3x72y4)2 
8 Evaluate without the use of a calculator. 
a 572 b 43 p zx d 5x (-3-5) 
e 310x (33-6 f (29x 44-3)3 g 2- bcm 
7-2 4-2 
i 2 -2 j -5 -3 k (4723 i (1075-2 
3 4 ga on) 


9 The width of a hair on a spider is approximately 3? cm. How many centimetres is this, correct to four 
decimal places? 
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10 a Simplify these numbers. 


-1 
b What is (t) when expressed in simplest form? 


11 A student simplifies 2x7? and writes 2x7? = E Explain the error made. 
2x 


12 Evaluate the following by combining fractions. 


Ae pedi T M 3\ 1" 
a 2-3 b 37-46 C G) (5) 
gei. pat E (5-7) 3 2-1 -1 
i (5) cse 2E: E x 


x 
13 Prove that (5) = 2~* giving reasons. 


ENRICHMENT: Simple equations with negative indices = m 14(1/2) 


14 Find the value of x. 


x 
j ral x= L ce z=} d (2) =4 
4 32 27 4j 3 
x x 
ue um GE CS -13 des h Ł=81 
3) 4 5 8 2 gs 
jd j s-2=L k »3-l l acl. 
2 25 9 1000 
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CS) 1 Express each number as a decimal and decide if it is rational or irrational. Then locate all the 
numbers on the same number line. 
N a v10 b z Cz d 31595 
= 
c ED 2 Simplify the following. 
N 
e a v8 b 275 qe je. s 
a> 8 16 
2 
c 
e (ex) 3 Express 8V3 as the square root of a positive integer. 
a- 
C9 4 Simplify the following. 
a 7V3 -5V3 + v3 b 4v2 —3V5 + 2V2 + 5V5 
c 5v48 — 2V12 d 7V45 — V243 — 2V20 + V27 
CA 5 Simplify the following. 
a -v3 x V5 b —5V21 x (-v14) c 14V7 = (21V35) 
d vox v6 e QVI3? 
Ta 6 Use the distributive law to expand 2V3(v6 + 5/24) and simplify the surds where necessary. 
E 7 Rationalise the denominators. 
3e p 253 cS 
: E Es 
(cR) 8 Simplify, using index laws. 
a axa b 4x2y x 3xy3 c ho +h d 5m?n* + (10m?n) 
443\ 2 
e (a2? f ny y e d ) h (2ab)° + 5m° 
Trt 
a] 9 Simplify the following where possible and express your answers using positive indices. 
—7 
a b 2a-?bp*c-? C =a d “u 
ee Sue? 
SN sr p 
E f Qa-)3 g 6a?m*x2a 7m? h elena 
kl 15c- 1g? 
LaF | 10 Simplify the following and express your answers using positive indices. 
(a3b)> . q ^M? b 3x2 \2 ; 2x 20343 
Sab?  Np6 ed) \ d 
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3G Scientific notation —consovioatine 


Learning intentions 


Scientific notation is useful when working with 
very large or very small numbers. Combined 
with the use of significant figures, numbers can 
be written down with an appropriate degree of 
accuracy and without the need to write all the 
zeros that define the position of the decimal 
place. The approximate distance between the 
Earth and the Sun is 150 million kilometres or 
1.5 x 108 km when written in scientific notation 
using two significant figures. Negative indices 
can be used for very small numbers, such as 
0.0000382 g = 3.82 x 10g. 


To understand that very large and very small numbers can be written in a shorthand form 
To know the general form of a number in scientific notation 

To be able to convert between scientific notation and basic numerals 

To know the meaning of the term significant figure 

To be able to round a number to a desired number of significant figures 

To know how to use technology in working with scientific notation 


Everyday users of scientific notation include astronomers, 
space scientists, chemists, engineers, environmental 
scientists, physicists, biologists, lab technicians and medical 
researchers. This image shows white blood cells engulfing 
tuberculosis bacteria. 


XU EUN Amazing facts large and small 


Think of an object, place or living thing that is associated with a very large or small number. 


* Give three examples using very large numbers. 


* Give three examples using very small numbers. 


* Can you remember how to write these numbers using scientific notation? 


e How are significant figures used when writing numbers with scientific notation? 


KEY IDEAS 


B A number written using scientific notation is of the form a x 10", where 1 < a < 10 or 


—10 < a € —1 and m is an integer. 

e Large numbers: 24800000 = 2.48 x 107 
9020000000 = 9.02 x 10? 

e Small numbers: 0.00307 = 3.07 x 107? 
—0.0000012 — —1.2 x 1076 
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E Significant figures are counted from left to right, starting at the first non-zero digit. 
e When using scientific notation the digit to the left of the decimal point is the first 
significant figure. 
For example: 20190000 = 2.019 x 10 shows four significant figures. 
e The |x 10”), EE or Exp keys can be used on calculators to enter numbers using scientific 
notation; e.g. 2.3E-4 means 2.3 x 1074. 


BUILDING UNDERSTANDING 


(1) How many significant figures are showing in these numbers? 
a 2.12x 107 b 1.81 x 1073 C 461 d 0.0000403 


e State these numbers as powers of 10. 
a 1000 b 10000000 € 0.000001 


© Convert to numbers using scientific notation by stating the missing power. 
a 43000 = 4.3 x 10 b 712000 = 7.12 x 10 € 9012 = 9.012 x 10 


d 0.00078 = 7.8 x 10 e 0.00101 = 1.01 x 10 f 0.00003 = 3 x 10 


Write each of these numbers as a basic numeral. 


25:016 x 10° bo 32 108) 

SOLUTION EXPLANATION 

a 5.016 x 10? = 501600 Move the decimal point 5 places to the right. 
b 3.2 x 10-7 = 0.00000032 Move the decimal point 7 places to the left. 
Now you try 


Write each of these numbers as a basic numeral. 
a 2.048 x 104 b 4.7 x 1075 


Write these numbers in scientific notation, using three significant figures. 


a 5218300 b 0.0042031 
SOLUTION EXPLANATION 
a 5218300 = 5.22 x 10° Place the decimal point after the first non-zero 


digit. The digit following the third digit is at 
least 5, so round up. 
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b 0.0042031 = 4.20 x 10? Round down in this case, but retain the zero to 
show the value of the third significant figure. 


Now you try 


Write these numbers in scientific notation, using three significant figures. 
a 7937200 b 0.00027103 


Exercise 3G 


1, 2-5 (1/2) 2-5 (1/2) 2-6 (1/3) 
1 Write each of these numbers as a basic numeral. 

Example 17a a i 3.126 x 103 ii 5.04 x 106 
Example 17b b i 28x 107? ii 5.91 x 10-6 
Examplet7a. 2 Write each of these numbers as a basic numeral. 

a 3.12 x 103 b 5.4293 x 104 c 7.105 x 105 

d 8.213 x 10° e 5.95 x 104 f —8.002 x 105 

g —1.012 x 10^ h 9.99 x 106 i 2.105 x 108 

j —5.5 x 104 k 2.35 x 10? | 1.237 x 10!2 
Exmpett? 3 Write each of these numbers as a basic numeral. 

a 45x10 b 2.72 x 107? c 3.085 x 1074 

d 7.83 x 1073 e —9.2 x 1075 f 2.65 x 107! 

g 1.002 x 1074 h —6.235 x 10-6 i 9.8 x 107! 

j —5.45 x 10710 k 3.285 x 107!2 | 8.75% 10-7 
Exmpetàa 4 Write these numbers in scientific notation, using three significant figures. 

a 6241 b —572644 c 30248 

d 423578 e —10089 f 34971863 

g 72477 h 356088 i 110438523 

j 909325 k -4555678 | 9826100005 
Exmpetibh 9 Write these numbers in scientific notation, using three significant figures. 

a 0.002423 b  —0.018754 € 0.000125 

d  —0.0078663 e 0.0007082 f 0.11396 

g 0.000006403 h 0.00007892 i 0.000129983 

j | 0.00000070084 k 0.000000009886 | —0.0004998 

6 Write in scientific notation, using the number of significant figures given in the brackets. 

a —23900 (2) b 5707159(3) € 703780030 (2) 

d 4875(3) e 0.00192 (2) f —0.00070507 (3) 

g 0.000009782 (2) h  —0.35708 (4) i 0.000050034 (3) 
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PROBLEM-SOLVING 7—8(1/2) 7—8(1/2) 7—8(1/5), 9 


7 Write the following numerical facts using scientific notation. 
à The area of Australia is about 7700000 km?. 
b The number of stones used to build the Pyramid of Khufu is about 2500000. 
C The greatest distance of Pluto from the Sun is about 7400000000 km. 
d A human hair is about 0.01 cm wide. 
e The mass of a neutron is about 0.000000000000000000000000001675 kg. 
f The mass of a bacterium cell is about 0.00000000000095 g. 
El 8 Usea calculator to evaluate the following, giving the answers in scientific notation using three 
significant figures. 


a (377 b (5.04)74 c (2.83 x 10573 
d 5.12 (8x 102) e (9.3 x 1072) x (8.6x 1085) f (327x1095)-(9x10-75) 
g v3.23 x 1076 h z(3.3 x 107)? i 573 x 107 


El 9 The speed of light is approximately 3 x 10? km/s and the average distance between Pluto and the Sun 
is about 5.9 x 10? km. How long does it take for light from the Sun to reach Pluto? Answer correct to 
the nearest minute. 


10 10, 11(1/2) 11—12(1/), 13 


10 Explain why 38 x 107 is not written using scientific notation. 


11 Write the following using scientific notation. 


a 21x 10? b 394 x 107 c 6004 x 107? d 179 x 1076 
e 02x 104 f 0.007 x 102 g 0.01 x 10? h 0.06 x 108 
i 04x10 j 0.0031 x 10-!! k 210.3 x 10-6 | 9164 x 10774 


12 Combine your knowledge of index laws with scientific notation to evaluate the following and express 
using scientific notation. 


a (3x 102)? b (2x 10%)3 c (8 x 104)? 

d (12x 107)? e (5x10-5-2 f (4x 105)-2 

g (1.5 x 1073)? h (8x 10-8)-! i (5x 10-7) x (2 x 1074) 
j (Gx 10-7) x (4.25 x 102) k (15 x 108) x (12 x 107!!) | (18 x 105) + (9 x 103) 
m (240 x 1074) + (3x 1072) n (2x 1078) + (50 x 105) 0 (5x 102) + (20 x 1073) 


13 Rewrite 3 x 107^ with a positive index and use this to explain why, when expressing 3 x 107^ as a 
basic numeral, the decimal point is moved four places to the left. 


= = 14 


14 E = mc? is a formula derived by Albert Einstein (1879-1955). The formula relates the energy (E joules) 
of an object to its mass (m kg), where c is the speed of light (approximately 3 x 109 m/s). 


Use E = mc? to answer these questions, using scientific notation. 
a Find the energy, in joules, contained inside an object with these given masses. 
i 10kg ii 26000 kg iii 0.03 kg iv 0.00001 kg 
b Find the mass, in kilograms, of an object that contains these given amounts of energy. Give your 
answer using three significant figures. 
| 1x10%5J ii 3.8 x 1016] iii 8.72 x 104J iv 1.7 x 10-73 
C The mass of the Earth is about 6 x 1024 kg. How much energy does this convert to? 
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3H Rational indices  :o. 


Learning intentions 


e To understand how a rational index relates to the root of a number 

e To know how to convert between bases with rational indices and surd form 

e To be able to evaluate some numbers with rational indices without a calculator 
e To be able to apply index laws to expressions involving rational indices 


The square and cube roots of numbers, such as 
v81 = 9 and 3 64 — 4, can be written using 
fractional powers. 


1 1 
The following shows that V9 — 92 and V8 = 83. 


Consider: 

1.43 d 
V9xV923x3 and 92x922922 

1 

.v9292 

Also: 
" 3 3 i. i- * iyiyi 
V8xV8xV8=2x2x2 and 83x 83x 83=83 3 3 

3 1 

s V8 = 83 


A rational index is an index that can be expressed as a fraction. 


| LESSON STARTER | uud Making the connection 


AZBLARLSA 


Fractional indices are used in finance, electrical 
engineering, architecture, carpentry and for 
solving packing problems. Volume to the power 
of one-third (i.e. the cube root) finds a cube's side 
length and helps find a sphere's radius. 


For each part below use your knowledge of index laws and basic surds to simplify the numbers. Then 


discuss the connection that can be made between numbers that have a V sign and numbers that have 


fractional powers. 


1 1 

e 45x V5 and 52 x 52 
ko d 
© 927 x V27 x V27 and 273 x 273 x 273 


e (V5)? and (3) 
e (9/64)? and (B) 
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KEY IDEAS 
El E = Va 


e  Vaisthe un root of a. 


For example: 2= 3 or V3, 5-5 710 2X7 
1 


a a” = (ar)” = (Va)" or ae (any = Van 


2 m 2 
For example: 83 — (33) or 8= (833 


- gp = 643 
= = 464 


E In most cases, the index laws apply to rational indices (i.e. fractional indices) just as they do for 
indices that are integers. 


BUILDING UNDERSTANDING 


© State the missing components for each statement. 
a 20= 8 and V8 = D= 32 and V32 = 2 


c 3U=81 and V81 = 3 L]— 100000 and Y 100000 = 10 


(2) Evaluate: 
a v9 b vi21 : d v64 
e VI6 f Wer g h 100000 


o e Using a calculator, enter and evaluate each pair of numbers in their given form. Round your 


answer E two decimal places. 


1 ak 
à 35,5 b 4/10, 105 c 100, 10013 


Express the following in index form. 


a VI5 b Vie c 34 d 10V10 
SOLUTION EXPLANATION 

1 
a v15 = 152 V means the square root or y). 


il 
nee Va= a) 


1 
5 ; 1 : SW 
b V7x2 = (1)? Rewrite V as power F then apply index laws to simplify: 
15 TENES 
= 72x2 a 
DNE 
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1 
c 3v x! = 3(x7)4 V means to the power of T 
7 


Les Apply index law 3 to multiply indices. 
= 5 1 
d 10v10 = 10 x 102 Rewrite the square root as power 5 and then add indices for the 
3 
= i0 common base 10. Recall 10 = 10!, so 1 + 5 = 2 


1 
An alternative answer is V100 x V10 = 10002. 


Now you try 


Express the following in index form. 


a vil b v3x7 c 2 d 7/7 


Express the following in surd form. 


i 2 
a 35 b 53 
SOLUTION EXPLANATION 
NE i, 
a 35-53 a" = Va 
2 1 2 1] 
b 53 = (53)? Use index law 3 whereby = = — x 2. 
SEND: il 3 3 
= (V5) a5 
Alternative method: 
2 il 1 1 
53 = (52) as 2 is the same ES 2 
= 15 
Now you try 
Express the following in surd form. 
n 2 
a 53 D ils 
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Evaluate the following without a calculator. 


il 
a 162 
SOLUTION 
il 
a 162=Vv16 
=4 
L a 
b 164= V16 
=2 
—il 
e 27 Pl 
278 
ee 
427 
E 
3 
Now you try 


Evaluate the following without a calculator. 


l 
a 252 


Exercise 3H 


mple 1 oah 2 Express the following in in 


a i v13 
bi v6 
c i 4v 
d i 6v6 
a v29 
e v2a 
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1 
b 164 


i 
b 273 


1 Express the following in index form. 


dex form. 


dap 


ISBN 978-1-108-77346-1 


EXPLANATION 


il 
162 means V16. 


T 
164 means 116 and 2^ = 16. 


Rewrite, using positive indices. Recall that 


l 
273 means J27 and 3? = 27. 


1, 2-5(1/;) 

ii v19 
ii V11x! 
ii 792 
ii 13V13 
Ja 

C Vx 

g JO 


al 
16 4 
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(— Bampleid 3 Express the following in index form. 


a 7v b 6vVn c 3,2 
d 5 per e 2Vap? f 2 gh 
g 5v5 h 7v7 i ava 
O Bampez) 4 Express the following in surd fonm. ; i 
a 25 b 87 c 6 d 1110 
2 2 3 4 
e 33 f 73 g 25 h 37 


ample 21 5 Evaluate without using a calculator. 


H l 1 
a 362 b 273 c 643 
1 1 1 
d 492 e 164 f 1253 
-l 1 -l 
g 92 h 325 i 814 
al 
j 1000 3 k 400 2 | 10000 4 
PROBLEM-SOLVING 6(1/2) 6-7(1/2) 6—8(/3) 
6 Evaluate without using a calculator. 
2 3 3 
a 83 b 325 c 362 
3 =) -2 
d 164 e 164 f 273 
= 3 1 
g 643 h 252 i -- 
25 2 
x 2 3 1 
Is wars SK 
42 92 1002 
7 Use index laws to simplify the following. 
1 3 3 3 7 4 35 3 
a axa b m2 x m2 c x3 + x3 d b4++b4 
2\ 3 
344 lI 240 3 4 
2 (3) Nc s (À) » (5) 
b3 
8 Simplify the following. 
a v2534 b V27% c V168 d 125/72 
1 1 1\ 12 1) 10 
e œ) f (50 y (å) NC 
l l d 1 
i (16a?b8)2 j  (216m®n3)3 k (32x!9y!5)5 | (84363 
/ 3/23 1 2,4N 1 
m 25 8x° 0 32 5 p 10°x 4 
49 27 x10 0.01 
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5 
9 As shown below, 164 can be evaluated in two ways. 


Method A Method B 
5 1 5 1\5 
I= 0654 16: = (164) 
= (1048576)4 = (V16)5 
= 41048576 = 25 


5 
a If 164 is to be evaluated without a calculator, which method above would be preferable? 
b Use your preferred method to evaluate the following without a calculator. 


eo 3 7 4 
| 8 ii 362 iii 164 iv 273 


4 3 5 4 
v 1253 vi (1)2 vii ( )2 viii (-27_)3 
9 25 1000 


10 Explain why (64 is not a surd. 


ENRICHMENT: Does it exist? 


11 We know that when y — Vx, where x « 0, y is not a real number. This is because the square of y cannot 
be negative; i.e. y? # x since y? is positive and x is negative. 


But we know that (—2)? = —8 so 3 —8 2-2. 


a Evaluate: 

i 4-27 ii Y—1000 ii J32 iv 4-2187 
b Decide if these are real numbers. 

i v-5 ii 9-7 iii 7-16 iv V—12 


c Ify- Vx and x « 0, for what values of n is y areal number? 


The square root of a negative value is not a real number. V—1 = / and is 
found in a special set of numbers called complex numbers. 
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3| Exponential equations 10a 


Learning intentions 

e To know the form of an exponential equation 

e To be able to rewrite an expression using its lowest base 

e To be able to solve simple exponential equations using a common base 


Equations can take many forms. For example, 

2x — 1 = 5 and 5(a — 3) = —3(3a + 7) are both 
linear equations; x? = 9 and 332 - 4x - 9 = 0 
are quadratic equations; and 2* = 8 and 

3?* — 3* — 6 = 0 are exponential equations. 
Exponential equations contain a pronumeral 
within the index or indices of the terms in the 
equation. To solve for the unknown in exponential 
equations we use our knowledge of indices and 


surds and try to equate powers where possible. 


Solving exponential equations can predict the timing of 
future outcomes. When will my new apartment double in 
value? When will Australia's population reach 30 million? 
How long before my coffee goes cold? 


RSS Gud 2 to the power of what number is 5? 


We know that 2 to the power of 2 is 4 and 2 to the power of 3 is 8, but 2 to the power of what number is 5? 
That is, what is x when 2* — 5? 


e Use a calculator and trial and error to estimate the value of x when 2* = 5 by completing this table. 


2 3 2.5 2.1 
4 8 5.65 ... 
too small too big too big 


* Continue trying values until you find the answer, correct to three decimal places. 


/ 
KEY IDEAS / 
B A simple exponential equation is of the form a* = b, where a > 0, b > Oanda Z 1. 
e There is only one solution to exponential equations of this form. 


B Many exponential equations can be solved by expressing both sides of the equation using the 
same base. 
e We use this fact: if a* = a? then x = y. 
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BUILDING UNDERSTANDING 


(1) a Evaluate the following. 
i 2? ij 23 iv 25 
b Hence, state the value of x when: 
| 2X =8 ii 2:232 iii 2* = 64 


(2) Complete these patterns, which involve powers. 
a 2,4,8, , — . ; 
3, 9, 27, 
4, 16, ; 
3 29,5. y 
6,36, ., . 


© State these numbers in index form. For example, 32 = 25. 
a 9 b C 243 


Solve for x in each of the following. 


a 2*=16 b s= c 25% = 125 
SOLUTION EXPLANATION 
A 2 2l Rewrite 16 as a power, using the base 2. 
2* = 24 Equate powers using the result: if aà* = a? then x = y. 
x=4 
\) Fe ; Rewrite 9 as a power of 3, then write using a negative index. 
pot 
32 
a mh ; 
Equate powers with the same base. 
gS =z 
[H DS NOS Since 25 and 125 are both powers of 5, rewrite both with a base 
EFF of 5. 
pons Apply index law 3 to remove brackets and multiply indices, then 
2x = 3 equate powers and solve for x. 
; 3 
s de 
2 


Now you try 


Solve for x in each of the following. 


a 3*=27 b 2 =- c 16 = 64 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Solve 32*-! = 27", 


SOLUTION 
quoe mm 
32x—1 — (33)* 
32x—1 — 33x 
2x — 1 = 3x 

-l=x 
x--1 
Now you try 


Solve 5?*-! = 25*, 


Exercise 3l 


1 Solve for x in each of the following. 


a i 5*=25 
b i x=1 

4 
c i %=27 


2» 2 Solve for x in each of the following. 


a 35227 
d 9=81 
g 3-81 
j 2-2 
. Example22) 3 Solve for x in each of the following. 
a Fe 
49 
d ae 
256 
1 
geal 
J 9 


Solve for x in each of the following. 


a 9:227 
d 16'—64 
g 327-22 
j 472256 
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rasa os 


EXPLANATION 


Rewrite 27 as a power of 3. 


Apply index law 3 to remove brackets and then equate powers. 


Subtract 2x from both sides and answer with x as the subject. 


1, 2-4(1/2) 2-4 (1/2) 
ii 2=8 
i s= 
125 
ii 4*—8 
2*2 8 c 6*236 
5* = 125 f 4°= 64 
6* = 216 i 5*=625 
10* = 10000 | 7 = 343 
= l c lls L 
81 121 
3x l fo sxe 
243 125 
Frsl i T=- 
64 343 
8& = 16 c 25* = 125 
81* =9 f 216°=6 
10000* = 10 i 7*=49 
16 * = 64 | 25-* = 125 
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PROBLEM-SOLVING 5 5, 6(1/2) 6(1/5), 7 


5 The population of bacteria in a dish is given by the rule P = 2’, where P is the bacteria population and 
t is the time in minutes. 
a What is the initial population of bacteria; i.e. when t = 0? 
b What is the population of bacteria after: 


i 1 minute? ii 5 minutes? iii 1 hour? iv 1 day? 
t€ How long does it take for the population to reach: 
i 8? ii 256? iii; more than 1000? 
&xmpe23 6 Solve for x in each of the following. 
a 2xtl — gv b 32x+1 — 97% c 7xt9 = 492x 
d 5*%+3 = 252x e 62x+3 = 2162* f 9*+!2 2 gyxt5 
g ege h 25955 125% p] 32"? = 123 
j 972x+3 2 g2x-1 k 9x-1 = 272x-6 | 492x-3 = 3432x-1 


7 Would you prefer $1 million now or 1 cent doubled every second for 30 seconds? Give reasons for 
your preference. 


REASONING 8, 9(1/2) 


8 Consider a*, where a = 1. 
a Evaluate 1* when: 
L xe ii x23 iii x = 10000000. 
b Are there any solutions to the equation a* = 2 when a = 1? Give a reason. 


1 1 
9 Recall that Vx = x2 and Wx = x3. Now solve the following. 


a 3 —vV81 b 55225 c 6'— 36 d 4 = 464 
e 2 = $32 t #=V27 g 25% = J125 h = i 
V27 
10 a Write these numbers as decimals. 
4 
je ij 2-3 iii 1073 iv (2) 
2? 5 
b Write these decimal numbers as powers of prime numbers. 
i 0.04 ii 0.0625 iii 0.5 iv 0.0016 
Ti Show how you can use techniques from this section to solve these equations involving decimals. 
a 10* = 0.0001 b 2* = 0.015625 c 5* = 0.00032 
d (0.25)* = 0.5 e (0.04)* = 125 f (0.0625)+! = : 


ENRICHMENT: Mixing index laws with equations = = 12(/2) 


12 Solve for n in the following. 


a 3" x9'-27 b 29x25 9H = 195 c 0 x 4?n-2 = 16 

d 32n-1 = d e 72n+3 = d f 53n+2 2 d. 
81 49 625 

jos 21 h pete i ota 

n-2 3n—3 34-2n 
j 2— 9 k.2— 228 jy 2874 
gl-n 251-3 6” 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


3J Graphs of exponentials 


Learning intentions 

e To know what defines an exponential relation 

e To know the meaning of the term asymptote 

e To know the basic features of an exponential graph 

e To be able to sketch simple exponential graphs including those involving reflections 

e To know how to find the point of intersection of an exponential graph and a horizontal line 


We saw earlier that indices can be used ; ! 
J When a patient receives 


4 medication, the blood 
concentration decays 
exponentially as the 
body breaks it down. 
Exponential rules can 
determine the safe time 
between doses, from 
the highest safe level 
to the lowest effective 
level. 


hc 


to describe some special relations. The 
population of the world, for example, 

or the balance of an investment account 
can be described using exponential 

rules that include indices. The rule 

A = 100000(1.05)! describes the account 
balance of $100000 invested at 596 p.a. 
compound interest for ¢ years. 


Complete this table and graph all three relations on the same set of axes before discussing the points below. 


| wt 0 a y 
1 gh 
- 1 4 

8 


e Discuss the shape of each graph. 


e Where does each graph cut the y-axis? r4 
* Do the graphs have x-intercepts? Why not? op a a E S T a 
e What is the one feature they all have in common? -8 Y 
/ 
KEY IDEAS / 
B y= 2*, y= (0.4)*, y = 3 x (1.1)* are examples of exponential relations. y 


E An asymptote is a line that a curve approaches, by getting closer and 
closer to it, but never reaching. 


asymptote 
(y — 0) 
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B A simple exponential rule is of the form y = a*, where a > O and a # 1. 
e  y-intercept is 1. 
e y= Qis the equation of the asymptote. 


E The graph of y = —a’ is the reflection of the graph of y = a” in 
the x-axis. (Note: y = —a* means y = —1 x a*.) 


E The graph of y = a * is the reflection of the graph of y = a* 


in the y-axis. 


E To find the intersection points of a simple exponential and a 
horizontal line, use the method of substitution and equate powers 
after expressing both sides of the equation using the same base. 


For example, for y = 2* and y = 16, solve 2* = 16 
Ox — pa 
fap = al 


BUILDING UNDERSTANDING 


(1) Consider the exponential rule y = 3*. 
a Complete this table. b Plot the points in the table to form the 


graph of y = 3*. 


PERJEL 


i 
dy zu 
EN c 


Nel 
rirse 


| 


— 
N 


(2) Complete the following. 
a Graphs of the form y = a*, a > 0 have an with equation y = 0 (the x-axis). 


The y-intercept of the graph y = a*, a > 0 is 
The graph of y = 4™ is a reflection of the graph of y = 4” in the 
The graph of y = —5* is a reflection of the graph of y = 5* in the 


Explain the difference between a7? and —a?. 


True or false: -32 = E Explain why. 
3 


Express with negative indices: T Es 
o" 3 


Simplify: —32, —53, —2-2, 
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Sketch the graphs of the following on the same set of axes, labelling the y-intercept and the point 


where x = 1. 
E $2527 D yey e 
SOLUTION EXPLANATION 
cy=4 py=3 a? = 1, so all y-intercepts are at 1. 
y = 


ay=2 y = 4 is steeper than y = 3*, which is steeper than y = 2*. 


Substitute x = 1 into each rule to obtain a second point to 
indicate the steepness of each curve. 


Now you try 

Sketch the graphs of the following on the same set of axes, labelling the y-intercept and the point 
where x = 1. 

A) pe DP ) es 


Sketch the graphs of these exponentials on the same set of axes. 
a y= 37 b y=-3* GO ve gos 


SOLUTION EXPLANATION 
The graph of y = —3* is a reflection of the graph of y = 3* 
in the x-axis. 
Check: x = 1, y = —3! = -3 
The graph of y = 3^ is a reflection of the graph of y = 3* 
in the y-axis. 
Check axes de 35l = i 
x=-ly=3!=3 


Now you try 
Sketch the graphs of these exponentials on the same set of axes. 
a y=” b y= —2* Cay = ee 
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Find the intersection of the graphs of y = 2* and y = 8. 


SOLUTION EXPLANATION 
you Set y = 8 and write 8 with base 2. 
eye 

23 = 2" Since the bases are the same, equate the powers. 
ipe 


-. Intersection point is (3, 8). 


Now you try 


Find the intersection of the graphs of y = 3* and y = 27. 


Exercise 3J 
1-5 2-6 


Example24 1 Sketch the graphs of the following on the same set of axes, labelling the y-intercept and the point 
where x = 1 on each graph. 
a y=? b y=6 


Example24 2 Sketch the graphs of the following on the same set of axes, labelling the y-intercept and the point 
where x = 1 on each graph. 
a y-2 b y=4" e y=5* 
fxample2s 3 Sketch the graphs of the following on the same set of axes, labelling the y-intercept and the point 
where x = 1 on each graph. 
a y= b y=-2* c yzz* 


Example 2b 4 Sketch the graphs of the following on the same set of axes, labelling the y-intercept and the point 
where x = 1 on each graph. 
a y=-2* b y2-5»* c y=-3* 


Example25c 9 Sketch the graphs of the following on the same set of axes, labelling the y-intercept and the point 
where x = | on each graph. 


a y=2~* 
b y=3% 
€ y-6* 
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Example 26 7 


a 
b 
C 
d 


Find the coordinates on the graph of y = 3*, where: 


i x20 il x2-1 ili y= 1 

Find the coordinates on the graph of y = —2*, where: 

i x=4 ii x2-1 ili y= —l 

Find the coordinates on the graph of y = 4~*, where: 

i x=1 ii x=-3 ili y=1 
Te 


Find the intersection of the graphs of y = 2* and y = 4. 
Find the intersection of the graphs of y = 3* and y = 9. 
Find the intersection of the graphs of y = —4* and y = —4. 
Find the intersection of the graphs of y = 27™* and y = 8. 


iv y=9. 
iv y= —4. 
iv y= 1. 
4 
T(2), 8, 9 7(*/2), 8-10 


8 A study shows that the population of a town is modelled by the rule P = 2’, where f is in years and P is 


in thousands of people. 


State the number of people in the town at the start of the study. 


State the number of people in the town after: 

i 1 year 

ii 3 years. 

When is the town’s population expected to reach: 
i 4000 people? 

ii 16000 people? 


9 A single bacterium divides into two every second, so one cell becomes 2 in the first second and in the 


next second two cells become 4 and so on. 


a Write a rule for the number of bacteria, N, after t seconds. 


b How many bacteria will there be after 10 seconds? 


€ How long does it take for the population to exceed 10000? Round to the nearest second. 


10 Use trial and error to find x when 2* = 5. Give the answer correct to three decimal places. 
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Tfi Match equations a-f with graphs A-F below. 


a y2-x-2 b yz 
d y2-2* e y=x 
A y B y 
A 
(1, 3) 
1 
5 x 
D y E y F y 
A 
-1,3 
(=1,3) x (41.1) 
-] " 
- 5 —— (1, 22) 
Y 
12 Explain why the point (2, 5) does not lie on the curve with equation y = 2*. 
13 Describe and draw the graph of the line with equation y = a* when a = 1. 
14 Explain why 2* = 0 is never true for any value of x. 
ENRICHMENT: y = 2-* and y= (3 3 : 15 
, ; 1\* 
15 Consider the exponential rules y = 2~* and y = (i) ; 


a Using —3 < x € 3, sketch graphs of the rules on the same set of axes. What do you notice? 
b Write the following rules in the form y = a*, where 0 « a « 1. 

i y=37 ii yas ili y= 10 
c Write the following rules in the form y = a^ *, where a > 1. 


i y= (4) i y= (2) i y=(4)" 


x 
d Prove that (1) =a“, fora » 0. 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 


throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 


diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


Square diagonals 


1 


Square sand boxes produced by a company for playgrounds are labelled on the 
packaging with their diagonal length. 


A landscaper is interested in the relationship between this diagonal length and other 
properties of the sand box including perimeter and area. 


a A square sand box has a diagonal length of V3 m. Give the area and perimeter of this sand box in 
simplified form. 
b A second square sand box has diagonal length (2 + 2V2) m. 
i Find the exact area occupied by this sand box in m?, using (a + b)(c + d) = ac + ad + bc + bd 
to expand. 
ii Express the side length of the sand box in metres in the form V a + bv c where a, b and c are integers. 
€ To determine the side length of the sand box in ` DNE 
part b in simplified form, consider the following. 
i Use expansion to show that (Vx + vy)? = 
x+yt+ 2 xy where x and y are positive 
integers. 
ii Make use of the result in part i to simplify 


V7 + 2/10 and V7 + 43. 


iii Hence, simplify your answer to part b ii and give 


the perimeter of the sand box. 


Air conditioner thermostat 


2 An air conditioning unit inside a room has a thermostat that controls the temperature of the room. The 


Australian Curriculum Year 10 & 10A 3ed 


temperature of the room, T°C, n hours after the air conditioning unit switches on is given by T = 17 + x 


The air conditioning unit is set to turn on when the room temperature reaches 25?C. 


A technician wishes to investigate how exponential equations can model the change in air 
temperature and how thermostats can be used to control the use of air conditioners. 


a If the air conditioning unit remains on for | hour after it switches on, what will be the temperature 
in the room? 

b After how many hours of the unit being on would the temperature in the room reach 19°C? 

The unit is programmed to switch off when the temperature in the room reaches 20?C. 

c Find the longest consecutive period of time that the unit could be on for, correct to one decimal place. 

d Sketch a graph of the temperature in the room, T, from when the unit switches on until when it switches off. 

e Express the rule for the temperature T in the form T = 17 + 2*7" where k is an integer. 
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The thermostat is adjusted so that it turns on at 24°C and so 
that the fan strength is decreased. This unit switches off when 
the room is cooled to 21?C, which occurs after it has been on 
for 2 hours. 


f Find the values of a and k, where a and k are integers, if the 


rule for the temperature, T°C, of the room n hours after this 
unit is turned on is given by T = a + 2*-". 


International paper sizes 


3 The A series of paper sizes, e.g. A4, are based on international standards. The paper sizes are such that 
the ratio between the height and width of each paper size is the same. The height is taken to be the 
longer side length of each rectangle. 


Let an AO piece of paper have width w mm and height h mm. AO 


A paper company wants to explore the A series paper 
sizes and use ratios to connect the lengths and widths 
of successive sizes. It wishes to use these ratios to then 
determine various widths and heights and the rules that 
link these dimensions. 


a Complete the table below for the corresponding height 
and width of the A series paper in terms of h and w. 


b Determine the ratio of the height to the width of A series paper if it is the same for each paper size An. 
From your result in part b, write a rule for the height, h, of A series paper in terms of its width, w. 

d AO paper has an area of 1 square metre (1000 mm x 1000 mm). Determine the dimensions, w and 
h, of AO paper in exact form in mm. 

€ Use your values from part d and your table from part a to determine the dimensions of an A4 sheet 
to the nearest millimetre. Measure a sheet of A4 paper to compare. 

f Consider the table in part a and paper sizes An. 
i Describe the changes to the values of the width and height as n increases when n is even and 

when n is odd. 

ii Use your table and dimensions from part d to come up with rules for w and h when n is even 


and when n is odd. 
iii Use your rule from part ii to find the length and width for A3 and A4 paper and check by 
measuring the paper. 
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3K Exponential growth and decay 


Learning intentions 

e To understand how percentage increase and decrease relate to exponential growth and decay 
e To know the general form of the exponential growth and decay model 

e To be able to write an exponential rule from a word problem and apply it 


The population of a country increasing by 
596 per year and an investment increasing, 
on average, by 12% per year are examples 
of exponential growth. When an investment 
grows exponentially, the increase per year 

is not constant. The annual increase is 
calculated on the value of the investment at 
that time, and this changes from year to year 
because of the added investment returns. The 
more money you have invested, the more 
interest you will make in a year. 


In the same way, a population can grow Population growth can be modelled using exponential equations. 
Governments use projected population numbers when planning for 


exponentially. A growth of 5% in a large future infrastructure, land use, and water, energy and food security. 


population represents many more babies 
born in a year than 5% of a small population. 


Here we will focus on exponential growth and decay in general and compound interest will be studied in 
the next section. 


ea NS EP GS; A compound rule 


Imagine you have an antique car valued at $100 000 and you hope that it will increase in value at 10% p.a. 
The 10% increase is to be added to the value of the car each year. 


* Discuss how to calculate the value of the car after 1 year. 
* Discuss how to calculate the value of the car after 2 years. 
* Complete this table. 


1 2 3 


100000 x 1.1 100000 x 1.1 x 


100000 


* Discuss how indices can be used to calculate the value of the car after the second year. 
* Discuss how indices can be used to calculate the value of the car after the tenth year. 

e What might be the rule connecting the value of the car ($A) and the time n years? 

e Repeat the steps above if the value of the car decreases by 10% p.a. 
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KEY IDEAS 


E Per annum (p.a.) means ‘per year’. 


E Exponential growth and decay can be modelled by the rule A = ka‘, where A is the amount, k is the 
initial amount and ż is the time. 
e Whena > 1, exponential growth occurs. 
e When 0 « a « 1, exponential decay occurs. 


E Fora growth rate of r% p.a., the base ‘a’ is calculated using a = 1 + om 


E For a decay rate of r% p.a., the base ‘a’ is calculated using a = 1 — 300 


n 
E The basic exponential formula can be summarised as A = At Els iss) : 
e The subscript zero is often used to indicate the initial value of a quantity (e.g. Pọ is initial 
population). 


BUILDING UNDERSTANDING 


© An antique ring is purchased for $1000 and is expected to grow in value by 5% per year. 
Round your answers to the nearest cent. 
Find the increase in value in the first year. 
Find the value of the ring at the end of the first year. 
Find the increase in value in the second year. 
Find the increase in value in the third year. 
Find the value of the ring at the end of the fifth year. 


o9 The mass of a limestone 5 kg rock exposed to the weather is decreasing at a rate of 296 per annum. 
Find the mass of the rock at the end of the first year. 
State the missing numbers for the mass of the rock (M kg) after t years. 
M-s5ü- Y 
25x 
Use your rule to calculate the mass of the rock after 5 years, correct to two decimal places. 


© Decide if the following represent exponential growth or exponential decay. 
a A= 1000 x 1.3‘ b A= 350 x 0.9! 


3 V Ty 
c P=Po(14+— d r=m(1-— 
100 100 


Form exponential rules for the following situations. 

a John has a painting that is valued at $100000 and it is expected to increase in value by 14% per 
annum. 

b A city’s initial population of 50000 is decreasing by 12% per year. 
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SOLUTION 
a Let A = the value in $ of the painting at any time 
n — the number of years the painting is kept 


r — 14 
Ag = 100000 
n 
A = 100000| 1 + oa 
100 


^. A = 100000(1.14)" 


b Let P = the population at any time 
n = the number of years the population decreases 
pes i9 
Po = 50000 


n 
P= 500000 pe A 
100 
`. P = 50000(0.88)" 


Now you try 


Form exponential rules for the following situations. 


EXPLANATION 


Define your variables. 


r n 


Substitute r = 14 and Ag = 100000 
and use ‘+’ since we have growth. 


Define your variables. 


r n 


Substitute r = 12 and Py = 50000 
and use '—' since we have decay. 


a Caz has a vase that is valued at $50000 and it is expected to increase in value by 16% per annum. 
b A town’s initial population of 10000 is decreasing by 9% per year. 


House prices are rising at 9% per year and Zoe’s flat is currently valued at $600000. 
a Determine a rule for the value of Zoe’s flat ($V) in n years’ time. 


b What will be the value of her flat: 


i next year? ii 


in 3 years’ time? 


€ Use trial and error to find when Zoe's flat will be valued at $900000, to one decimal place. 


SOLUTION 
a LetV = value of Zoe's flat at any time 
Vo — starting value $600000 
n — number of years from now 
ipe 
V = Vg(1.09)? 
*, V= 600000(1.09)” 
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EXPLANATION 


Define your variables. 
r n 
V=V){ 1+—— 
100 


Use ‘+’ since we have growth. 


Continued on next page 
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b i Whenn = 1, V = 600000(1.09)! Substitute n = 1 for next year. 
= 654000 
Zoe's flat would be valued at $654000 next year. 
ii When n = 3, V = 600000(1.09)? For 3 years, substitute n — 3. 
= 777017.40 
In 3 years’ time Zoe’s flat will be valued at about 
$777017. 
C 4 5 46 48 47 Try a value of n in the rule. If V is 


846949 | 923174 | 891894 | 907399 |899612 | 199 low^ increase your n value. If V 


is too high, decrease your n value. 
Zoe's flat will be valued at $900000 in about 4.7 years’ Continue this process until you get 


time. close to 900000. 


Now you try 


House prices are rising at 7% per year and Andrew’s apartment is currently valued at $400000. 
a Determine a rule for the value of Andrew’s apartment ($V) in n years’ time. 
b What will be the value of his apartment: 
i next year? ii in3 years’ time? 
€ Use trial and error to find when Andrew's apartment will be valued at $500000, to one decimal place. 


Exercise 3K 


EMI 2(1/;), 3-5 2(1/), 3, 5, 6 
1 Form exponential rules for the following situations. 
Example 27a a Lara has a necklace that is valued at $6000 and it is expected to increase in value by 12% per 
annum. 
Example 27h b A village’s initial population of 2000 is decreasing by 8% per year. 


Example27 2 Define variables and form exponential rules for the following situations. 

a A flat is purchased for $200000 and is expected to grow in value by 17% per annum. 

b A house initially valued at $530000 is losing value at 5% per annum. 

€ The value of a car, bought for $14 200, is decreasing at 
3% per annum. 

d An oil spill, initially covering an area of 2 square metres, is 
increasing at 596 per minute. 

e A tank with 1200 litres of water is leaking at a rate of 10% 
of the water in the tank every hour. 

f A human cell of area 0.01 cm? doubles its area every minute. 

g A population, which is initially 172500, is increasing at 
15% per year. 


h A substance of mass 30 g is decaying at a rate of 8% per hour. 
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Example28 3 The value of a house purchased for $500000 is expected to grow by 10% per year. Let $A be the value 


of the house after t years. 
a 


Write the missing number in the rule connecting A and r. 
A = 500000 x i 
Use your rule to find the expected value of the house after the following number of years. Round 


your answer to the nearest cent. 

i 3 years ii 10 years iii 20 years 

Use trial and error to estimate when the house will be worth $1 million. Round your answer to one 
decimal place. 


4 A share portfolio, initially worth $300000, is reduced by 15% p.a. over a number of years. Let $A be 
the share portfolio value after t years. 


9 A water tank containing 15000 L has a small hole that reduces the amount 
of water by 6% per hour. 


a 
b 


C 
d 


Write the missing number in the rule connecting A and r. 

A=_ x 0.85! 

Use your rule to find the value of the shares after the following number of years. Round your 
answer to the nearest cent. 

i 2 years ii 7 years iii 12 years 

Use trial and error to estimate when the share portfolio will be valued at $180000. Round your 
answer to one decimal place. 


Determine a rule for the volume of water (V) left after t hours. 
Calculate (to the nearest litre) the amount of water left in the tank after: 
i 3 hours ii 7 hours. 


How much water is left after two days? Round your answer to two decimal places. 
Using trial and error, determine when the tank holds less than 500 L of water, to one decimal place. 


6 Megan invests $50000 in a superannuation scheme that has an annual return of 11%. 


a Determine the rule for the value of her investment (V) after n years. 

b How much will Megan's investment be worth in: 
i 4 years? ii 20 years? 

c Find the approximate time before her investment is worth $100000. Round your answer to two 
decimal places. 

PROBLEM-SOLVING 7,8 7,8 8,9 


El 7 A certain type of bacteria grows according to the equation N = 3000(2.6)’, where N is the number of 


cells present after t hours. 


a 
b 


How many bacteria are there at the start? 

Determine the number of cells (round to the whole number) present after: 

i 1 hour ii 2 hours iii 4.6 hours. 

If 50000000 bacteria are needed to make a drop of serum, determine how long you will have to 
wait to make a drop (to the nearest minute). 


8 Acartyre has 10 mm of tread when new. It is considered unroadworthy when there is only 3 mm left. 
The rubber wears at 12.596 every 10000 km. 


a 
b 
C 


Write an equation relating the depth of tread (D) for every 10000 km travelled. 
Using trial and error, determine when the tyre becomes unroadworthy, to the nearest 10000 km. 
If a tyre lasts 80000 km, it is considered to be of good quality. Is this a good quality tyre? 
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9 Acup of coffee has an initial temperature of 90°C and the surrounding temperature is 0°C. 
a Ifthe temperature relative to surroundings reduces by 8% every minute, determine a rule for the 


temperature of the coffee (T? C) after t minutes. 

b What is the temperature of the coffee (to one decimal place) after: 
i 90 seconds? ii 2 minutes? 

€ When is the coffee suitable to drink if it is best consumed at a temperature of 68.8°C? 
Give your answer to the nearest second. 


10 10 10, 11 


10 The monetary value of things can be calculated using different time periods. Consider a $1000 
collector's item that is expected to grow in value by 10% p.a. over 5 years. 
e If the increase in value is added annually then r = 10 and £2 5, so A = 1000(1.1)°. 


e If the increase in value is added monthly then r = 1 and t = 5 x 12 = 60, so 


60 
Asi 142-1. 
1200 


a If the increase in value is added annually, find the value of the collectors’ item, to the nearest 


cent, after: 
i 5 years ii 8 years iii 15 years. 
b Ifthe increase in value is added monthly, find the value of the collectors’ item, to the nearest 
cent, after: 
i 5 years ii 8 years iii 15 years. 


11 You inherit a $2000 necklace that is expected to grow in value by 7% p.a. What will the necklace be 
worth, to the nearest cent, after 5 years if the increase in value is added: 
a annually? b monthly? € weekly (assume 52 weeks in the year)? 


ENRICHMENT: Half-life = = 12-14 


Half-life is the period of time it takes for an object to decay by half. It is often used to compare the rate of 
decay for radioactive materials. 
12 A 100 g mass of a radioactive material decays at a rate of 10% every 10 years. 
a Find the mass of the material after the following time periods. Round your answer to one decimal 
place, where necessary. 
i 10 years ii 30 years iii 60 years 
b Estimate the half-life of the radioactive material (i.e. find how long it takes for the material to decay 
to 50 g). Use trial and error and round your answer to the nearest year. 


13 An ice sculpture, initially containing 150 L of water, melts at a rate of 
396 per minute. 
a What will be the volume of the ice sculpture after half an hour? 
Round your answer to the nearest litre. 
b Estimate the half-life of the ice sculpture. Give your answer in 
minutes, correct to one decimal place. 


El 14 The half-life of a substance is 100 years. Find the rate of decay per annum, expressed as a percentage 
correct to one decimal place. 
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3L Compound interest 


Learning intentions 


e To know the meaning of the term compound interest 

e To know how to apply the compound interest formula 

e To know how compound interest is calculated for different time periods 

e To be able to determine the total amount and the interest in a compound interest scenario 


For simple interest, the 
interest is always calculated 
on the principal amount. 
Sometimes, however, interest 
is calculated on the actual 
amount present in an account 
at each time period that 
interest is calculated. This 
means that the interest 1s 
added to the amount, then 
the next lot of interest is 
calculated again using this 
new amount. 


This process is called 
compound interest. 


X 


$5000 invested at 5% 
A Compound 
60000 4 ] 
9e 4 interest 
.& 50000 - 
3 - 
"e 40000 - 
= J 
= 30000 4 
S E 
S 20000 ] 
5 10000 4 Simple interest 
Principal 
E e-—, io. a nk cb —u T T T T »- x 


O 10 20 30 40 50 
Time in years 
The ‘magic’ growth of compound interest comes from interest paid on previous interest. 
Retirement savings are especially suited to benefit from compound interest, as this type of 
investment grows at an increasingly faster rate over time, as you can see in the graph above. 


Compound interest can be calculated using updated applications of the simple interest formula or by using 


the compound interest formula. It is a common example of exponential growth. 


e WESS EG; Investing using updated simple interest 


Consider investing $400 at 1296 per annum. 


e Copy and complete the table below. 


1st year $400 $48 $448 
2nd year $448 $53.76 $501.76 
3rd year $501.76 

4th year 


e What is the balance at the end of 4 years if interest is added to the amount at the end of each year? 


e Thinking about this as exponential growth, write a rule linking A with n. 
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KEY IDEAS / 


B Compound interest is calculated using updated applications of the simple interest formula. 


For example, $100 compounded at 10% p.a. for 2 years. 


Year 1: 100 + 10% of 100 = $110 
Year 2: 110 + 10% of 110 = $121, so compound interest = $21 


E The total amount in an account using compound interest for a given number of time periods is given by: 


r n 
A= P| 1 + ——] , where: 
100 


e Principal (P) = the amount of money borrowed or invested. 

e Rate of interest (r) = the percentage applied to the principal per period of investment. 
e Periods (n) = the number of periods the principal is invested. 

e Amount (A) = the total amount of your investment. 


E Interest = amount (A) — principal (P) 


BUILDING UNDERSTANDING 


1) Consider $500 invested at 10% p.a., compounded annually. 


a How much interest is earned in the first year? 
What is the balance of the account once the first year’s interest is added? 
How much interest is earned in the second year? 
What is the balance of the account at the end of the second year? 
Use your calculator to work out 500 (1. 1). 


By considering an investment of $4000 at 5% p.a., compounded annually, calculate the missing 
values in the table below. 


© Find the value of the following, correct to two decimal places. 
a $1000 x 1.05 x 1.05 b $1000 x 1.05? 
€ $1000 x 1.05 x 1.05 x 1.05 d $1000 x 1.053 


€ State the missing numbers. 
a $700 invested at 8% p.a., compounded annually for 2 years. 


A-| |d.og4 


b $1000 invested at 15% p.a., compounded annually for 6 years. 


A-1000([ ]* 


€ $850 invested at 6% p.a., compounded annually for 4 years. 


A-sso( ]- 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Determine the amount after 5 years if $4000 is compounded annually at 8%. Round to the 


nearest cent. 


SOLUTION 
Jg e 00. = 5,7 = 8 


n 
Asp it 
100 


8 S 
= 4000| 1 + — 
100 


= 4000(1.08)? 
— $5877.31 


Now you try 


EXPLANATION 


List the values for the terms 


Write the formula and then substitute the 
known values. 


Simplify and evaluate. 
Write your answer to two decimal places 
(the nearest cent). 


Determine the amount after 6 years if $3000 is compounded annually at 796. Round to the 


nearest cent. 


Calculate the number of periods and the rates of interest offered per period for the following. 


a 6% p.a. over 4 years, paid monthly 


b 18% p.a. over 3 years, paid quarterly 


SOLUTION EXPLANATION 
amen cn? r=6+12 4 years is the same as 48 months, as 
= 48 = 05 12 months = 1 year. 
6% p.a. = 6% in 1 year. 
Divide by 12 to find the monthly rate. 
b mgpessd r=18+4 There are 4 quarters in | year. 
= i2 =45 
Now you try 


Calculate the number of periods and the rates of interest offered per period for the following. 


a 5% p.a. over 5 years, paid monthly 


b 14% p.a. over 3 years, paid quarterly 
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Anthony’s investment of $4000 is compounded at 8.4% p.a. over 5 years. Determine the amount he 
will have after 5 years if the interest is paid monthly. Round to the nearest cent. 


SOLUTION EXPLANATION 

P = 4000 List the values of the terms you know. 

ipe X 2 Convert the time in years to the number 
= (S0) of periods (in this case, months); 

r= 8.4 + 12 60 months = 5 years. 
= 07 Convert the rate per year to the rate per period 

m (months) by dividing by 12. 

A= (i + ix) Write the formula. 
= 4000(1 + 0.007)90 Substitute the values, 0.7 + 100 = 0.007. 
= 4000(1.007)60 
— $6078.95 Simplify and evaluate, rounding to the 


nearest cent. 


Now you try 


Wendy’s investment of $7000 is compounded at 6.2% p.a. over 4 years. Determine the amount she 
will have after 4 years if the interest is paid monthly. Round to the nearest cent. 


Exercise 3L 
1, 2-5(1/2) 2-5 (1/2) 2-5 (1/2) 


Example22 1 Determine the amount after 4 years if $5000 is compounded annually at 6%. Round to the 


nearest cent. 


Example29 2 Determine the amount after 5 years if: 
a $4000 is compounded annually at 5% b $8000 is compounded annually at 8.35% 
€ $6500 is compounded annually at 16% d $6500 is compounded annually at 8%. 


3 Determine the amount if $100000 is compounded annually at 6% for: 
a1 year b 2 years C 3 years 
d 5 years e 10 years f 15 years. 


Example30 4 Calculate the number of periods (n) and the rates of interest (r) offered per period for the following. 
(Round the interest rate to three decimal places where necessary.) 


a 6% p.a. over 3 years, paid bi-annually b 12% p.a. over 5 years, paid monthly 
C 4.5% p.a. over 2 years, paid fortnightly d 10.596 p.a. over 3.5 years, paid quarterly 
e 15% p.a. over 8 years, paid quarterly f 9.6% p.a. over 10 years, paid monthly 
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Example31 © Calculate the value of the following investments if interest is compounded monthly. 


e a $2000 at 696 p.a. for 2 years b $34000 at 24% p.a. for 4 years 
c $350 at 1896 p.a. for 8 years d $670 at 6.6% p.a. for 2 E years 
e $250 at 7.2% p.a. for 12 years f $1200 at 4.896 p.a. for 3 i years 


PROBLEM-SOLVING 6 6,7 6,8 


6 Darinia invests $5000 compounded monthly at 1896 p.a. Determine the value of the investment after: 
a 1 month b 3 months C 5 months. 


7 An investment of $8000 is compounded at 12.6% over 3 years. Determine the amount the investor will 
have after 3 years if the interest is compounded monthly. 


8 a For each rate below, calculate the amount of compound interest paid on $8000 at the end of 3 years. 
i 12% compounded annually 
ii 12% compounded bi-annually (i.e. twice a year) 
iii 12% compounded monthly 
iv 12% compounded weekly 
v 12% compounded daily 
b What is the interest difference between annual and daily compounding in this case? 


| REASONING O O 9 9 9(1/2), 10 


9 The following are expressions relating to compound interest calculations. Determine the principal (P), 
number of periods (n), rate of interest per period (r%), annual rate of interest (R96) and the overall time (f). 


a 300(1.07)!2, bi-annually b 5000(1.025)74, monthly 
c 1000(1.00036)65, fortnightly d 3500(1.000053)?0, daily 
e 10000(1.078)!9, annually f 6000(1.0022)?!, fortnightly 


10 Paula must decide whether to invest her $13500 for 6 years at 4.2% p.a. compounded monthly or 5.3% 
compounded bi-annually. Decide which investment would be the best choice for Paula. 


ENRICHMENT: Double your money = = 11 


11 You have $100000 to invest and wish to double that amount. Use trial and error in the following. 

a Determine, to the nearest whole number of years, the length of time it will take to do this using the 
compound interest formula at rates of: 
i 12% p.a. ii 6% p.a. iii 8% p.a. 
iv 16% p.a. V 10% p.a. vi 20% p.a. 

b If the amount of investment is $200000 and you wish to double it, determine the time it will take 
using the same interest rates as above. 

€ Are the lengths of time to double your investment the same in part a and part b? 
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3M Comparing simple and compound interest 


Learning intentions 
e To know the formulas for simple and compound interest 
e To know how to use technology and the formulas to compare simple and compound interest 


In the following exercise, we compare compound and simple interest and look at their applications to the 
banking world. You are expected to use technology to its best advantage when solving the problems in this 
section. 


Finance industries 
employ highly trained 
mathematicians to model 
investment outcomes 
and analyse risk. In 2018, 
Australia’s total pension 
funds (superannuation) 
invested in local and 
global markets exceeded 
$2600 billion. 


| LESSON STARTER | russi Who earns the most? 


e Ceanna invests $500 at 8% p.a., compounded monthly over 3 years. 
e Huxley invests $500 at 10% p.a., compounded annually over 3 years. 
e Loreli invests $500 at 15% p.a. simple interest over 3 years. 

- How much does each person have at the end of the 3 years? 

- Who earned the most? 


KEY IDEAS 


For either form of interest, you can calculate the total amount of your investment using technology. 


Bi CAS or graphics calculator 
To create programs for the two types of interest, enter the following data. This will allow you 
to calculate both types of interest for a given time period. If you invest $100000 at 896 p.a. paid 
monthly for 2 years, you will be asked for P, r, t or n and the calculator will do the work for you. 
(Note: Some modifications may be needed for other calculators or languages.) 


Define simple()= Define compound()- 
Prgm Prgm 
Request "Enter Principal: " p Request "Enter Principal: "p 


Request "Enter interest rate ",r 
Request "Enter time: ",f 
t 

-a 


Request "Enter interest rate: " 

Request "Enter time: ",? 

prt E p 
100 

Disp "Interest is",7 

Disp "Amount is" p+i 

EndPrgm 


14+— 


Disp "Interest is" round(a-p,2) 
Disp "Amount is" round(a,2) 
EndPrgm 
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B Spreadsheet 


fa Copy and complete the spreadsheets as shown, to compile a simple interest and compound 


interest sheet. 


"aoe Book1.xls M 
o A B [s D E [ 
1 Interest calculator 
2 Principal Rate 
3 4000 25.4/100/12 
4 
5 Simple interest Compound interest 
6 Time (months) Interest Amount Interest Amount 
7 0 0 -B$3487 0 2B$3*(14D$3)^A7 
8 =A7+1 =B$3*D$3 =C7+B8 =E8-E7 =B$ 3*(14+D$3)4A8 
9 =A8+1 =B$3*D$3 =C8+B9 =E9-E8 zB$3*(14D$3)^A9 
10 =A9+1 -B$3*D$3 2C94810 -E10-E9 -B$3*(14D$3)^A10 
11 =A10+1 -B$3*D$3 =C10+811 =E11-E10 -B$3*(14D$3)^A11 
12 =A11+1 =B$3*D$3 zC114812 zE12-E11 zB$3*(14D$3)^A12 
13 =A12+1 -B$3*D$3 zC124813 =E13-E12 =B$3*(1+D$3)AA13 
14 
15 
16 
17 

m T Sheet) Seet2 Meas [— 7 E m 
—————— ind 9 > " 


Fill in the principal in B3 and the rate per period in D3. For example, for $4000 invested at 


5.4% p.a. paid monthly, B3 will be 4000 and D3 will be we 


Recall the simple interest formula from previous years: / = IT where / is the total amount of 


interest, P is the initial amount or principal, r is percentage interest rate and f is the time. 


BUILDING UNDERSTANDING 


L1) Which is better on an investment of $100 for 2 years: 
A simple interest calculated at 2096 p.a. or 


B compound interest calculated at 2096 p.a. and paid annually? 


e State the values of P, r and n for an investment of $750 at 7.596 p.a., compounded annually for 


e State the values of /, P, r and t for an investment of $300 at 396 p.a. simple interest over 300 months. 


5 years. 


(4) Use the simple interest formula 7 = = to find the simple interest on an investment of $2000 at 


4% p.a. over 3 years. 
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Find the total amount of the following investments, using technology. 
a $5000 at 5% p.a., compounded annually for 3 years 
b $5000 at 5% p.a., simple interest for 3 years 


SOLUTION EXPLANATION 
n 
a $5788.13 A= P(t m cem) using P — 5000, 
100 
p= Landini. 


Alternatively, use a spreadsheet or computer 
program. Refer to the Key ideas. 


b $5750 Total = P+ Z using P = 5000, r — 5 andt = 3. 


Now you try 


Find the total amount of the following investments, using technology. 
a $4000 at 6% p.a., compounded annually for 3 years 
b $4000 at 6% p.a., simple interest for 3 years 


Exercise 3M 


1-3 2,3 2,3 


1 Find the total amount of the following investments, using technology. 
Example 32a a $7000 at 4% p.a., compounded annually for 5 years 


Example 32h b $7000 at 4% p.a., simple interest for 5 years 


Example32. 2 a Find the total amount of the following investments, using technology. 
i | $6000 at 6% p.a., compounded annually for 3 years 
ii $6000 at 3% p.a., compounded annually for 5 years 
iii $6000 at 3.4% p.a., compounded annually for 4 years 
iv $6000 at 10% p.a., compounded annually for 2 years 
v $6000 at 5.7% p.a., compounded annually for 5 years 
b Which of the above yields the most interest? 


3 a Findthe total amount of the following investments, using technology where possible. 
i $6000 at 696 p.a. simple interest for 3 years 
ii $6000 at 396 p.a. simple interest for 6 years 
iii $6000 at 3.496 p.a. simple interest for 7 years 
iv $6000 at 10% p.a. simple interest for 2 years 
V $6000 at 5.796 p.a. simple interest for 5 years 
b Which of the above yields the most interest? 
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PROBLEM-SOLVING 4 4 4 


4 a Determine the total simple and compound interest accumulated in the following cases. 
i $4000 at 696 p.a. payable annually for: 


| 1 year ll 2 years Ill 5 years IV. 10 years. 
ii $4000 at 696 p.a. payable bi-annually for: 

| 1 year ll 2 years Ill 5 years IV. 10 years. 
iii $4000 at 696 p.a. payable monthly for: 

| 1 year Il 2 years Ill 5 years IV. 10 years. 


Would you prefer the same rate of compound interest or simple interest if you were investing money? 
Would you prefer the same rate of compound interest or simple interest if you were borrowing 


money and paying off the loan in instalments? 


REASONING 


5 a Copy and complete the following table when simple interest is applied. 


$7000 5 years $8750 
$7000 5 years $10500 
1096 3 years $990 
1096 3 years $2400 
$9000 8% 2 years 
$18000 8% 2 years 


b Explain the effect on the interest when we double the: 
i rate ii period iii overall time. 
6 Copy and complete the following table when compound interest is applied. You may need to use a 
calculator and trial and error to find some of the missing numbers. Write your answers correct to two 


decimal places where necessary. 


$7000 annually 5 years $8750 
$7000 annually 5 years $10500 
$9000 8% fortnightly 2 years 
$18000 8% fortnightly 2 years 
ENRICHMENT: Changing the parameters = = 7,8 


El 7 If you invest $5000, determine the interest rate per annum (to two decimal places) if the total amount 
is approximately $7500 after 5 years and if: 
a interest is compounded annually 
b interest is compounded quarterly 
€ interest is compounded weekly 
Comment on the effect of changing the period for each payment on the rate needed to achieve the same 
total amount in a given time. 
El 8 a Determine, to one decimal place, the equivalent simple interest rate for the following investments 
over 3 years. 
i $8000 at 4%, compounded annually ii $8000 at 8%, compounded annually 
b Ifyou double or triple the compound interest rate, how is the simple interest rate affected? 
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Chapter 3 


Luxury car investment 


Mula and Will have different priorities when it comes to their luxury cars. At about the same time, Mula 


purchases an antique Rolls Royce for $80000 and Will purchases a brand-new Porsche for $160000. 


Present a report for the following tasks and ensure that you show clear mathematical workings and 


explanations where appropriate. 


Preliminary task 


Assuming Mula’s car grows in value at 6% per year, find a A Value ($) 
rule for the value of the Rolls Royce ($M) after t years. 
Find the value of Mula’s car after 10 years. 

Assuming Will’s car decays in value at 8% per year, find a 
rule for the value of the Porsche ($W) after t years. 

Find the value of Will's car after 10 years. 

Plot a graph of the rules found above on the same set of 


axes. Use the axes as shown and prepare a table of values a 
to help. O 
Estimate when Mula’s car and Will’s car have the same value. 


Modelling task 


a The problem is to find the time that it takes for Will’s and Mula’s cars to have the same value for given 
rates of growth and decay. Write down all the relevant information that will help solve this problem. 

b Explain why Mula’s car might grow in value and Will’s car might decay in value. 

€ Choose a realistic value for the: 
i growth rate of Mula's Rolls Royce 
ii decay rate for Will’s Porsche. 

d Determine rules for the values of Mula's car and Will’s car. 

e Use tables and graphs to illustrate these rules for at least 10 years (use technology where appropriate). 

f Estimate after how many years the cars will have the same value. 

NE g Calculate the value of each car using your rules at the estimated value of f found in part f. 
and h Examine your graphs and try to improve your estimate so that the values of the cars have the same value. 


verify 


Investigate how technology can be used to find a precise value of t for which the values of the cars 


are equal. 


Summarise your results and describe any key findings. 


Extension question 


a Explore the effect on your results for different choices for the rates of growth and decay of the car's 
value. 
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Generating wealth 


Chances are that people who become wealthy have invested money in appreciating assets, such as 


property, shares and other businesses. 
Appreciating or depreciating? 
Imagine you have $100000 to invest or spend and you have these options. 


Option 1: Invest in shares and expect a return of 8% p.a. 
Option 2: Buy a car that depreciates at 8% p.a. 


Find the value of the $100000 share investment after 10 years 

How long will it take for the share investment to double in value? 

Find the value of the $100000 car after 10 years 

How long will it take for the value of the car to fall to half its original value? 


ona oo ® 


Explain why people who want to create wealth might invest in appreciating assets. 
Buying residential property 


A common way to invest in Australia is to buy residential property. Imagine you have $500000 to buy an 
investment property that is expected to grow in value by 10% p.a. Stamp duty and other buying costs total 
$30000. Each year the property has costs of $4000 (e.g. land tax, rates and insurance) and earns a rental 
income of $1200 per month. 
a What is the initial amount you can spend on a residential property after taking into account the 
stamp duty and other buying costs? 
b What is the total net income from the property per year after annual expenses have been considered? 
€ By considering only the property's initial capital value, find the expected value of the property after 
10 years 
d By taking into account the rise in value of the property and the net income, determine the total 


profit after 10 years 
Borrowing to invest 


Borrowing money to invest can increase returns but it can also increase risk. Interest has to be paid on the 
borrowed money, but this can be offset by the income of the investment. If there is a net loss at the end of 
the financial year, then negative gearing has occurred. This net loss can be used to reduce the amount of 


tax paid on other income, such as salary or other business income, under Australian taxation laws. 


Imagine that you take out a loan of $300000 to add to your own $200000 so you can spend $500000 on 
the investment property. In summary: 

* The property is expected to grow in value by 10% p.a. * Property costs are $4000 p.a. 

e Your $300000 loan is interest only at 7% p.a., e Rental income is $1200 per month. 
meaning that only interest is paid back each year and è e Your taxable income tax rate is 30%. 
the balance remains the same. 

a Find the net cash loss for the property per year. Include property costs, rent and loan interest. 
b This loss reduces other income, so with a tax rate of 30% this loss is reduced by 30%. Now 
calculate the overall net loss, including this tax benefit. 


€ Now calculate the final net gain of the property investment for 10 years. You will need to find the 
value of the appreciating asset (which is initially $470 000) and subtract the net loss for each year 
from part D above. 
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Chapter 3 


1 Write 3"-! + 3^-! + 3”-! asa single 
term with base 3. 


Up for a challenge? If you get stuck 
on a question, check out the "Working 
with unfamiliar problems’ poster at 


2 Simplify. the end of the book to help you. 
pones p Zai 
1255 OXI 


3 Solve 3% x 27**! = 81. 


4 Simplify. 
gnt+1_ 9n+2 ga+3 _ Ay 24 
gn-1_ gn-2 22a*1 _ 4a 


9 Arectangular piece of paper has an area of 100 V2 cm?. The piece of paper is such that, when it is 
folded in half along the dashed line as shown, the new rectangle is similar (i.e. of the same shape) to 
the original rectangle. What are the dimensions of the piece of paper? 


Problems and challenges 


6 Simplify the following, leaving your answer with a rational denominator. 


V2 E 
yo ya E 
7 Simplify. 
ton a i 
xy 2 — x 2y2 i xy 2 — x 22 
Vxy xy 


8 Three circles, each of radius 1 unit, fit inside a square such that the two outer circles touch the middle 
circle and the sides of the square, as shown. Given the centres of the circle lie on the diagonal of the 
square, find the exact area of the square. 


Vx 


A 


9 Given that 5*+! — 5*-2 = 620V5, find the value of x. 
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Negative indices 


Index laws 
kawitan an AN 
Law 2: a" - a - am n 
Law 3: (a)? = a™ 
Law 4: (ab)"= a™b™ 

m 
Law 5: (8 7 im 
Zero power: a? = 1,440 


If a*— a, then x= y. 


e.g. 1 gts Ta 
2x- 24 
xd 
22) =g 
(39) 4= BI 
33x-12— 32x 
& = 12S2% 


Ne 2 


A= initial amount 


n= time period 
Use + for growth. 
Use - for decay. 


Exponential equations (10A) 


Exponential growth/decay a NX x bAy =abvxy Like surds only 


Rule: amount A= Ao(1+ say)” 


r=rate of growth/decay, as a % 


Compound interest 


Scientific notation 
Numbers (large and small) in 
scientific notation are of the form 
ax 10, where 1 € a « 10 or 
—10 < a< —1 and m is an integer. 
e.g. 3.45 x 10° = 345 000 

2.1 x 10-3 0.0021 
e.g 1475 231 in scientific 
notation, using three significant 
figures is 1.48 x 10°. 


Rational Indices (10A) 
1 
Va=a2 
a 
Ya=an 
Jgm — an Simplifying surds (10A) 


1 og A surd uses symbol v and as a 
e.g. 273 = 27 decimal is infinite and non-recurring 
=3 Simplify surds: use the highest 
square factor. 


e.g.1 420- 4x5 


a =V4xV5- 
Indices =a 
and surds 2 WoT = Ax NB x N3 


car 


Multiply/Divide (10A) 
KX VY —AXy Add/Subtract (10A) 


e.g. 1 3V2+4V2=7v2 
4N2+V5 — V2 2342 + N5 

Simplify first 

e.9.2 348 -4N2 
—-98x44x42-442 
=6vV2 —4N2 
222 


Rationalise the denominator (10A) 


A- P(t v cem Express with a whole number in the 
A (amount): total value denominator 

P (principal): initial amount 2A R5) 

r (interest rate): per period v5 V5 


n (period): number of periods = 2v5 


Exponential graphs 
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Chapter checklist: Success criteria 


1. 


l can decide if a number is rational or irrational. 
e.g. Express V6 as a decimal and decide if it is rational or irrational. 


l can simplify a surd using the highest square number factor. 
e.g. Simplify V75. 


| can express a surd as a square root of an integer. 
e.g. Express 3v7 in the form Va where a is an integer. 


l can add and subtract expressions involving like surds. 
e.g. Simplify V3 + 5/2 + 3/3 — 2v2. 


Chapter checklist 


I can simplify surds to add or subtract. 
e.g. Simplify 3V12 + 2V27. 


I can multiply surds. 
e.g. Simplify 3V5 x 2/10. 


l can simplify surds using division. 
e.g. Simplify 4/15 = V3. 


l can apply the distributive law to expressions involving surds. 
e.g. Expand and simplify 2V5(3V3 — v5). 


. lcan rationalise a denominator. 


10. 


11. 


12. 


0 ©| ©] ©| ©| ©) ©| ©] © 


e.g. Rationalise 4v2 
VT 


l can apply index laws to multiply common bases. 
e.g. Simplify 3x2y3 x 2xy4. 


I can apply index laws in division. 
e.g. Simplify 3x9y3 + (12x2y). 


l can simplify using a number of index laws. 


EA 2 49 BNO 
e.g. Simplify 3(x^y)? x (8) using index laws. 


13. 


| can use the zero power. 
e.g. Evaluate (3a)9 — 5a0. 


14. 


l can rewrite an expression using positive indices. 
e.g. Express 3x2y~$ using positive indices. 


15. 


l can rewrite an expression with a negative power in the denominator using positive indices. 
e.g. Express — using positive indices. 
y- 


o 


16. 


I can simplify expressions and apply index laws to negative indices. 


Cae 


e.g. Simplify 3 and express using positive indices. 


4x72 y 
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17. 


l can convert from scientific notation to a basic numeral. 
e.g. Write 3.07 x 104 and 4.1 x 10-3 as basic numerals. 


18. 


| can convert to scientific notation using significant figures. 
e.g. Write 0.0035892 in scientific notation using three significant figures. 


19. 


| can use technology to perform calculations in scientific notation. 
e.g. Evaluate v3.02 x 1024, answering in scientific notation using three significant figures. 


20. 


21. 


l can write roots in index form. 


(9 


e.g. Express 1 in index form. 


l can write rational indices in surd form. 
3 


e.g. Express 42 in surd form. 


© 


22. 


l can evaluate numbers with rational indices. 
1 


e.g. Evaluate 25 ? without a calculator. 


(9 


23. 


| can solve exponential equations using a common base. 
e.g. Solve 3X = 27 for x. 


24. 


I can solve exponential equations that require a common base to be found. 
e.g. Solve 25X = 125X-?. 


© © 


25. 


l can sketch a graph of an exponential equation. 
e.g. Sketch y = 3X labelling the y-intercept and one other point. 


26. 


| can sketch exponential graphs involving reflections. 
e.g. Sketch y = 2%, y= —2X and y = 2-* on the same axes. 


w 


27. 


l can find the intersection of horizontal lines and exponential graphs. 
e.g. Find the intersection of the graphs of y = 3X and y = 27. 


28. 


| can form an exponential rule for a situation. 
e.g. Write an exponential rule for the value of Scott's car purchased for $35000 and decreasing in 
value by 15% per year. 


29. 


| can apply exponential rules. 
e.g. The value of a house in n years’ time is given by V = 590000(1.06)”. What will be the value in 
4 years’ time and find when it will be valued at $1000000. 


eo 
i= 


30. 


l can calculate compound interest using the formula. 
e.g. Determine the amount after 3 years if $6000 is compounded annually at 4%. Round to the 
nearest cent. 


co 
c 


31. 


I can find compounded amounts using different time periods. 
e.g. An investment of $2000 is compounded at 4.8% over 3 years. Determine the amount after 
3 years if the interest is paid monthly. 


32. 


| can compare interest using technology. 
e.g. Use technology to compare the total amount of the investment of $6000 for 4 years at 5% p.a. 
using simple interest and compound interest. 


}s1|99Y9 181deu) «s À 
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Short-answer questions 


(E) 1 Simplify the following surds. 
a v24 b v72 c 3V200 d 4v54 
z 4 1 558 wi 
e ES 5 Jm dra 
— 4 9 2 15 
=> 
Some 2 Simplify the following. 
ETY a 2V3 + 4+ 5V3 b 6v5- V7- 4vV5+3vV7 c N843V2 
= 
= d 4V3 + 2V18 — 4V2 e 2V5x v6 f —3V2 x 2V10 
== 
= ais „ SVI EAM 
v3 159 3 
EE 3 Expand and simplify. 
a V2QV3 + 4) b 2V3(2V15 — V3) c (v11? d (4/3? 
(59) 4 Rationalise the denominator. 
d p 10 o 03 a 27 
v6 v2 va v2 
gp 3d p NS y 5+2? p 42-3 
2/6 4v 10 v2 v3 
Ca 5 Simplify the following, expressing all answers with positive indices when required. 
3E/F 
a (Sy)? b 7m? — (5n)? € A4x2y? x 535y? 
2 —5 25-442 -2 
d 3x2y-4 à (=) x (03600079? | (ab) 
y 6y? (2ab?)? (3a?by 
(a) 6 Express in index form. 
a v21 b Vx c Vm d Va 
e V10x3 { 20% g 7v7 h 494 
E 7 Evaluate these without using a calculator. 
l l 1 
a 252 b 643 c (i) 
i 
-l -l -l 
d 49 2 e 100 2 f 125 3 
C3 8 a Write each of the following numbers as a basic numeral. 
i 321x 10? ii 4.024 x 106 iii 7.59 x 107? iv 9.81 x 1075 
b Write the following numbers in scientific notation, using three significant figures. 
i 0.0003084 ii 0.0000071753 iii 5678200 iv 119830000 
(=) 9 Form exponential rules for the following situations. 
a An antique bought for $800 is expected to grow in value by 7% per year. 
b A balloon with volume 3000 cm? is leaking air at a rate of 18% per minute. 
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Australian Curriculum Year 10 & 10A 3ed 


3UM 10 Determine the final amount after 4 years if: 
a $1000 is compounded annually at 5% 
b $3000 is compounded monthly at 4% 


€ $5000 is compounded daily at 3%. 


11 Solve the following exponential equations for x. 


a 35227 b 7=49 c 4%+l = 64 d 2-16 
1 1 eo 
e 92 — f 52—— g 36°= 216 h g*tl = 32 m 
81 125 = 
i 7-4 = 49* j 1p-5-l- k 100°-2= 1000 | 925-2742 € 
121 — 
cD 
" 12 Sketch the following graphs, labelling the y-intercept and the point where x = 1. = 
ay=4 b y=-3* C y-25* 
Multiple-choice questions 
(E) 1 Which of the following is a surd? 
A v36 Box C v7 D v8 E 16 
(gx) 2 A square has an area of 75 square units. Its side length, in simplified form, is: 
A 3v5 B 8.5 C 25v3 D 5v3 E 6v15 
(E 3 4V5 is equivalent to: 
A v100 B v80 C 2v10 D v20 E v40 
O 4 3V12 4 7 — 4V3 simplifies to: 
A 74 v3 B 8/347 C 6V6-3V3 D 373 E 2/347 
EN 5 The expanded form of 2V5(5 — 3V3) is: 
A 10v5-6v15 B 7v5-5v15 C 10v5-12v2 D 10—5VI5 E 7v5- 5v3 
(ex) 6 2/5 is equivalent to: 
230 B 5v6 C 2v5 D v30 E v30 
V6 3 3 10 
342 
7 The simplified form of _ 
3x3y2 x 4xty? 
4 3 6 4 6 
& X. p» c X p» E 
2x6 x19 x » 2x6 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


270 = Chapter 3 


8a lp? MS! 
8 expressed with positive indices is: 
12a°b~> 
2 2,3 3 7 
2a" p 2 c 2E p 25 E ap? 
3p? 96 3a4 3a? 2 
9 The radius of the Earth is approximately 6378 137 m. In scientific notation, using three 
significant figures, this is: 
A 6378 x 106m B 638x 106m C 64x 10m 
D 637x 106m E 636 x 10°m 


10 8x® in index form is: 


1 1 
A 8&8 B 8x2 C 4x3 D 828 E 82x4 
(5n) 11 The solution to 32*- ! = 92 is: 
(o) A pis B x=2 C dc? D x26 E x23 
gd : 


12 A rule for the amount $A in an account after n years for an initial investment of $5000 that is 


Chapter review 


increasing at 7% per annum is: 


A A = 5000(1.7)" B A = 5000(0.93)" C A = 5000(0.3)" 
D A = 5000(1.07)" E A = 5000(0.7)" 
13 The graph of y = 3* intersects the y-axis at: 
A (0,3) B (3,0) € (0,1) D (1,3) E (o. ) 
14 The graph of y = 4^* is: 
A y B 
A 
4 


15 The graph of y = 3* and y = L intersect at the point: 


1 11 1 
A (1,3) B (-1.5) C (-1,3) D (53) E [15 
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3J 


Extended-response questions 


1 A small rectangular jewellery box has a base with dimensions 3V15 cm by (12 + V3) cm and a 
height of (2V5 + 4) cm. 
a Determine the exact area of the base of the box, in expanded and simplified form. 
b What is the exact volume of the box? 
€ Julie’s earring boxes occupy an area of 9/5 cm?. What is the exact number that would fit 


across the base of the jewellery box? Give your answer with a rational denominator. 

d The surface of Julie's rectangular dressing table has dimensions (V2—1)m by (V2 + 1) m. 
i Find the area of the dressing table, in square centimetres. 
ii What percentage of the area of the dressing table does the jewellery box occupy? Give 


your answer to one decimal place. 


2 Georgia invests $10000 in shares in a new company. She has been told that their value is 
expected to increase at 6.5% per year. 
a Write a rule for Georgia's expected value, V dollars, in shares after n years. 
b Use your rule to find the value she expects the shares to be after: 
i 2 years 
ii 5 years. 
€ When her shares are valued at $20000 Georgia plans to cash them in. According to this rule, 
how many years will it take to reach this amount? Give your answer to one decimal place. 
d After 6 years there is a downturn in the market and the shares start to drop, losing value at 
396 per year. 
i What is the value of Georgia's shares prior to the downturn in the market? Give your 
answer to the nearest dollar. 
ii Using your answer from part d i, write a rule for the expected value, V dollars, of 
Georgia's shares t years after the market downturn. 
iii Ten years after Georgia initially invested in the shares the market is still falling at this 
rate. She decides it's time to sell her shares. What is their value, to the nearest dollar? 
How does this compare with the original amount of $10000 she invested? 
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Trigonometry on a vast scale 


The Great Trigonometrical Survey of India by the 
British began in 1802 and took over 60 years to 
complete. It was a huge mapping project requiring 
exacting mathematical calculations and physical 
endurance. Marching through jungles and across 
rugged country, the party included surveyors riding 
on elephants, about 30 soldiers on horses, oxen, 
over 40 camels carrying supplies and up to 

700 walking labourers. 
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Surveyors used the triangulation method to map 

a network of large, linked triangles across India. 
Triangulation starts with a triangle formed by 
joining each end of a horizontal baseline, of known 
length, to the visible top of a hill. Its base angles 
are measured and, using high school trigonometry, 
the side lengths calculated. Each side of this 
triangle can be used as a baseline for a new 
triangle. Also, by measuring the angle of elevation 
of a hilltop, its height above the baseline altitude 
can be calculated. 
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Online resources (4) 


A host of additional online resources are 
included as part of your Interactive Textbook, 
including HOTmaths content, video 
demonstrations of all worked examples, 
auto-marked quizzes and much more. 


In this chapter 


4A Trigonometric ratios 

4B Finding unknown angles 

4C Applications using angles of elevation 
and depression 

4D Bearings 

4E Applications in three dimensions (104) 

4F Thesine rule (104) 

4G The cosine rule (104) 

4H Area of a triangle (104) 

4| The unit circle (104) 

4J Graphs of trigonometric functions (10A) 


Australian Curriculum 


MEASUREMENT AND GEOMETRY 
Pythagoras and trigonometry 


Solve right-angled triangle problems 
including those involving direction and 
angles of elevation and depression 
(ACMMG245) 


(104) Establish the sine, cosine and area 
rules for any triangle and solve related 
problems (ACMMG273) 


(104) Use the unit circle to define 
trigonometric functions and graph them with 


The surveying team gradually travelled from South and without the use of digital technologies 

India 2400 km north to the Himalayas in Nepal. After (ACMMG274) 

measuring Mt Everest from six different locations, (10A) Solve simple trigonometric equations 

Radhanath Sikdar declared it the highest mountain (ACMMG275) 

on Earth at 8840 m (29002 feet). It was an accurate 

measurement: using GPS (Global Positioning System) (10A) Apply Pythagoras’ theorem and 

Mt Everest has since been found to have a height of trigonometry to solving three-dimensional 

8850 m (29035 feet). GPS also involves a process of problems in right-angled triangles 

triangulation using radio waves sent between satellites (ACMMG276) 

and Earth. © ACARA 
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Chapter 4 


4A Trigonometric ratios 


Learning intentions 

e To understand how the trigonometric ratios relate the angles and side lengths of right-angled triangles 

e To know the trigonometric ratios involving sine, cosine and tangent 

e To be able to identify which trigonometric ratio to apply based on the information in a given 
right-angled triangle 

e To be able to use trigonometry to find an unknown side length in a right-angled triangle 


The study of trigonometry explores the 
relationship between the angles and side lengths 
of triangles. Trigonometry can be applied to 
simple problems, such as finding the angle of 
elevation of a kite, to solving complex problems 
in surveying and design. 


Trigonometry is built upon the three ratios sine, 
cosine and tangent. These ratios do not change for 
triangles that are similar in shape 


5 1 
à D É 10 Engineers use trigonometry to determine the horizontal and 
4 vertical components of the forces acting on bridge trusses and 
cables. Equations are formed by equating forces in opposite 
E [N directions at joints; solving simultaneously calculates each load. 
8 


dudo didt 
5 10 $5 
pip edt UL 
5 10 5 
aud TRUM 
4 8 4 


REI uua Which ratio? 


In a group or with a partner, see if you can recall some facts from Year 9 Opposite 
trigonometry to answer the following questions. zc Bl 
Adjacent 
e What is the name given to the longest side of a right-angled triangle? 
Opposite , ; i . 
e tand= bid end is one trigonometric ratio. What are the other two? 
Adjacent 
e Which ratio would be used to find the value of x in this triangle? 
Can you also find the answer? 26 cm 
O [N 
x cm 
e Which ratio would be used to find the value of x in this triangle? 10m 
Can you also find the answer? L 
xm A 
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KEY IDEAS 


B The hypotenuse is the longest side of a right-angled triangle. It is opposite the right angle. 


E Given a right-angled triangle and another angle 0, the three trigonometric ratios are: 


length of thi ite sid 
e sine of angle O (sin 0) Ea aca maa 


p length of the hypotenuse 
Hypotenuse 
n NU OS length of the adjacent side Opposite 
cosine of angle = 
E length of the hypotenuse Za c 
Adjacent 


length of th ite sid 
e tangent of angle 0 (tan 0) = Du IPAE MUCH: 


length of the adjacent side 
B Many people like to use SOHCAHTOA to help remember the three ratios. 
e meee ee tan 9 = 2 
H H A 
E To find an unknown length on a right-angled triangle: 
* Choose a trigonometric ratio that links one known angle and a known side length with the 


unknown side length. 
e Solve for the unknown side length. 


BUILDING UNDERSTANDING 


(1) Use a calculator to evaluate the following, correct to three decimal places. 
a cos 37° D sin 72° 


€ tan 50° d cos 21.4° 


o Decide which ratio c sin 0 = 9, cos 0 = mor tan 0 = 2) would be best to help find the 


value of x in these triangles. Do not find the value of x. 
a 2 b 2 C 10.3 
x W m 
a x 
a N N a 


© Solve for x in these equations, correct to two decimal places. 


a tan 31° = 3 b cos 54° = 
€ sin 15.6° = —— d sin57°= 


e cos 63.4° = E tan 71.6? — 


10 f 37.5 
X 
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Find the value of x in these right-angled triangles, correct to two decimal places. 


a i 11cm b HD 
n [ex J 


x cm J 38 mm 
SOLUTION EXPLANATION 
Adj t 
J R= 2 Choose the ratio cos 6 = LU 
H Hypotenuse 
(09 277/* e a Multiply both sides by 11, then use a calculator. 
so ages Il KX eos 2 
= 9.80 (to 2 d.p.) Round your answer as required. 
b tand= 2 The tangent ratio uses the opposite and the adjacent sides. 
tan 69° = % 
38 
ae ae tano) Multiply both sides by 38. 


= 98.99 (to 2 d.p.) 


Now you try 
Find the value of x in these right-angled triangles, correct to two decimal places. 
a b ONI m 
3 cm 
xm C 
L] = 
xcm 


LXX 
ALLI 


Find the value of x in these right-angled triangles, rounding your answer to two decimal places. 
a " m b Cm « 
20m 
xm e 
(stem 
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SOLUTION EXPLANATION 


a sin 9 = 2 Choose the sine ratio since the adjacent side is not 
marked. 
sin 33° = a 
ramal Multiply both sides by x to remove the fraction, then 
21 divide both sides by sin 33°. 
x=— 
sin 33° : 
Evaluate using a calculator and round your answer as 
— 38.56 (to 2 d.p.) . 
required. 
b (Ein (9 = 2 The hypotenuse is unmarked, so use the tangent ratio. 
tan 53° = nS 
x5 1205357 71-3 Multiply both sides by x, then solve by dividing both 
oe sides by tan 53°. 
tan 53° 
= 53.73 (to 2 d.p.) 
Now you try 


Find the value of x in these right-angled triangles, rounding your answer to two decimal places. 
a EE O b ÁN 


6m 


xm x mm 
o 
27.2 mm 
Exercise 4A 
1, 2-3(1/2) 2-3(1/2) 2-3(1/3), 4 


Examplet 1 Find the value of x in these right-angled triangles, correct to two decimal places. 


a b 
9 cm 


xm 
O [N 
x cm 
oD 
27 m 
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Example1 2 Use trigonometric ratios to find the values of the pronumerals, to two decimal places. 


S 


12 


~ 
a T | " 
N in 
B 
o 
x 
S S 
N 
9? a 
a 
> 
E 


zi 
N 
o 

E 


16.52 
34.25? 


Example? 3 Use trigonometric ratios to find the values of the pronumerals, to two decimal places, for these 


right-angled triangles. 
b C 
is p 


4 c 
t 4 
A [ | 
7 
A I 
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4 Find the unknown side lengths for these right-angled triangles, correct to two decimal places where 


necessary. 
a b C 
5cm 13.7 cm am 7 
xcm y com 
ym 
ZA [^ - c 0.23 mi 
y om xcm C| 
PROBLEM-SOLVING 5,6 7-9 8-11 
5 A4WD climbs a 350 m straight slope at an angle of 21° to the horizontal. 350m 
a Find the vertical distance travelled, correct to the nearest metre. 21° 


b Find the horizontal distance travelled, correct to the nearest metre. 


6 A diagonal wall brace of length 3.7 metres is at an angle of 30° to the 
horizontal. Find the width (w m) of the face of the wall, to the nearest 
centimetre. 


7 The angle from the horizontal of the line of sight from the end of a tree's shadow 


\ 
to the top of the tree is 55.2°. The length of the shadow is 15.5 m. Find the height 
of the tree, correct to one decimal place. 
(N 
shadow 
8 Onaconstruction site, large concrete slabs of height 5.6 metres are supported 
at the top by steel beams positioned at an angle of 42? from the vertical. 
Find the length of the steel beams, to two decimal places. 
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9 By measuring the diagonals, a surveyor checks the dimensions of a rectangular revegetation area 
of length 25 metres. If the angle of the diagonal to the side length is 28.6°, find the length of the 
diagonals, correct to one decimal place. 


10 A right-angled triangular flag is made for the premiers of a school competition. 
The second-longest edge of the flag is 25 cm and the largest non-right angle on the flag is 71°. Find the 
length of the longest edge of the flag, to the nearest millimetre. 


1i Find the length XY in these diagrams, correct to one decimal place. 


a x yy b 


12 A student solves for x, to two decimal places, in the given triangle and tan 65° = 24 
gets 11.21, as shown. But the answer is 11.19. Explain the student’s error. x 
x tan 65° = 24 
24 cm 
E _ 24 
xem tan 65? 
q 
Em. 
2.14 
= 11.21 
13 Find the value of x, correct to one decimal place, in these triangles. 
a b 60° C m—10—H 
2 x = H sgy Ps 
—J VL 
GA 3 x 
O [N N 
<— 5 — x — 


ENRICHMENT: Exploring identities 


14 For the following proofs, consider the right-angled triangle shown. 
o c 


a Show that tan 0 = 2 7. by completing these steps. i 
cos 0 PLA = 
i Write a in terms of c and 0. b 


ii Write b in terms of c and @. 
iii Write tan 0 in terms of a and b. 
iv Substitute your expressions from parts i and ii into your expression for tan @ in part iii. 
: 1 sin 0 
Simplify to prove tan 0 = ——. 
cos 0 


V Can you find a different way of proving the rule described above? 
b Show that (sin 0)? + (cos 0)? = 1 by completing these steps. 
i Write a in terms of c and 0. 
ii Write b in terms of c and 0. 
iii State Pythagoras’ theorem using a, b and c. 
iv Use your results from parts i, ii and iii to show that (sin 9)? + (cos 0)? = 1. 
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4B Finding unknown angles 


Learning intentions 

e To know that the inverse trigonometric functions are used to find angles in right-angled triangles 

e To be able to use the inverse trigonometric functions to find an angle in a right-angled triangle given two 
side lengths 


The three trigonometric ratios discussed earlier 
can also be used to find unknown angles in 
right-angled triangles if at least two side lengths 


1 
are known. If, for example, cos 0 = ^ then we use 
the inverse trigonometric function for cosine, 
1 
cos"! (1). to find 0. Calculators are used to 


obtain these values. 


The Eleanor Schonell Bridge in Brisbane is a cable-stayed 
bridge in which each cable forms a right-angled triangle with 
the pylons and the bridge deck. Trigonometry and geometry 
are essential tools for engineers. 


RAS The ramp 


A ski ramp is 2.5 m high and 5 m long (horizontally) with a vertical strut of 1.5 m placed as shown. 


ze n 
P [ | [ ] 


3m 2m 


e Discuss which triangle could be used to find the angle of incline, 0. Does it matter which triangle 
is used? 


Which trigonometric ratio is to be used and why? 
e How does tan™! on a calculator help to calculate the value of 0? 
e Discuss how you can check if your calculator is in degree mode. 


KEY IDEAS Vy, 


E Inverse trigonometric functions are used to find angles in right-angled triangles. 


If sin o =k If cos 0 =k If tan 0 = k 
then 0 = sin7!(k). then Ó = cos7!(k). then 6 = tan7!(k). 


where —1 < k < 1 for sin and cos 8. 
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BUILDING UNDERSTANDING 


a State the missing part in each sentence. 


a Ifcos 60° = 0.5, then cos~!(0.5) = 
b Ifsin 30° = 2 then sin-( ) = 30°. 


C If tan 37° x 0.75, then tan- ) x 37°. 


e Find 0 in the following, rounding your answer to two decimal places where necessary. 
a sind =0.4 b cos0 20.5 € tan0 —02 d sind =0.1 


& Decide which trigonometric ratio (i.e. sine, cosine or tangent) would be used to find @ in these 
triangles. 


ease 
ween 


© 
Find the value of 0 in the following right-angled triangles, rounding to two decimal places in part b. 
a 2 b | 
: L5 
a ISS à 25 
E 
SOLUTION EXPLANATION 
a sind= ; Use sin 0, as the opposite side and the hypotenuse 
are given. 
.0-sin[- : : 
2 Use inverse sine on a calculator to find the angle. 
= NU 
b cosQ = 2 The adjacent side and the hypotenuse are given, so 
: use cos 0. 
ʻ 0 =cos7! M 
Da C^ 2.5 Use inverse cosine on a calculator to find the angle 
= S313 (fio 2 L9) and round your answer to two decimal places. 
Now you try 
Find the value of @ in the following right-angled triangles, rounding to two decimal places in part b. 
a b 
6 
3 
B [^x 
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Example 4 


A long, straight mine tunnel is sunk into the ground. Its final depth is 120 m and the end of the 
tunnel is 100 m horizontally from the ground entrance. Find the angle the tunnel makes with the 
horizontal (@), correct to one decimal place. 


SOLUTION EXPLANATION 
tan 0 = iod Start with a labelled diagram. 
100m 
120 
0 = an! [| — C 
2 (2) X 


= 50.2? (to 1 d.p.) 
.. 50.2? is the angle the tunnel makes with the 
horizontal. 


120m 


Now you try 


A straight rabbit burrow is dug into the ground. Its final depth is 4 m and the end of the burrow is 
5 m horizontally from the ground entrance. Find the angle the burrow makes with the horizontal (0), 
correct to one decimal place. 


Exercise 4B 


1, 2-3(t/2) 2-4(1/2) At) — 


Example3 1 Find the value of 0 in the following right-angled triangles, rounding to two decimal places in part b. 


a b BL uc 
2 : > 6 


E (N 


Example 3 o Find the value of 0 in the following right-angled triangles, rounding your answer to two decimal 
E where necessary. 


4 Y ER 
Ux 
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At 


Si 
9 
= V 
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3 Find the value of a and €, to one decimal place where necessary, for these special triangles. 
b 1 C 


[ ] [N 


a IN 
12 


4 The lengths of two sides of a right-angled triangle are provided. Use this information to find the size of 
the two interior acute angles, and round each answer to one decimal place. 


a hypotenuse 5 cm, opposite 3.5 cm b hypotenuse 7.2 m, adjacent 1.9 m 
€ hypotenuse 0.4 mm, adjacent 0.21 mm d opposite 2.3 km, adjacent 5.2 km 
e opposite 0.32 cm, adjacent 0.04 cm Í opposite V5 cm, hypotenuse V11 cm 
PROBLEM-SOLVING 5,6 6,7 7,8 


Example4 9 A ladder reaches 5.5 m up a wall and sits 2 m from the base of the wall. Find the angle the ladder 
makes with the horizontal, correct to two decimal places. 


6 A tarpaulin with a simple A-frame design is set up as a shelter. The width 
of half of the tarpaulin is 2.9 metres, as shown. Find the angle to the ground 
that the sides of the tarpaulin make if the height at the middle of the 
shelter is 1.5 metres. Round your answer to the nearest 0.1 of a degree. 


7 A diagonal cut of length 2.85 metres is to be made on a rectangular wooden slab from one corner to the 
other. The front of the slab measures 1.94 metres. Calculate the angle with the front edge at which the 
carpenter needs to begin the cut. Round your answer to one decimal place. 


8 Find the value of @ in these diagrams, correct to one decimal place. 


a 4 cm b 0 € 1.8mm 
Y 1.7m 
0 
5 cm 3.8 m iN 
3.4 mm 


o at [XI 


9 Consider AOAC and AOBC. 
a Find, correct to one decimal place where necessary: 
i ZAOC ii ZBOC 
b Hence, find the size of angle ZAOB. 


O 
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10 This triangle includes the unknown angles a and f. 
a Explain why only one inverse trigonometric ratio needs to be used to find the 
values of both a and f. 
b Find a and f, correct to one decimal place, using your method from part a. 


fi 


Draw a right-angled isosceles triangle and show all the internal angles. 


Find the exact length of the hypotenuse in terms of x. 


a 
b If one of the shorter sides is of length x, show that tan 45? = 1. 
C 
d Show that sin 45° = cos 45°. 


ENRICHMENT: A special triangle 


12 Consider this special triangle. 
a Find the value of 0. 
b Find the value of a. 
€ Use Pythagoras’ theorem to find the exact length of the unknown side, 


in surd form. 
d Hence, write down the exact value for the following, in surd form. 

i sin 30° ii cos 60° iii sin 60° İv cos 30? v tan 30° Vi tan 60° 
v3 + E) C 
— }x. 


e For the diagram on the right, show that AB = ( 7 


A map showing the triangles and transects used in the Great Trigonometric 
Survey of India, produced in 1870 
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Using calculators in trigonometry (CAS) 


Find the value of the unknowns in these triangles, correct to two decimal places. 


<x | 10 >| 


Using the TI-Nspire: 


a First, find the height of the triangle using tan. Do not 
round this value before using it for the next step. 
Then use this result to find the value of xalso using 
tan. Ensure your General Settings include Degree 
and Approximate (decimal) modes. 


11 
10: tan(42) 9.00404 | 
10: tan(42) 4.99102 
tan(61) 
9 


Hint: use the [trs] key to access tan. 
Hint: you can also include a degree symbol 
(Ce) (es) and select °) in your entries if desired. 


b Use the inverse sine function in Degree mode. 


32.231 


fe 


Hint: use the [trs] key to access sin. 


ISBN 978-1-108-77346-1 


Bos O 


Using the ClassPad: 


© Greenwood et al. 2020 
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In Standard Degree mode, first find the height of the 
triangle using tan. Use this result to find the value 
of x also using tan. Do this calculation in Decimal 
Degree mode. 


BIEREECOCZDEZUN 
10tan(42) [4] 


10-tan(42) 
0. 4991021117 


10tan(42) 
10tan(61) 


Use the inverse sine function in Decimal Degree 
mode. 


32. 23095264 


|sinir* costr* tamir'| OF [2 
+ |e | | ws | 8 
mal Real Deg ^ @ 


Cambridge University Press 


Using calculators in trigonometry (non-CAS) 


Find the value of the unknowns in these triangles, correct to two decimal places. 


a D SS) Ei 
4 
eS) 

Using the TI-Nspire CX non-CAS: Using the Casio: 

a First, find the height of the triangle using tan. Do not a In the Run-Matrix application, in Degree mode, 
round this value before using it for the next step. first find the height of the triangle using tan. Use 
Then use this result to find the value of x also using this result to find the value of x also using fan. 
tan. Ensure your General Settings include Degree 8 Gs 
and Approximate (decimal) modes. Hath) Des) Norm’) iet 

ve 10tan 42 
[ ace 9.004040443 
10: tan(42) 9.00404 A lO0tan 42 
10tan 61 
EA am 0.4991021117 
tan(61) [] 


JUMP JDELETEPHMATVCI MATH 


Hint: use the [trs] key to access tan. 
Hint: you can also include a degree symbol 
(Ce) (es) and select °) in your entries if desired. 


b Use the inverse sine function in Degree mode. b In the Run-Matrix application, in Degree mode, find 
the angle using the inverse sine function. 


um 3 32231 || 8 


32.23095264 


L [ TOP J(BUTTOM PageUp] PageDown) 
Hint: use the [3] key to access sin- !. 
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Chapter 4 


4C Applications using angles of elevation 
and depression 


Learning intentions 

e To know how angles of elevation and depression are measured 

e To be able to draw and label an appropriate diagram from a word problem description and identify a 
right-angled triangle 

e To know how to apply the correct trigonometric relationship to solve a problem 


There are many situations where a two-dimensional 
right-angled triangle can be drawn so that trigonometry 
can be used to solve a problem. An angle of 
elevation or depression is commonly used in such 
triangles. 


Mz EI Uu. Mountain peaks 


Two mountain peaks in Victoria are Mt Stirling 
(1749 m) and Mt Buller (1805 m). A map shows a 
horizontal distance between them of 6.8 km. 


; : ; . . . Pilots are trained in trigonometry. Starting the final descent, 
* Discuss if you think there is enough information a pilot will check that the plane’s altitude and its horizontal 


to find the angle of elevation of Mt Buller from distance from the runway allow for the required angle of 


Mt Stirling. descent (i.e. depression) of 3° below the horizontal. 


e What diagram can be used to summarise the 
information? 
e Show how trigonometry can be used to find this angle of elevation. 
e Discuss what is meant by the words elevation and depression in this context. 


KEY IDEAS 17 


E The angle of elevation is measured up from the horizontal. depression 


Bi The angle of depression is measured down from the horizontal. 
* Onthe same diagram, the angle of elevation and the angle /Á. elevation 
of depression are equal. They are alternate angles in parallel 


lines. 


E To solve more complex problems involving trigonometry: 
e  Visualise and draw a right-angled triangle and add any given information. 
e Use a trigonometric ratio to find the unknown. 
e Answer the question in words. 
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BUILDING UNDERSTANDING 


1) Name the two marked angles which are equal in this diagram. 


@ Choose the diagram (A, B or C) which matches the 
description (a, b or €). (Do not try to find the answer.) 
a A cable of length 45 metres is anchored from 

the ground to the top of a communications 

mast. The angle of elevation of the cable to the 
top of the mast is 60°. Find the height of the 
communications mast. 

The angle of depression from the top of a 

25 metre tall viewing tower to a crocodile on the 
ground is 62°. Find the direct distance from the 
top of the tower to the crocodile. 


Find the angle of depression from a lighthouse 
beacon that is 112 metres above sea level to 

a boat that is at a horizontal distance of 

1.5 kilometres from the lighthouse. 


A helicopter is hovering at an altitude of 250 metres. The angle of 
elevation from the helipad to the helicopter is 35?. Find the horizontal 
distance of the helicopter from the helipad, to the nearest centimetre. B52 250m 


SOLUTION EXPLANATION 


Let x metres be the horizontal distance from the 
helicopter to the helipad. 


250 : : 
(EN SIS" ex = Use tan@ = A since the opposite and 
Eo 
250m © mp Seta BSE e DH) adjacent sides are being used. Solve for x. 
EN ri 
xm E 250 
tan 35° There are 100 cm in 1m, so round to two 
x = 357.04 decimal places for the nearest centimetre. 
The horizontal distance from the helicopter to the Answer the question in words. 
helipad is 357.04 m. Continued on next page 
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Now you try x 


A bird is hovering at an altitude of 100 m. The angle of elevation from 
the observation point to the bird is 55?. Find the horizontal distance of 
the bird from the observation point, to the nearest centimetre. 


sees 


‘oO Example 6 
Two vertical buildings 57 metres apart are 158 metres and 237 metres high. Find the angle of 
elevation from the top of the shorter building to the top of the taller building, correct to two decimal 
places. 
SOLUTION EXPLANATION 
Let 0 be the angle of elevation from the top 
of the shorter building to the top of the taller 
building. 
Height difference 2 237 — 158 
= 7/5 nm 
T9) ; : 
tanü = 5] Draw the relevant right-angled triangle 
s 79 separately. We are given the opposite (O) and 
0 = tan! E the adjacent (A) sides; hence, use tan. 
m iS 
57m = 54.19? (to 2 d.p.) Use the inverse tan function to find 0, correct to 
two decimal places. 
The angle of elevation from the top of the Answer the question in words. 
shorter building to the top of the taller building 
is 54.19°. 
Now you try 
Two vertical poles 32 metres apart are 62 metres and 79 metres high. Find the angle of elevation 
from the top of the shorter pole to the top of the taller pole, correct to two decimal places. 
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Exercise 4C 


I= 2-4 3-5 


Example5 1 The altitude of an aeroplane is 500 metres, and the angle of elevation from 
the runway to the aeroplane is 15?. Find the horizontal distance from the 
aeroplane to the runway, to the nearest centimetre. 


examples 2 The distance between two buildings is 24.5 metres. Find the height of the 
taller building, to the nearest metre, if the angle of elevation from the top of the shorter building to the 
top of the taller building is 85? and the height of the shorter building is 40 m. 


3 The angle of depression from one mountain summit to another is 15.9?. If the two mountains differ in 
height by 430 metres, find the horizontal distance between the two summits, to the nearest centimetre. 


Example6 4 Two vertical buildings positioned 91 metres apart are 136 metres and 192 metres tall, respectively. 
Find the angle of elevation from the top of the shorter building to the top of the taller building, to the 
nearest degree. 


5 An L-shaped veranda has dimensions as shown. N 
Find the width, to the nearest centimetre, of the veranda 
veranda for the following sides of the house: Ww E 
a north side 
b east side. 
S 
PROBLEM-SOLVING 6 6,7 7,8 


6 A knight on a chessboard is moved forward 3.6 cm from the centre of one square to 
another, then diagonally across at 45° to the centre of the destination square. How far 
did the knight move in total? Give your answer to two decimal places. 


El 7 Two unidentified flying discs are detected by a receiver. The angle of elevation from the receiver 
to each disc is 39.48?. The discs are hovering at a direct distance of 826 m and 1.296 km from the 
receiver. Find the difference in height between the two unidentified flying discs, to the nearest metre. 


8 Initially a ship and a submarine are stationary at sea level, positioned 1.78 kilometres apart. The 
submarine then manoeuvres to position A, 45 metres directly below its starting point. In a second 
manoeuvre, the submarine dives a further 62 metres to 
position B. Give all answers to two decimal places. 

a Find the angle of elevation of the ship from the 
submarine when the submarine is at position A. 

b Find the angle of elevation of the ship from the 
submarine when the submarine is at position B. 

c Find the difference in the angles of elevation from 
the submarine to the ship when the submarine is at 


positions A and B. 
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9 9, 10 10-12 


9 A communications technician claims that when the horizontal distance between two television 
antennas is less than 12 metres, then an interference problem will occur. The heights of two antennas 
above ground level are 7.5 metres and 13.9 metres, respectively, and the angle of elevation from the top 
of the shorter antenna to the top of the taller antenna is 29.5°. According to the technician’s claim, will 
there be an interference problem for these two antennas? 


10 The pivot point (P) of the main supporting arm (AP) of a construction 
crane is 46 metres above the top of a 96 metre tall office building. When 
the supporting arm is at an angle of 55° to the horizontal, the length of 
cable dropping from the point A to the ground is 215 metres. Find the 
length of the main supporting arm (AP), to the nearest centimetre. 


Ti Consider a regular hexagon with internal angles of 120° and side 
lengths of 10 cm. 
a For the given diagram find, to the nearest millimetre, the lengths: 
i BC ii AB. 
b Find the distance, to the nearest millimetre, between: 


i two parallel sides ii two opposite vertices. 
€ Explore and describe how changing the side lengths of the hexagon changes the answers to part b. 


12 An aeroplane is flying horizontally, directly towards the city of Melbourne at an altitude of 400 metres. 
At a given time the pilot views the city lights of Melbourne at an angle of depression of 1.5?. Two 
minutes later the angle of depression of the city lights is 5°. Find the speed of the aeroplane in km/h, 
correct to one decimal place. 


ENRICHMENT: Vegetable garden design = - 13 


13 A vegetable garden is to be built in the shape of a regular pentagon using 
redgum sleepers of length 2.5 metres, as shown. It is known that the internal 
angles of a regular pentagon are 108°. 

a Find the size of the following angles. 


i ZAEB ii ZEAB iil ZCAD iv ZADC 
b Find these lengths, to two decimal places. 
i AB ii BE iii AC iv CD 


c Find the distance between a vertex on the border of the vegetable garden 
and the centre of its opposite side, to two decimal places. 

d Find the distance between any two non-adjacent vertices on the border of the vegetable garden, to 
two decimal places. 

e Show that when the length of the redgum sleepers is x metres, the distance between a vertex and the 
centre of its opposite side of the vegetable garden will be 1.54x metres, using two decimal places. 
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4D Bearings 


Learning intentions 

e To understand how true bearings are measured and written 

e To be able to state a true bearing and its opposite direction from a diagram 

e To be able to apply bearings in word problems using a diagram and trigonometry 


True bearings are used to communicate 
direction and therefore are important in 
navigation. Ship and aeroplane pilots, 
bushwalkers and military personnel all 
use bearings to navigate and 
communicate direction. 


Accurate navigation is vital to military personnel, ship and plane pilots, 
geologists and bushwalkers, who all use bearings and maps to navigate and 
communicate direction. GPS signals are weak, unreliable and not accurate 
enough for precise navigation. 


| LESSON STARTER | Sie Navigating a square 


A mining surveyor starts walking from base camp to map out an area for soil testing. She starts by walking 
2 km on a true bearing of 020° and wants to map out an area that is approximately square. 


e Draw a diagram showing the first leg of the walk and the direction of north. 

e Ifthe surveyor turns right for the next leg, what will be the true bearing for this section? 

e [List the direction (as a true bearing) and the distance for all four legs of the walk. Remember that the 
mapped area must be a square. 


KEY IDEAS 


Bi True bearings (°T) are measured clockwise from due north. 360? N 000? 
Some angles and directions are shown in this diagram; 315° NW NE 045° 


for example, NE means north-east. 
e True bearings are usually written using three digits. 270° W E 090? 
* Opposite directions differ by 180°. 


225? SW SE 1357 


180° 
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BUILDING UNDERSTANDING 


© Give the true bearing for each of these directions. 
a N b NE 

d SE 

f sw 

h NW 


C E 
e S 
g W 


e For each diagram, give the true m from O to A. 
50° 
E 
M O 
S 
N 
W "7 E 
18? 
SA 
[3] State the bearing that is the opposite direction to the following. 
a 020°T b 262°T € 155°T 


Lxx 9 * 


‘oO Example 7 
A, B, C and D are four points, as shown. 
a Give the true bearing of each point from the origin, O, in this diagram. 
b Give the true bearing of: 
i O from A ii O from D. 
SOLUTION EXPLANATION 
a The bearing of A is 90° — 35° = 055°T. East is 090° so subtract 35° from 90°. 
The bearing of B is 90° + 45° = 135°T. B is 90° plus the additional 45° in a clockwise 
direction. 
The bearing of C is 270° — 30° = 240°T. West is 270° so subtract 30° from 270°. 
The bearing of D is 270° + 70° = 340°T. Alternatively for D, subtract 20° from 360°. 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


b i The bearing of O from A is 
180° + 55° = 235°T 


ii The bearing of O from D is 
340? — 180? = 160°T 


Now you try 


A, B, C and D are four points, as shown. 


a Give the true bearing of each point from the origin, O, 
in this diagram. 


b Give the true bearing of: 


i OfromA 


ii O from D. 


The bearing of A from O is 055°T and an 
opposite direction differs by 180°. 


Subtract 180° from the opposite direction 
(340°T). 


A ship travels due south for 5 km, then on a true bearing of 120° for 11 km. 
a Find how far east the ship is from its starting point, correct to two decimal places. 


b Find how far south the ship is from its starting point. 


SOLUTION 
a 


ate IHE X< eos 3X0" 
= 9.53 (to 2 d.p.) 
The ship is 9.53 km east of its initial 


position. 
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EXPLANATION 


Draw a clear diagram, labelling all relevant 
angles and lengths. Draw a compass at 

each change of direction. Clearly show a 
right-angled triangle, which will help to solve 
the problem. 


As x is adjacent to 30? and the hypotenuse has 
length 11 km, use cos. 


Answer in words. 


Continued on next page 
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b sin 30° = 2A Use sine for opposite and hypotenuse. Use the 
Ht value provided rather than your answer from 
y = 11 x sin 30° part a. 
255 Multiply both sides by 11. 
Distance south = 5.5 + 5 = 10.5 km Find total distance south by adding the initial 
The ship is 10.5 km south of its initial 5 km. Answer in words. 
position. 
Now you try 


A ship travels due south for 8 km, then on a bearing of 160? for 12 km. 
a Find how far east the ship is from its starting point, correct to two decimal places. 
b Find how far south the ship is from its starting point, correct to two decimal places. 


Exercise 4D 


1 A,B,C and D are four points, as shown. 


Example 7a a Give the true bearing of each point from the origin, O, in this diagram. 
Example 7h b Give the true bearing of: 
i O from A ii O from D. 


Example? 2 Find the true bearing of O from each of the following points, shown in 
this simple map. (Hint: First, find the bearing of each point from O.) 
a A b B c C d D 


3 For this simple map, find the following, correct to one decimal place. N 
a How far west is point A from O? 
b How far south is point A from O? 


65? ä 
W E 

I 

| /Akm 
| 

A 
S 
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4 Find the true bearing, correct to the nearest degree, of: N 
a point A from O 


b point O from A. 


Example8 9 A ship travels due south for 3 km, then on a true bearing of 130° for 5 km. 
a Find how far east the ship is from its starting point, correct to two decimal places. 


b Find how far south the ship is from its starting point, correct to two decimal places. 


6 Two points, A and B, positioned 15 cm apart, are such that B is on a true 
bearing of 100° from A. 
a Find how far east point B is from A, correct to two decimal places. 
b Find how far south point B is from A, correct to the nearest 
millimetre. 


7 An aeroplane flies 138 km in a southerly direction from a military air base to a drop-off point. 
The drop-off point is 83 km west of the air base. Find the true bearing, correct to the nearest degree, of: 
a the drop-off point from the air base 
b the air base from the drop-off point. 


PROBLEM-SOLVING 8,9 8-10 10, 11 


8 Abushwalker hikes due north from a resting place for 1.5 km to a waterhole and then on a true bearing 
of 315? for 2 km to base camp. 
a Find how far west the base camp is from the waterhole, to the nearest metre. 
b Find how far north the base camp is from the waterhole, to the nearest metre. 


€ Find how far north the base camp is from the initial resting place, to the nearest metre. 


9 Ona map, point C is 4.3 km due east of point B, whereas point B is 2.7 km on a true bearing of 143? 
from point A. Give your answer to two decimal places for the following. 
a Find how far east point B is from A. 
b Find how far east point C is from A. 
c Find how far south point C is from A. 


10 A military desert tank manoeuvres 13.5 km from point A on a true 
bearing of 042? to point B. From point B, how far due south must 
the tank travel to be at a point due east of point A? Give the answer 
correct to the nearest metre. 
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Ti Consider the points O, A, B, C, D and E on this Cartesian plane. y 
Round the answers to one decimal place. A 
a Find the true bearing of: 3 
i A from O ii D from O 24 A 
iii B from C iv E from C. E 14 B 
b Find the true bearing from: č i 
i OtoE ii AtoB EEE NETER 
iii D to C iv Bto D. į -24 
D al : 
—44 
Y 
12 12, 13 12-14 — 


El 12 An overall direction and distance of a journey can be calculated by 
considering two (or more) smaller parts (or legs). Find the bearing of C from 
A and the length AC in this journey by answering these parts. 
a Find, correct to two decimal places where necessary, how far north: 
i point B is from A 


ii point C is from B 
iii point C is from A. 
b Find, correct to two decimal places, how far east: 
i point B is from A 
ii point C is from B 
iii point C is from A. 
€ Now use your answers above to find the following, correct to one decimal place. 
i the true bearing of C from A 
ii the distance from A to C. (Hint: Use Pythagoras’ theorem.) 


13 Use the technique outlined in Question 12 to find the distance AC and the bearing of C from A in these 
diagrams. Give your answers correct to one decimal place. 


b 
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14 Tour groups A and B view a rock feature from different E 
positions on a road heading east-west. 


Group A views the rock at a distance of 235 m on a bearing of 
155° and group B views the rock feature on a bearing of 162° 
at a different point on the road. Round all answers to two 
decimal places in the following. 


a Find how far south the rock feature is from the road. 
b Find how far east the rock feature is from: 

i groupA ii group B. 
c Find the distance between group A and group B. 


ENRICHMENT: Navigation challenges = - 15, 16 


15 A light aeroplane is flown from a farm airstrip to a city runway that is 135 km away. The city runway 
is due north from the farm airstrip. To avoid a storm, the pilot flies the aeroplane on a bearing of 310° 
for 50 km, and then due north for 45 km. The pilot then heads directly to the city runway. Round your 
answers to two decimal places in the following. 

a Find how far west the aeroplane diverged from the direct line between the farm airstrip and the city 
runway. 

b Find how far south the aeroplane was from the city runway before heading directly to the city 
runway on the final leg of the flight. 

€ Find the bearing the aeroplane was flying on when it flew on the final leg of the flight. 


16 A racing yacht sails from the start position to a floating marker on a bearing of 205.2? for 2.82 km, 
then to a finish line on a bearing of 205.9? for 1.99 km. Round each of the following to two decimal 
places. 

a Find how far south the finish line is from the start position. 
b Find how far west the finish line is from the start position. 
€ Use Pythagoras’ theorem to find the distance between the finish line and the start position. 
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Chapter 4 


4E Applications in three dimensions 10a 


Learning intentions 

e To be able to visualise right-angled triangles in 3D objects 

e To be able to draw and label right-angled triangles formed in 3D objects 

e To know how to apply the trigonometric ratios to find an unknown and relate this to the original object 


Although a right-angled triangle is a 
two-dimensional shape, it can also be 

used to solve problems in three dimensions. 
Being able to visualise right-angled 
triangles included in three-dimensional 
diagrams is an important part of the process 


of finding angles and lengths associated 

with three-dimensional objects. Surveyors use trigonometry to calculate distances and angles between 
points in three dimensions. Surveyors accurately locate corners for 
new buildings, boundaries of property for legal ownership, and the 
placement of roads, bridges, dams, water pipes, power pylons, etc. 


| LESSON STARTER | iiss How many right-angled triangles? 


A right square-based pyramid has the apex above the centre of the 
base. In this example, the base length is 6 m and slant height is 5 m. 
Other important lines are dashed. 


e Using the given dashed lines and the edges of the pyramid, how 
many different right-angled triangles can you draw? 

e Is it possible to determine the exact side lengths of all your 
right-angled triangles? 


e Is it possible to determine all the angles inside all your 
right-angled triangles? 


KEY IDEAS 


E Using trigonometry to solve problems in three dimensions 
involves: 
e visualising and drawing any relevant two-dimensional triangles 
e using trigonometric ratios to find unknowns 
e relating answers from two-dimensional diagrams to the original 


three-dimensional object. 
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BUILDING UNDERSTANDING 


[1] By considering only the lines drawn inside this rectangular prism, how many Pu "a 
right-angled triangles are formed? 


e The cube shown here has side length 2 m. 
a Draw the right-angled triangle ABC and find and label all the side 


lengths. Pythagoras’ theorem can be used. Answer using exact 

values (e.g. V5). 

Draw the right-angled triangle ACD and find and label all the side 
lengths. Pythagoras’ theorem can be used. Answer using exact values. 
Use trigonometry to find the size of ZDAC, correct to one decimal place. 
Find the size of ZCAB. 


eee 


O Example 9 

A vertical mast is supported at the top by two cables reaching from two 
points, A and B. The cable reaching from point A is 36 metres long and is 
at an angle of 48° to the horizontal. Point B is 24 metres from the base 
of the mast. 
a Find the height of the mast, correct to three decimal places. 
b Find the angle to the horizontal of the cable reaching from point B, 

to two decimal places. 
SOLUTION EXPLANATION 
a Leth be the height of the mast, in metres. First, draw the right-angled triangle, showing 

the information given. 
36m nm. 
SES C 
sin 48° = x The opposite (O) and hypotenuse (H) are 
given, so use sine. 
<. h = 36 x sin 48? Multiply both sides by 36 and round to three 
h = 26.753 (to 3 d.p.) decimal places. 
The height of the mast is 26.753 m. Answer the question in words. 
Continued on next page 
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b Draw the second triangle, including the answer 
from part a. 
26.753 m 
g A 
24 m 
tan@d = DUIS es More precisely, use tan 0 = 0 x mag 
24 24 
eua eeu e E 
24 24 


= 48.11° (to 2 d.p.) 


The cable reaching from point B is at an Answer the question in words, rounding your 
angle of 48.11° to the horizontal. answer appropriately. 


Now you try 


A vertical mast is supported at the top by two cables reaching from two points, A and B. The 
cable reaching from point A is 53 metres long and is at an angle of 37° to the horizontal. Point B 
is 29 metres from the base of the mast. 

a Find the height of the mast, correct to three decimal places. 

b Find the angle to the horizontal of the cable reaching from point B, to two decimal places. 


Exercise 4E 
14) 2-4 3-5 


Example9 1 A vertical mast is supported at the top by two cables reaching from two points, A and B. The cable 
reaching from point A is 43 metres long and is at an angle of 61? to the horizontal. Point B is 37 metres 
from the base of the mast. 
a Find the height of the mast, correct to three decimal places. 
b Find the angle to the horizontal of the cable reaching from point B, to two decimal places. 


Example9 2 A vertical tent pole is supported at the top by two 
ropes reaching from two pegs, A and B. The rope 
reaching from peg A is 3 m long and is at an angle 

of 39? to the horizontal. Peg B is 2 m from the 

base of the pole. 

a Find the height of the pole correct to three 
decimal places. 

b Find the angle to the horizontal of the rope 
reaching from peg B, to two decimal places. 
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3 Viewing points A and B are at a horizontal distance from a 
clock tower of 36 metres and 28 metres, respectively. The 
viewing angle to the clockface at point B is 64°. 

a Find the height of the clockface above the viewing level, 
to three decimal places. 

b Find the viewing angle to the clockface at point A, 
to two decimal places. 


4 Arectangular prism, ABCDEFGH, is 5 cm wide, 10 cm 
long and 2 cm high. 
a By drawing the triangle ABF find, to two decimal places: 
i ZBAF ii AF. 
b By drawing the triangle AGF, find the size of ZGAF, 
to two decimal places. 


El 5 Aramp, ABCDEF, rests at an angle of 20° to the horizontal and 
the highest point on the ramp is 2.5 metres above the ground, 
as shown. Give your answers to two decimal places in the 
following questions. 
a Findthe length of the ramp BF. 
b Find the length of the horizontal BD. 


PROBLEM-SOLVING 6,7 6-9 7-9 


6 The triangular faces of a right square-based pyramid are at an angle 
of 60? to the base. The height of the pyramid is 30 m. Find the perimeter 
of the base of the pyramid, correct to one decimal place. 


7 Atent pole 2.1 metres tall is secured by ropes in two directions. 
The ropes are held by pegs A and B at angles of 43° and 39°, 
respectively, from the horizontal. The line from the base of the 
pole to peg A is at right angles to the line from the base of the 
pole to peg B. Round your answers to two decimal places 
in these questions. 


a Find the distance from the base of the tent pole to: peg A 


i pegA ii peg B. 


30m 


60° 


b Find the angle at peg A formed by peg A, peg B and the base of the pole. 


€ Find the distance between peg A and peg B. 
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8 The communities of Wood Town and Green Village 
live in a valley. Communication between the two 
communities is enhanced by a repeater station on the 
summit of a nearby mountain. It is known that the 
angles of depression from the repeater station to 
Wood Town and Green Village are 44.6° and 58.2°, 
respectively. Also, the horizontal distances from the 
repeater to Wood Town and Green Village are 1.35 km 
and 1.04 km, respectively. 


a Find the vertical height, to the nearest metre, 

between the repeater station and: 

i Wood Town ii Green Village. 
b Find the difference in height between the two communities, to the nearest metre. 


9 Three cameras operated at ground level view a rocket being 
launched into space. 


At 5 seconds immediately after launch, the rocket is 358 m 
above ground level and the three cameras, A, B and C, are 
positioned at an angle of 28°, 32° and 36°, respectively, to 
the horizontal. 


At the 5 second mark, find: 
a which camera is closest to the rocket 
b the distance between the rocket and the closest camera, to the nearest centimetre. 


10 10 10,11 
10 It is important to use a high degree of accuracy for calculations that B 
involve multiple parts. 
For this 3D diagram complete these steps. 
a Find AB, correct to one decimal place. au 
b Use your answer from part a to find 0, correct to one decimal place. A Ss 
€ Now recalculate 0 using a more accurate value for AB. Round @ to J iom Sm 


one decimal place. 
d What is the difference between the answers for parts b and c? 


fi For acube, ABCDEFGH, of side length 1 unit, as shown, use 
trigonometry to find the following, correct to two decimal places 
where necessary. Be careful that errors do not accumulate. 


a ZBAC b AC 
€ ZCAG d AG 
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Applications in three dimensions 


ENRICHMENT: Three points in 3D = 5 12, 13 


Three points, A, B and C, in three-dimensional space are such that 
AB = 6, BC = 3 and AC = 5. 


The angles of elevation from A to B and from B to C are 15° and 25°, 
respectively. Round your answer to two decimal places in the following. 
Find the vertical difference in height between: 
A and B 
B and C 
A and C. 
Find the angle of elevation from A to C. 


The points A, B and C in 3D space are such that: 
e AB = 10 mm, AC = 17 mm and BC = 28 mm. 
e The angle of elevation from A to B is 20°. 
e The angle of elevation from A to C is 55°. 
Find the angle of elevation from B to C, to the nearest degree. 


Triangulation points or ‘trig stations’ such as this are used in geodetic surveying to mark points at which measurements 
are made to calculate local altitude. The calculations involved are similar to those in the Enrichment questions above. 
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4F The sine rule = joa 


Learning intentions 

e To know how the sine rule relates the ratio of sides and angles in non right-angled triangles 

e To know the criteria of a triangle that must be known to apply the sine rule 

e To know how to apply the sine rule to find an angle or a side length in non right-angled triangles 

e To understand that some information of triangles can lead to two possible triangles involving either an acute 
angle or an obtuse angle 

* To be able to use the sine rule to find acute or obtuse angles 


The use of sine, cosine and tangent functions can 
be extended to non right-angled triangles. 


First consider the triangle below with sides a, b 
and c and with opposite angles ZA, ZB and ZC. 
Height h is also shown. 


Pilots need to compensate for cross-winds. In a triangle ABC, 
if AB shows a plane's speed and direction and BC the wind's 


From ACPB, sinB = h speed and direction, then side AC gives the plane's resultant 
a . speed and direction, calculated using the sine and cosine 

SO h=asinB rules. 

From ACPA, sinA = ; 

so h = bsinA 


“asin B = bsinA or —— = 4 
sinA sinB 
4 D c 


Similarly, it can be shown that — =— and — = —. 
sinA sinC sinB  sinC 


In this section we will consider the sine of angles larger than 90°. This will be discussed in more detail in 
Section 4I but for the moment we will accept such angles with our trigonometric functions. 


WX EU; Explore the sine rule 


Use a ruler and a protractor to measure the side lengths (a, b and c) in centimetres, correct to one decimal 
place, and the angles (A, B and C), correct to the nearest degree, for this triangle. 


e Calculate the following. B 
a b [o a 
a — E: I 
sinA sin B sin C 
. c C 

e What do you notice about the three answers above? 
e Draw your own triangle and check to see if your observations b 

are consistent for any triangle. A 
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KEY IDEAS 


B When using the sine rule, label triangles with capital letters for A 
vertices and the corresponding lower-case letter for the side D 
opposite the angle. b $ 
E The sine rule states that the ratios of each side of a triangle to ce 7 AF 


the sine of the opposite angle are equal. 


a b c sinA  sinB _ sinC 


sinA sinB sinC EN NN 
e The sine rule holds true for both acute- and obtuse-angled triangles. 
e Use the sine rule when you know: 
- one side length and 
- the angle opposite that side length and 
- another side length or angle. 


E The ambiguous case can arise when we are given two sides and an angle that is not the 
included angle. 
* This example shows a diagram with two given side lengths and 
one angle. Two triangles are possible. 
* Using ——— € = if 
sin30° sin 8 
(i.e. 0, or 05). You will need to choose the correct angle 


could give two results for 0 


(i.e. acute or obtuse) to suit your triangle (if known). 
e 0, and 0, are supplementary so to find the obtuse angle 0; use 05 = 180? — 04. 


BUILDING UNDERSTANDING 


(1) State the missing parts of the sine rule for this triangle. 
a c 


sin B 


C 


o Solve each equation for a or b, correct to one decimal place. 
a 2 5 b 


sin 47? sin 51? sin63? sin 27° 


[3] Find 0, correct to one decimal place, if 0 is acute. 
4 5 


sin38? sin@ 
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Find the value of x in this triangle, correct to one decimal place. 7m 


U/ 80° 


75° xm 


SOLUTION EXPLANATION 


— = al Use the sine rule £ = ES A 
sin 80° sin 75° sinA sinB 


pm X sin 80? Multiply both sides by sin 80°. 
sin 75? 
— 7.1 (to 1 d.p.) 
Now you try 
8m 
Find the value of x in this triangle, correct to one decimal place. 659 V/ 
Sins 95? 
7 


- n m 


Find the value of @ in these triangles, correct to one decimal place. 


a Óisacute b @ is obtuse 
Pa cm aom 
Io 
D^ 10cm Gun 
SOLUTION EXPLANATION 
- W = X Alternatively, use sind = B 
sin 83° sin@ a b 
10 x sin@ = 9 x sin 83° So sin@ _ sin 83? 
; 9 x sin 83° 9 w 
sing = ————— — ' 
10 . 9 x sin 83? 
sin @ = —————— 
, E ( x sin =) 10 
ex (9) = Si) _—— 
10 Use sin~! on your calculator to find the value 
= 63.3? (to 1 d.p.) of 0. 
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4 6 


= Alternatively, use 


sin _ sin 40° 


sin40° sind 4 

4 x sin 0 = 6 x sin 40? 6 x sin 40? 

: 6 x sin 40° 4 

sin 9 = ————— 
4 
s in ($ X sin 40 ) 
4 
0 = 714.6? or 180? — 74.6? = 105.4? This is an example of the ambiguous case of 
0 is obtuse, so 6 = 105.4? (to 1 d.p.). the sine rule but as @ is obtuse, you will need 
to choose the supplement of 74.6°. 
Now you try 


Find the value of 8 in this triangle, correct to one decimal place. 


Exercise 4F 
1, 2-3(1/2) 


Exmpei) 1 Find the value of x in this triangle, correct to one decimal place. 
tm 
V 70 


92° x cm 


» 


Examplei0 2 Find the value of x in these triangles, correct to one decimal place. 


xcm 22cm 
"A 
%52? CN 


10 cm 


d e /\ 
40° 
12m 
/\67° 
xm 
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Exampletla 3 Find the value of 0, correct to one decimal place, if 0 is acute. 


a 5m b 10cm C 
70° Y 
12 
cm o 
g 


5.1 cm 


PROBLEM-SOLVING 4,5 5 6-8 


4 Three markers, A, B and C, map out the course for a cross-country race. B 
The angles at A and C are 67° and 39°, respectively, and BC is 2 km. 
a Find the length AB, correct to three decimal places. 
b Find the angle at B. N 67° 39x. 
c Find the length AC, correct to three decimal places. A C 


5 A factory roof has a steep 6 m section at 80? to the horizontal and 
another 13 m section. What is the angle of elevation of the 13 m section 
of roof? Give your answer to one decimal place. 


factory 


6 A golf ball is hit off-course by 13? to point B. The shortest 7 B 
distance to the hole is 300 m and the angle formed by the new 
ball position is 31°, as shown. Find the new distance to the A T] 
300 m hole (H) 


hole (BH), correct to one decimal place. 


7 An aeroplane is flying due north but, to avoid a storm, it flies 150 km on a bearing of 060°T and then 
on a bearing of 320°T until it reaches its original course. 


a Find the angles ZABC and ZACB. 
b As a result of the diversion, how much farther did the aeroplane have to fly? Round your answer to 


the nearest kilometre. 
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o: 


Exampletth 9 


@ » 


A ship heads due north from point A for 40 km to point B, and then heads N 

on a true bearing of 100° to point C. The bearing from C to A is 240°. B N 
a Find the size of ZABC. C 
b Find the distance from A to C, correct to one decimal place. 40 km 


€ Find the distance from B to C, correct to one decimal place. 


A 
9(1/;) 9(*/2), 10 9(1/5), 10, 11 
Find the value of 0, correct to one decimal place, if 0 is obtuse. 
à 51» ^c 6 km b 
ps 9 km 16m 
12m 
DTN 
C 
> 28.2 m 
LS 
22.6 m 
e f 
3.9 m 
Try to find the angle @ in this triangle. What do you notice? Can you explain T 25 
this result? Aka 
/ A8 309 


Tl A triangle ABC has ZC = 25°, AC = 13 cm and AB = 9 cm. Find all possible values of ZB, correct to 


one decimal place. 


ENRICHMENT: More on the ambiguous case 


O: 
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When finding a missing angle @ in a triangle, the number of possible solutions for 0 can be one or 


two, depending on the given information. 


Two solutions: A triangle ABC has AB = 3 cm, AC = 2cm and ZB = 35°. 
a Find the possible values of ZC, correct to one decimal place. 
b Draw a triangle for each angle for ZC in part a. 


One solution: A triangle ABC has AB = 6 m, AC = 10 m and ZB = 120°. 

c Find the possible values of ZC, correct to one decimal place. 

d Explain why there is only one solution for ZC and not the extra supplementary angle, as in parts a 
and b above. 

e Draw a triangle for your solution to part c. See the poster on the inside back cover of your book for 
more information about solving unfamiliar problems. 
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1 Find the value of x in these right-angled triangles, rounding each answer to two decimal 


C3 places. 
a b o 
IN 15 cm Xx cm 
= 
© S ~ 
Ss xcm 
Q L2— 51cm 
2 
= C d xm 
a xm V [] 
a. 12m 
12.4m 
ZL) [ | 
C3) 2 Find the value of @ in the following right-angled triangles, correct to the nearest degree. 
© : m b NS 
O 
[] SS 12.4 
14 
3 For triangle ABC, find: 
a the exact value of: 
i x ii sina iii sin 0 
b 0, correct to one decimal place. 
EN 4 At what angle to the horizontal must a 4.5 m ladder be placed against a wall if it must reach 
up to just below a window that is 4 m above the level ground? Round your answer to the 
nearest degree. 
(3) 5 The angle of depression from the top of a 
20 m building to a worker standing on the 
ground below is 40°. Find the distance of 
the worker from the base of the building, 
correct to two decimal places. 
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6 Give the true bearing of A, B and C from the origin, O, in the given diagram. 


C3 7 Amanleaves camp C at 11 a.m. and walks 12 km 
on a true bearing of 200°. He then stops. A 
woman also leaves camp C at 11 a.m. However, 
she walks on a true bearing of 110? for 6.5 km 
before stopping. 
a How far apart are the man and the woman 
once they stop? Give your answer correct to 


two decimal places. 

b Ifthe man changes direction and walks to 
where the woman is waiting, on what bearing should he walk? Round your answer to 
one decimal place. 


| ac | 8 Consider the given 3D diagram on the right. 
a Find the value of h, correct to two decimal places. 


b Find ZACB, to the nearest degree. 


| ac | 9 Acube has vertices A, B, C, D, E, F, G and H and has side length 2 cm. 
a Use Pythagoras’ theorem to find the length AC as an 


exact value. 


b Find the angle of elevation of the diagonal AG, 
i.e. find ZCAG. Round to the nearest degree. 


A 2cm B 


(ER) 10 Find the value of the pronumeral, correct to one decimal place, using the sine rule. 


a xm b @ is acute. 
20° C—7 7cm AZ) 
3 m\85° d 
> 
AQo 
10 cm < 
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4G The cosine rule  :o^ 


Learning intentions 

e To know that the cosine rule relates one angle and three sides of any triangle 

e To be able to use the cosine rule to find any angle (given all three sides) or a third side of a triangle (given 
two sides and the included angle) 


When a triangle is defined by two sides and the included angle, the sine rule is unhelpful in finding the 
length of the third side because at least one of the other two angles is needed. 


10cm 


In such situations a new rule called the cosine rule can be used. It relates all three side lengths and the 
cosine of one angle. This means that the cosine rule can also be used to find an angle inside a triangle 
when given all three sides. 


The proof of the cosine rule will be considered in the Enrichment question of this section. 


| LESSON STARTER | NU; Cosine rule in three ways 


One way to write the cosine rule is like this: 
c? = a? + D? — 2ab cos C, where c? is the subject of the formula. 


B 


o 


C 
A b 


e Rewrite the cosine rule by replacing c with a, a with c and C with A. 
e Rewrite the cosine rule by replacing c with b, b with c and C with B. 


KEY IDEAS 


B The cosine rule relates one angle and three sides of any triangle. 


E The cosine rule is used to find: 


@ 
e the third side of a triangle when given two sides and the included b 
J 
angle l z E B 
* anangle when given three sides. 
2a n2. uo 
c2=a2+b*-2abcosC or Coe S UNDEOMN 
2ab 


E If 0 is obtuse, then note that cos @ is negative. This will be discussed in more detail in Section 4I. 
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BUILDING UNDERSTANDING 


[1] State the missing parts to the cosine rule for each triangle. 


a c? = qa +b? -— 2ab cos C 
c= 32 + —2 x x X cos 


c? = a? + b? — 2ab cos C 


| 25949 -2x | x. Xxcosð 


9 


o9 Simplify and solve for the unknown (i.e. c or 0) in these equations, correct to one decimal place. 
a 


c)-24^5472—2x4x7 x cos 120° 


c? = 1.57 + 1.12 -2x 1.5 x 1.1 x cos 70? 
102 = 77+ 62-2x7x6xcosd 


182 = 212 + 302 — 2 x 21 x 30 x cos 


CX X 9 x3 
LL 


Find the length of the third side in this triangle, correct to two decimal places. 2 cm 
| 


SOLUTION 


c? = a2 + b? — 2ab cos C 
= 32 + 22 — 2(3)(2) cos 102? 
= l3 = I2icos 022 
= 15.49494 ... 
“. c = 3.94 (to 2 d.p.) 


The length of the third side is 3.94 cm. 


Now you try 


decimal places. 


EXPLANATION 
c &) 


(a) 42cm 
p^ 
c cm 

B 


Let c be the length of the unknown side, so 
a — 3 and b — 2. Alternatively, let b = 3 and 
gie 2, 


c = v 15.494904 ... 


Find the length of the third side in this triangle, correct to two 1m 100° 2m. 
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Find the angle @ in this triangle, correct to two decimal places. 


13 mm 8 mm 
D 12 mm 
SOLUTION EXPLANATION 
c2 = a + b2 — 2ab cos C Choose @ to represent ZC, so this makes 
82 = 132 + 122 — 2(13)(12) cos 0 c= 8. ANS 
: a+b -c 
64 = 313 — 312 cos 0 Alternatively, use cos C = = to 
312 cos 0 = 249 give the same result. i 
249 313 — 64 = 249 
cos 9 = —— 
3 
0 = cos"! 2 
312 
G= INO Oa) 
Now you try 
Find the angle @ in this triangle, correct to two decimal places. 9m 
20m 
19m 


Exercise 4G 


1, 2-3(1/2) 2-3(1/2) | 2 


Example12 1 Find the length of the third side in this triangle, correct to two decimal places. "de A 


Example12 2 Find the length of the third side, correct to two decimal places. 


a b C 
EIE 19 cm 
11 cm 7m E 
24 cm 
(S 
8m 
d o e 1.8 km [<^ f 
20 2.1 km 9.1 m 
72m 10.6m £o 
12.4m 
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Example13 3 Find the angle 0, correct to two decimal places. 


8mm 
6m 
d AN e 12 cm f 
4.1m 3 8.2 mm 
6.4m 11.1 mm 
23.2 cm 19.4 cm 

5.7 m [à 8.9 mm 

PROBLEM-SOLVING 4-6 9-7 6-8 


4 Atriangular goat paddock has two sides of lengths 320 m and 170 m, and a 71? angle between them. 
Find the length of the third side, correct to the nearest metre. 


9 Find the size of all three angles in a triangle that has side lengths 10 m, 7 m and 13 m. Round each 
angle to one decimal place. 


6 Three camp sites, A, B and C, are planned for a hike and the distances between N 

the camp sites are 8 km, 15 km and 9.5 km, as shown. If camp site B is due north 

of camp site A, find the following, correct to one decimal place. B 8 km 

a The bearing from camp site B to camp site C. 

. . . C 
b The bearing from camp site C to camp site A. 15 km 
9.5 km 
A 


7 A helicopter on a joy flight over Kakadu National Park travels due east for 125 km, then on a bearing 
of 215°T for 137 km before returning to its starting point. Find the total length of the journey, correct 
to the nearest kilometre. 


8 The viewing angle to a vertical screen is 18° and the distances 25m screen 
between the viewing point, P, and the top and bottom of the (x m) 
screen are 25 m and 23 m, respectively. Find the height of the = P 
screen (x m), correct to the nearest centimetre. P 
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a b C 
O N 
xcm 84°\ 10 cm T 
11 o x cm 
ie ASI x cm 
xcm 
DO 
f 


El 10 a Rearrange c? = a? + b? — 2ab cos C to make cos C the subject. 
b Use your rule to find angle C in this triangle, correct to 
one decimal place. 


Ti A student uses the cosine rule to find an angle in a triangle and simplifies the equation to 
cos 9 = —0.17. Is the triangle acute or obtuse? Give a reason. 


ENRICHMENT: Proof of the cosine rule 


12 Triangle ABC shown here includes point P such that PB L CA, BP = hand CP = x. 


e— b —— ——- 
Write an expression for length AP. 
Use Pythagoras’ theorem and ACBP to write an equation in a, x and h. 
Use Pythagoras’ theorem and AAPB to write an equation in D, c, x and A. 


2a o g 9 


Combine your equations from parts b and € to eliminate ^. Simplify your result. 


Adjacent 


e Use cos 0 = to write an expression for cos C. 


Hypotenuse 
f Combine your equations from parts d and e to prove c? = a? + b? — 2ab cos C. 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 


throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 


diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


Flying a kite 


1 Holly and her friend are flying a kite on a 25 m long string (pulled tight). 


Holly and her friend are interested in the relationship between the angle of elevation and the height 
of the kite. 


Holly's friend is standing 10 m away from her and notices the kite is directly overhead. Determine 
the angle of elevation of the kite from Holly's hand. Round to one 
decimal place. 

The kite rises with a gush of wind and the angle of elevation becomes 
75°. How high is the kite (vertically) above Holly's hand level correct 
to one decimal place? 

The kite can range from being 0 m to 25 m above Holly’s hand level. 
At what height is the kite when the angle of elevation is 45°? Round 


to one decimal place. Ma 
Determine the angle of elevation when the kite is 12.5 m above E 
Holly's hand level. 

If the string is x m long, find in terms of x: 

i the height of the kite at an angle of elevation of 30° 
ii the angle of elevation when the kite's vertical 


Friend 


height is : the length of the string. Round to one 


decimal place. 


Off the beaten track 


2 A walker travels off a straight-line track that runs east-west and then later returns to a point further 


west along the track. 


The walker is interested in the relationship between the chosen bearing heading off the track and 


the return bearing as well as the distances that need to be walked in order to complete the journey. 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Initially the walker takes a true bearing off the track at 200? for 5 km. 

i To return to the track they travel on a true bearing of 340°. What distance do they need to walk 
to meet up with the track? Give reasons. 

ii Another walker walks for x km from the track on a true bearing of 230°. They head back to the 
track on a true bearing of 310?. What distance do they need to walk to meet up with the track? 

iii Ifa walker was to walk in a south-westerly direction from the track for x km on a true bearing of q°, 
where 180 « q « 270, on what true bearing do they need to travel for x km to arrive back at the track? 


320 Chapter 4 


b A walker heads from the track on a true bearing 
of 210? for 4 km. 

i Determine three different bearings and 
distances that would get them back on the 
track. Include diagrams to represent these 
walks. 

3 km west along the track from where they start 

begins a 500 m section of the track that is not 

accessible. To avoid this section the walker must 


rejoin the track either before or after this section. 

ii On what possible bearings does the walker need to travel to get back to the track but avoid the 
inaccessible part? Assume that the walker does not want to backtrack, and round bearings to the 
nearest whole number. 


How high is the building? 


3 To determine the height of a building two angles of elevation are recorded on level ground a set 
distance apart. 


By applying basic right-angled trigonometry we can investigate the height of the building using 
angles of elevation and the distance between the points at ground level. 


a For the case shown, with two angles of elevation 50° and 60°, 
5 m apart: 
i Write down two equations involving x and / (one from each 
right-angled triangle). hm 
ii Use the expressions from part i to solve for h correct to the 
nearest centimetre. 


AA / C 
5 m ->a x m —31 


b i Repeat part a, with the two angles of elevation 50? and 60°, 


now taken d m apart, to find h in terms of d. 
ii Use your answer from part i, to confirm your answer to part a and to find the height of the 
building if the measurements were taken 8 m apart. Round to the nearest centimetre. 
€ Using the diagram from part a: 
i make use of the sine rule to find the value of h correct to the nearest centimetre. 
ii compare your working from part i with part a. Is either method preferable? 
d For the general case shown at right, use the method from part a to 
find an expression for h in terms of a, J and d. Check by using 
your values from part a. 


— d —» 
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4H Area of a triangle 10a 


Learning intentions 
e To understand how the area of a triangle can be found when two sides and the included angle are known 


* To beable to use the area of a triangle formula, A — ab sin C 


We can use trigonometry to establish a 
rule for the area of a triangle using two 
sides and the included angle. 


We can see in this triangle that sin C — 2 
so h = asin C. 


A= shh becomes A = xba sin C. 


B 


A polygon’s area can be found by dividing it into oblique triangles (that 
is, non-right angled triangles) and measuring relevant angles. This 
method is useful for finding polygon-shaped areas such as irregular farm 
paddocks, blocks of land or a space that is to be landscaped or paved. 


> 
> 
AQ 


| LESSON STARTER | Suud Calculating area in two ways 


Draw any triangle ABC and construct the height PB. Measure the _ i 
following as accurately as possible. A 
a AC b BC c BP d ZC 
Now calculate the area using: a 
c 
e Area = Thh e Area = id sin C 
2 2 B 
How close are your answers? They should be equal! 
KEY IDEAS 
E The area of a triangle is equal to half the product of two sides and C 
the sine of the included angle. b mn a 
Area — id; sin C B 
2 A € 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


322 Chapter 4 


BUILDING UNDERSTANDING 


[1] Evaluate sab sin C, correct to one decimal place, for the given values of a, b and C. 
a a=3,b=4,C = 38° b a=15,b=7,C= 114° 


(2) Which angle pronumeral (i.e. æ, f or 0) represents the included angle between the two given sides 
in these triangles? 


[3] Solve these equations for C. Round your answer to two decimal places. 
a 102 54x 6 x sin C b 25 = 2X 7x 10 x sinc 


eee 


© Example 14 
Find the area of these triangles, correct to one decimal place. 
a b 
i 
[^w 
9 cm 
SOLUTION EXPLANATION 
il . 
a Area = ee sin C Substitute the two sides (a and b) and the 
1 included angle (C) into the rule. 
ED 10 x sin 29? 
= 21.8 cm? (to 1 d.p.) 
1 , 
b Area = 52b sin C 
=5x 1.8 x 3.4 x sin 119° 
= 2.7 km? (to 1 d.p.) 
Now you try 
Find the area of this triangle, correct to one decimal place. 
7 cm > 9cm 
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Find the value of x, correct to two decimal places, given that the area of this triangle is 70 cm?. 


10 cm ES XOM 


SOLUTION EXPLANATION 
Area = sab sin C Substitute all the given information into the 
i rule, letting a = 10 and b = x. Use ZC = 93? 
7/0) = 3 x 10 x x x sin 93° as the included angle. 
E 5 x 10 = 5, so divide both sides by 5 
14 (70 + 5 = 14) and then solve for x. 
EE 
sin 93? 


x = 14.02 (to 2 d.p.) 


Now you try 


Find the value of x, correct to two decimal places, given that the 
area of this triangle is 37 cm?. 
4 cm xcm 
> 


Exercise 4H 


1, 2(1/2), 4(/) 2(5),8,4() ——— 2-40) 
Example44 1 Find the area of this triangle, correct to one decimal place. 5m 
Z A 
6m 


Exampei4 2 Find the area of these triangles, correct to one decimal place. 


a b C 2.] km 
i m 6 m O - 


km 
d 4mxd e f 
QO 
32m 20.1 cm 
489 
|» 10.2 cm 
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3 Find the area of these triangles, correct to one decimal place. 
a AXYZif XY = 5 cm, XZ = 7 cm and ZX = 43° 
b ASTU if ST = 12m, SU = 18 mand ZS = 78? 
© AEFG if EF = 1.6 km, FG = 2.1 km and ZF = 112° 


Examples 4 Find the value of x, correct to one decimal place, for these triangles with given areas. 


xcm 20m 
Area = 22 mm? Area = 14 cm? Area = 90 m? 
e f 
M 94m EUROS ni 
15cm ias 
£ 
xm 
Area = 128 cm? Area = 45 m? Area = 0.23 km? 
PROBLEM-SOLVING 5,6 5-7 5-8(1/5) 


o 5 Find the area of these shapes, correct to two decimal places. 


a C 
d Bv mm g 21km 
10 cm 


6 First use the sine rule to find another side length, and then find the area of these triangles, correct to 
13 cm 


two decimal places. 
VA c 3 
[s SS Q 
m 
» 


a 
o O First use the cosine rule to find an angle, and then calculate the area of these triangles, correct to two 


8 


decimal places. 


b 28m 
16m 
36m 
51m 


o O: Find the area of these me correct to one decimal place. 


Ó 


.2 km 


a 4m c 
2.5m [S 
6cm 18 km 
10 cm 
22 km 
m 
6m 
> 7 cm 8 km 
12 km 
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9 9, 10 9-11 


9 Write a rule for the area of these shapes, using the given pronumerals. 


a b C J 
BET 
( ] a 
b 


10 a Find the area of these two triangles, correct to one decimal place. 
i ii 
20 cm 20 cm 120° 
|» 15 cm 


15cm 
b What do you notice about your answers in part a? How can you explain this? 
Draw another triangle that has the same two given lengths and area 17m 


as the triangle on the right. Pá 
1.2 m 


fi a Use the rule Area = Zab sin C to find the two possible values of 0 (one acute and one obtuse) in 


the triangle detailed below. Round your answer to one decimal place. 
AABC with AB = 11 m, AC = 8 m, included angle 0 and Area = 40 m7. 


b Draw the two triangles for the two sets of results found in part a. 


ENRICHMENT: Polygon areas 


12 You will recall that the sum (S) of the interior angles of a polygon with B 

n sides is given by S = 180(n — 2). 

a This regular pentagon has each side measuring 5 cm. 
i Calculate the angle sum of a pentagon. A C 
ii Calculate the size of one interior angle of a regular pentagon. 
iii Find the area of AAED, correct to two decimal places. 
iv Find the length AD, correct to two decimal places. E D 
V Find the sizes of ZADC and Z DAC. 
Vi Find the area of AADC, correct to two decimal places. 
vii Find the total area of the pentagon, correct to one decimal place. 

b Usea similar approach to find the area of a regular hexagon of side length 5 cm, correct to one 
decimal place. 

c Can this method be used for other regular polygons? Explore and give examples. 
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Chapter 4 


4| The unit circle 104 


Learning intentions 

* To know what the unit circle represents 

* To understand how a point on a unit circle can be defined by coordinates related to the cosine of the angle in 
its triangle and the sine of the angle 

e To know the four quadrants of the unit circle and the sign and symmetry properties in these quadrants for 
the trigonometric ratios 

e To be able to identify in which quadrant an angle lies and determine whether its different trigonometric ratios 
will be positive or negative 

e To be able to write an angle in terms of its reference angle in the first quadrant 

e To know how tan can be expressed in terms of sin and cos 


From early trigonometry we calculated sin 0, cos 0 and tan 0 using acute angles. We will now extend this 
to include the four quadrants of the unit circle, using 0? < 0 < 360°. 


Note the following. y 


* Theunit circle has radius one unit and has centre 1 
Quadrant 2 Quadrant 1 
(0, 0) on a number plane. " e in 6) 
= .y-sin 
e @ is defined anticlockwise from the positive x-axis. iic cd 
e There are four quadrants, as shown. A 


e Using a point P(x, y) on the unit circle we define the 
three trigonometric ratios 


, Opposite I 
- Wins EE P lad 


Hypotenuse 1 Quadrant 3 71 Quadrant 4 


Adjacent x 
— == X 
Hypotenuse 1 


Opposite y _ sind 
Adjacent X  cos0 


- cosd= 


- tand= 


e The coordinates of P, a point on the unit circle, are 
(x, y) = (cos 0, sin 0). 

e Inthe second quadrant sin Ó is positive, cos Ó is negative 
and tan @ is negative. In this diagram we can see 
P(cos 130°, sin 130°), where cos 130° is negative, 


sin 130° is positive and so tan 130° will be negative. 


In the diagram at right showing 130°, a 50° angle (180° — 130°) 

drawn in the first quadrant can help relate trigonometric values from 

the second quadrant to the first quadrant. By symmetry we can see that 
sin 130° = sin 50° and cos 130° = —cos 50°. This 50° angle is called the 
reference angle (or related angle). 


In this section we explore these symmetries and reference angles in the 
second, third and fourth quadrants. 
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| LESSON STARTER | uuh Positive or negative 


For the angle 230°, the reference angle is 50° and P = (cos 230°, sin 230°). 


Since P is in the third quadrant, we can see that: 


e cos 230° = —cos 50°, which is negative. 
e sin 230° = —sin 50°, which is negative. 


Now determine the following for each value of 0 given below. 
You should draw a unit circle for each. 


e What is the reference angle? 


e [scosÓ positive or negative? 
e Is sin @ positive or negative? 
e [stan 0 positive or negative? 


a 0-240? b 8= 210° c 0=335 d 8 = 290° e @= 162° 


KEY IDEAS 


E Every point P(x, y) on the unit circle can be described in terms of the angle 0 such that: x = cos 0 


and y = sin 0, where —1 < sin@ < 1 and —1 < cos@< 1. 


y 


Quadrant 2 
DEE 
P(x, y) = (cos @, sin 0) 


Quadrant 1 


(ep) (9) 
P(x, y) = (cos 8, sin 0) 


P(x, y) = (cos @, sin 0) 
(C3 €3 
Quadrant 3 


P(x, y) = (cos O, sin @) 
Gr) ©) 
Quadrant 4 


Bi For different quadrants, cos 0 and sin 0 can be positive or negative. 
B tano = B 
cos 0 
Bl ASTC means: 
e Quadrant 1: All sin 0, cos 0 and tan are positive. 


e Quadrant 2: Only Sin @ is positive. 
e Quadrant 3: Only Tan @ is positive. 
e Quadrant 4: Only Cos @ is positive. 
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E A reference angle (sometimes called a related angle) is an acute angle that helps to relate cos 0 


and sin @ to the first quadrant. 
Angle 6 90° to 180° 180° to 270° 
Reference angle 180° — 0 0 — 180° 
y y 


B Multiples of 90°. 


1 


Zi 


1 0 


0 


0 undefined 


undefined 


BUILDING UNDERSTANDING 


Q Which quadrant in the unit circle corresponds to these values of 0? 
a 0?*«0«90? b 180° < 8 < 270? 
€ 270? < 0 < 360° d 90? «90 < 180° 


o Decide which quadrants make the following true. 
a sinÓ is positive D tan is negative 
€ cos @ is negative d cos @ is positive 


e tanÓ is positive f sin @ is negative 


e State the missing values in this table. 


undefined 


(4) Use a calculator to evaluate the following, correct to three decimal places. 
a sin172? b sin 212° 
€ cos 143° d cos 255° 


€ tan 222° f tan 134° 
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Lx 3x 


Choose an obtuse angle to complete each statement. 


a sin30?^—sin —— b cos57?2 —cos —— c tan8l?^—-tan _ 
SOLUTION EXPLANATION 

a sin 30° = sin 150° Choose the supplement of 30°, which is 180? — 30° = 150°. 
b cos 57? = —cos 123? y 


1805S Ry 


-1 1 
a - >X 
S a 
c tan 81? = —tan 99° The supplement of 81? is 99°. 
Now you try 
Choose an obtuse angle to complete each statement. 
a sin 40° = sin b cos 74? = —cos € tan 47° = —tan 


M Example 17 

Decide in which quadrant 0 lies and state whether sin 0, cos 0 and tan are positive or negative. 
a 02300? b ESOS 
SOLUTION EXPLANATION 
a e = 300 is m quadrant 4. NOME sin Q 

sin 0 is negative cos 0 

cos @ is positive 

tan @ is negative 

—1 y P(cos300°, sin 300°) 

b 6 = 237° is in quadrant 3. y 

sin ô is negative 1A 

cos @ is negative 

tan @ is positive 

< ; »X 
Fi Y 1 
P(cos 237°, sin237°) "1 Y 
Now you try 
Decide in which quadrant 0 lies and state whether sin 0, cos 0 and tan 0 are positive or negative. 
a 02320? b Qe3is 
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Write the following using their reference angle. 


a sin 330° 


SOLUTION 
a sin 330° = —sin 30° 


b cos 162° = —cos 18° 


c tan 230° = tan 50? 


b cos 162° 


EXPLANATION 


sin 330° is negative and 
the reference angle is 
360° — 330° = 30°. 


cos 162° is negative and 
the reference angle is 
180° — 162° = 18°. 


tan 230° is positive 
(negative + negative) 
and the reference angle 
ig 230° = 180 = SUP. 


c tan 230° 


Now you try 
Write the following using their reference angle. 
a sin310° b cos 126° € tan 260° 
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Exercise 4l 


1, 2-5 (1/2) 2-6(1/2) 


1 Choose an obtuse angle to complete each statement. 


Example 16a a i sin20°=sin il sin 75° = sin 
Example 16h b i cos 70° = —cos ii cos 42? = —cos 
Example 16c c iÍ tan35? = -tan ii tan 79° = —tan 


Examples 2 Choose an obtuse angle to complete each statement. 


a sin40? = sin b sin 65° = sin 
€ cos 25° = —cos d cos 81° = —cos 
e tan 37° = —tan f tan 8° = —tan 


3 Choose an acute angle to complete each statement. 


a sin 150° = sin b sin 94° = sin 
€  —cos 110° = cos d —cos 171° = cos 
e -—tan 159° = tan f -tan 143° = tan 


Example? 4 Decide in which quadrant 0 lies and state whether sin 0, cos 0 and tan @ are positive or negative. 


a @=172° b 02295? c @= 252° d @=73° 
e @=318° f 02154? g 0-197? h 02221? 
i 02210? j 0259» k @= 346° | @= 147° 


Example18 © Write each of the following using its reference angle. 


a sin 280° b cos 300° c tan 220? d sin 140° 
e cos 125° f tan 315° g sin 345° h cos 238° 
i tan 227? j sin 112° k cos 294° | tan 123° 


6 If@ is acute, find the value of 0. 


asin 150° = sing b sin 240° = —sin 0 € sin 336° = —sin 0 

d cos 220° = —cos 0 e cos 109° = —cos 0 f cos 284° = cos 0 

g tan310° = —tan 0 h tan 155° = —tan 0 i tan 278? = —tan 0 

PROBLEM-SOLVING 7,8 7(15), 8 8,9 
7 Write the reference angle (i.e. related angle) in the first quadrant for these angles. 

a 138? b 227 c 326? d 189° 

e 213? f 298? g 194° h 302° 


8 For what values of 0, in degrees, are the following true? 
a All of sin 0, cos 0 and tan @ are positive. 
b Only sin @ is positive. 
c Only cos is positive. 
d Only tan 8 is positive. 
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9 Complete the table by finding a second angle, 05, that gives the same value for the trigonometric 
function as 04. Use the unit circle to help in each case and assume 0 < 0, < 360°. 


REASONING 10,11, 13%) HORTA 


10 Decide which quadrant suits the given information. 


a sin@d<0Oandcosd>0 b tan@>Oand cos0 » 0 
€ tanQO«Oandcos0 « 0 d sin@>Oand tand <0 
e sin@>Oandtan@> 0 f sin@ <0 andcos0 <0 


1i Explain why tan 0 > 0 when 180° < @ < 270°. 
12 Explain why tan 90° and tan 270° are undefined. 


13 By considering a unit circle, state whether the following are true or false. 

sin 10? « cos 10? b sin 50° < tan 50° 
cos 80? » sin 80? d cos 90° = sin 0° 
tan 180° = sin 180° f cos 170° > sin 170° 
sin 120° > tan 120° h sin 90° = cos 180° 
tan 230° < cos 230° j cos 350° < sin 85? 
l 


a 
C 
e 
g 
[ 
k sin 260? < cos 110° tan 270° = cos 180? 


ENRICHMENT: Trigonometric identities 


14 You will recall that complementary angles sum to 90?. Answer these questions to explore the 
relationship between sine and cosine ratios of complementary angles. 
a Evaluate the following, correct to two decimal places. 
i sin 10° ii cos 80° iii sin 36° iv cos 54° 
V cos 7? vi sin 83? vii cos 68° viii sin 22? 
b Describe what you notice from part a. 
€ Complete the following. 
i cos 0 = sin( ) ii sin 8 = cos( ) 
d State the value of 0 if 0 is acute. 
i sin 20? = cos 0 ii sin 85? = cos 0 
iii cos 71° = sin 0 iv cos 52? = sin 0 
e For this triangle ZB = 0. A 
i Write ZA in terms of 0. 
ii Write a ratio for sin 0 in terms of b and c. c 
iii Write a ratio for cos(90° — 0) in terms of b and c. 


f Ifcos(90° — 0) = T find tan 0. L| [N 
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15 Trigonometric identities are mathematical statements that may involve 
sin @ and/or cos 0 and/or tan 0 and hold true for all values of @. In 
previous exercises you will have already considered the trigonometric 

sin 0 

cos 0 


identity tan 0 = 


a Consider the triangle OAB in the unit circle shown. 
i Given that OA = 1, OB = cos @ and AB = sin, use Pythagoras’ 
theorem to prove the trigonometric identity: sin? 0 + cos? 0 = 1. 
(Note: sin? 6 = (sin 9)?.) 
ii Check your identity using a calculator to see if it holds true for 
0 = 30°, 145°, 262? and 313°. 
b i Evaluate the given pairs of numbers using a calculator. 
(sin 60°, cos 30°), (sin 80°, cos 10°), (sin 110°, cos —20?), (sin 195°, cos — 105°) 
ii What do you notice about the value of each number in the pairs above? Drawing a unit circle 


illustrating each pair of values may help. 
iii What is the relationship between 8 in sin 0 and @ in cos Ø that is true for all pairs in part b i? 
iv In terms of 0, complete this trigonometric identity: sin © = cos( — ). 
V Check this identity for 0 = 40°, 155°, 210° and 236°. 
C Explore other trigonometric identities by drawing diagrams and checking different angles, such as: 
i sin@ = sin(180° — 0) 
ii cos @ = cos(360? — 0) 
iii tan@ = tan(180° + 0) 
iV sin20 = 2sin@cos@ 
V cos 26 = cos? 0 — sin? 6 
vi cos 20 = 2cos?6 — 1 
vii cos 20 = 1 — 2 sin? @ 


Extending trigonometry to any sized angle led to the discovery that their values 
regularly repeat, like the periodic change in the height of a wave. A world-changing 
application of trigonometry is the modelling of electromagnetic waves. 
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Chapter 4 


4J Graphs of trigonometric functions 10a 


Learning intentions 

e To know the meaning of the terms amplitude and period and be able to relate them to sine and cosine graphs 
e To understand the shape of the sine and cosine graphs and their periodic nature 

e To be able to use a sine or cosine graph to find the approximate solution of an equation 

e To be able to use symmetry of the unit circle and graphs to compare the trigonometric ratios of angles 


As the angle 0 increases from 0° to 360°, the 
values of sin 0, cos @ and tan 0 increase or decrease 
depending on the value of 0. Graphing the values 
of sin 0, cos @ and tan @ against 0 gives a clear 
picture of this. 


These wave-like graphs based on trigonometric 


functions are used to model many variables from 
the height of the tide on a beach to the width of a Incoming solar energy is essential for agriculture and solar 


soundwave giving a high or low pitch sound. power production. Local light intensity is determined by 
the sun’s angle of elevation, which has a periodic variation. 
Trigonometric graphs can model light intensity versus day 


BSE SS Ferris wheel ride of the year, time of the day and latitude. 


Have you ever had a ride on a Ferris wheel? 
Imagine yourself riding a Ferris wheel again. The 
wheel rotates at a constant rate, but on which part 
of the ride will your vertical upwards movement 
be fastest? On which part of the ride will your 
vertical movement be slowest? 


Work in groups to discuss these questions and help os 


each other to complete the table and graph. 


For this example, assume that the bottom of the 
Ferris wheel is 2 m above the ground and the 


diameter of the wheel is 18 m. Count the start of 


2mp € ground 


a rotation from halfway up on the right, as shown. Pon 
eve 


The wheel rotates in an anticlockwise direction. 


Halfway up 0° 
Top 90° 
Halfway down 
Bottom 2 
Halfway up 
Top 

Halfway down 
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Now draw a graph of the vertical height (1) above the ground (vertical axis) versus the angle (0) of 
anticlockwise rotation for two complete turns of the Ferris wheel. 


m 


h (vertical 
height) 


0 (angle of rotation) 
As a group, discuss some of the key features of the graph. 


e What are the maximum and minimum values for the height? 
* Discuss any symmetry you see in your graph. How many values of 0 (rotation angle) have the same 
value for height? Give some examples. 


Discuss how the shape would change for a graph of the horizontal distance (d) from the circumference 
(where you sit) to the central vertical axis of the Ferris wheel versus the angle (0) of rotation. Sketch this 
graph. 

d 


e 
NG 


d (horizontal 
distance) 


0 (angle of rotation) 


The shapes of the Ferris wheel graphs you have drawn are examples of periodic functions because the 
graph shape continuously repeats one cycle (for each period of 360°) as the wheel rotates. The graph of 
height above the ground illustrates a sine function (sin 0). The graph of the distance from a point on the 
circumference to the central vertical axis of the Ferris wheel illustrates a cosine function (cos 0). 


KEY IDEAS ////, 


BW By plotting 0 on the x-axis and sin 0 on the y-axis we form the graph of sin 0. 
sin 0 = y-coordinate of point P on the unit circle. 
e y=sind 

sin@= y-coordinate of point P 
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W By plotting 0 on the x-axis and cos @ on the y-axis we form the graph of cos 0. 
cos 0 = x-coordinate of point P on the unit circle. 
e When we write y = cos @, the y variable is not to be confused with the y-coordinate of the 
point P on the unit circle. 
e y=cosé 


cos@= x-coordinate of point P 


270° 360° 


0 


B Amplitude is the maximum displacement of the graph from a reference level (here it is the 
x-axis). 


W The period of a graph is the time taken (or number of degrees) to make one complete cycle. 
W Both y = sin 0 and y = cos 0 have Amplitude = 1 and Period = 360°. 


B Symmetry within the unit circle using reference angles can be illustrated using graphs of 
trigonometric functions. 
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e This shows sin 40° = sin 140° (reference angle 40°) and sin 240° = sin 300° (reference 


angle 60°). M. 
sin 


240° 300° 


JP 


40° 90? 140°180¢ 


e This shows cos 40° = cos 320° (reference angle 40°) and cos 120° = cos 240° (reference 
angle 60°). 


cos@ 


y 
A 


V 
=l 


NC. 
NES 


Circadian rhythms, such as the brain's 24-hour sleep-wake cycle, can be modelled 
with trigonometric graphs. Research shows that digital devices' blue light causes the 
hypothalamus to suppress the sleep hormone, delaying the brain's sleep waves. 
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BUILDING UNDERSTANDING 


@ a Find the missing values in the table below for sin 0, stating the y-coordinate of each point at 


which the angle intersects the unit circle (shown below). 


Graph the points above and join 


them to make a smooth curve for sin 0. 


Using the unit circle diagram in Question Q. find the missing values in the table below for 
cos 0, stating the x-coordinate of each point at which the angle intersects the unit circle. 


1 |0.87 —0.5 —0.87 


Graph the points above and join them to cos@ 


make a smooth curve for cos 0. 1 


For the graph of sin 0 and using 

0? < 0 < 360°, state: 

i the maximum and minimum values of sin Ó 

ii the values of 0 for which sin 6 = 0. 

For the graph of cos 0 and using 

0? < 0 < 360°, state: 

i the maximum and minimum values of cos 0 il the values of 0 for which cos 6 = 0. 
€ State the values of 0 for which: 

i cos «0 ii sind <0. 
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Use this graph of cos @ to estimate: cosQ 


a the value of cos 0 for 0 = 200° À | 
b the two values of 0 for which 
cos o S07 
0 
0 9 180° 0° 360 
-1 
SOLUTION EXPLANATION 
a cos 200° z —0.9 cos@ 
b cos0 20.7 iA 
6 = 46° or 314? Em ae ae | 
| 0 | zu 
o 9 180° o° |__| 340° 
-9| | | | NE 
-] 


Now you try 


Use the above graph of cos @ to estimate: 
a the value of cos 0 for 0 = 100° 
b the two values of 0 for which cos 0 = —0.6 


Use the graph of y = sin @ to state whether or not the following are true or false. 
a sin 70? « sin 130? 
b sin 195? > sin 335? 


Continued on next page 
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SOLUTION EXPLANATION 


a false 
b true 


Now you try 


Use the graph of y = sin @ to state whether or not the following are true or false. 
a sin 30° > sin 140° 
b sin 240° > sin 290° 


Exercise 4J 


158 2, 3, 4(1/2) 2, 3, 4(1/5) 


Example19 1 Use the graph of cos 0 shown in Question 2 below to estimate: 
a the value of cos 0 for 0 = 140° 
b the two values of 0 for which cos 0 = 0.4. 


Example19 2 This graph shows cos @ for 0? < 0 < 360°. 


À cos8 
1 NI [| [| [| 
È VE [d i s b | 
| 
|] 
0 H taot -- 12/0? 360" 
1 C a A R E E 
a Usethis graph to estimate the value of cos 0 for the following. 
i 0235 ii 0 = 190? iii 0 = 330° iv 0 = 140? 
v @= 260° vi 0 =75° vii 0 = 115° viii 0 = 305° 
b Use the same graph to estimate the two values of 0 for each of the following. 
i cos = 0.8 ii cos 0 = 0.6 iii cos 0 = 0.3 iv cos 0 = 0.1 
V cosé=-0.4 vi cos = —0.2 vii cos 0 = —0.8 Viii cos 0 = —0.6 
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Example 20 


3 This graph shows sin 0 for 0? < 0 < 360°. 


sin@ 


1 


1 n 


a Use this graph to estimate the value of sin 0 for the following. 


i 0225 ii 0-115? ili 0 = 220? iv 0 = 310? 
v 0-160? vi 0 = 235? vii 6 = 320? viii 9 = 70? 
b Use the same graph to estimate the two values of 0 for each of the following. 
i sin — 0.6 ii sin = 02 iii sin 9 = 0.3 iv sin 0 = 0.9 
V sind = —0.4 Vi sind = —0.8 vii sin 0 = —0.7 viii sin 9 = —0.1 
4 By considering the graphs of y = sin 0 and y = cos 0, state whether the following are true or false. 
a sin 60? > sin 200° b sin 100? < sin 300° c€ sin 135? < sin 10° 
d sin 200° = sin 340° e cos 70° < cos 125° f cos 315° > cos 135° 
g cos 310° = cos 50° h cos 95° > cos 260° i sin 90° = cos 360° 
j cos 180° = sin 180° k sin 210° > sin 285° | cos 15° > cos 115? 
PROBLEM-SOLVING 5-6(/2) 5-7 (1/2) 5-8(1/4) 
5 For each of the following angles, state the second angle between 0° and 360° that gives the same value 
for sin 0. 
a 70? b 120° c 190° d 280° 
e 153° f 214° g 307° h 183° 
6 For each of the following angles, state the second angle between 0? and 360° that gives the same value 
for cos 0. 
a 80° b 10° c 165? d 285? 
e 224? f 147° g 336° h 199° 
7 Give the reference angle in the first quadrant that matches these angles. 
a 150? b 120° c 195? d 290° 
e 235? f 260? g 125? h 205? 
i 324? j 252° k 117° | 346? 


8 Use a calculator to find the two values of 0 for 0? < 0 < 360°, correct to one decimal place, for these 
simple equations. 


a sin0—03 b sin0—0.7 € cos0 — 0.6 
d cos0 = 0.8 e sind = -—0.2 f sind = —0.8 
g cos = —0.4 h cos 0 = 0.65 i sind = 0.48 
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9 9, 10 10, 11 


9 a How many values of 0 satisfy sin 0 = 2? Give a reason. 
b How many values of 0 satisfy cos 0 = —4? Give a reason. 


10 Recall the exact values for sin 0 and cos 0 for 30°, 
45? and 60? in the first quadrant. 
a Complete this table. 


b Using the reference angles in the table above, state the exact value of the following. 


i sin 150? ii cos 120° iii cos 225° iv sin 180° 
Vv cos 300? vi sin 240° vii cos 270° viii sin 135° 
ix cos 210° X sin 330° Xi sin 315? Xii cos 240? 
xiii sin 225° xiv sin 120° XV cos 150° XVi cos 330? 


Ti For 0 between 0? and 360°, find the two values of 0 that satisfy the following. 


a T b dup c STR 
2 2 2 

d sin = =! e cosé= i f cos@= _v3 
2 2 2 


ENRICHMENT: Trigonometric functions with technology 


12 Use technology to sketch the graph of the following families of curves on the same axes, and then 
write a sentence describing the effect of the changing constant. 


a i y= sin x ii y- —sin x 

b i y=cosx ii y= —cos x 

c i y=sinx ii y= 3sinx iii y= sin. 

d i y=cosx il y = cos (2x) iii y — cos (3) 

e i y=sinx ii y= sin(x) +2 iii y 2 sin(x) — 1 

f i y=cosx il y = cos (x — 45?) iii y = cos (x + 60°) 
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Using calculators to graph trigonometric functions (CAS) 


1 


Using the TI-Nspire: 


1 
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Sketch the graph of y = sin(x) for 0° < x < 


In a Graphs page, define f1(x) = sin(x) and press 1 
(nter), Use fer>Window/Zoom> Window Settings 

and set x from 0 to 360 and y from —1.5 to 1.5. 

Use (vj Trace» Graph Trace and scroll along the 

graph. 


£1(x)=sin(x) 


fi: ( 136 , 0.694658 ) 


Note: Ensure you are in Degree mode. This setting 
can be accessed using (vj Settings whilst in the 

Graphs page. 

Hint: you can double click on the end axes values 
and edit if preferred. 


In a Graphs page, define f1(x) = cos(x) and 2 
f2(x) = cos(2x). Use the same settings as 
before. 


as fd-cos(2 x) 


Hint: if the graph entry line is not showing, press 
or double click in an open area. 
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360? and trace to explore the behaviour of y. 
2 Sketch the graph of y = cos(x) and y = cos (2x) for 0° < x < 


360? on the same set of axes. 


Using the ClassPad: 


With the calculator in Degree mode, go to 

the Graph&Table application. Enter the rule 

y1 = sin(x) followed by EXE. Tap [KẸ to see the 
graph. Tap [#3] and set x from 0 to 360 with a 
scale of 60 and y from about —1.5 to 1.5 witha 
scale of 0.5. Tap Analysis, Trace and then scroll 
along the graph. 


Tu ees Tear 


\xc=140. 25974 


yc=0. 6393083 
[t| ^b 


In the Graph&Table application, enter the rules 
y1 = cos(x) and y2 = cos(2x) followed by EXE. 
Tap BF. Use settings as before. 


ESPIIEIESEMEIEA D 
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Using calculators to graph trigonometric functions (non-CAS) 


1 
2 Sketch the graph of y = cos(x) and y = cos (2x) for 0? < x < 360° on the same set of axes. 


Using the TI-Nspire CX non-CAS: 


1 
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Sketch the graph of y = sin(x) for 0? < x < 360? and trace to explore the behaviour of y. 


In a Graphs page, define f1(x) = sin(x) and press 1 
(nter). Use ez Window/Zoom» Window Settings 

and set x from 0 to 360 and y from —1.5 to 1.5. 

Use (vej- Trace» Graph Trace and scroll along the 

graph. 


11 
y 


los £1(x)=sin(x) 


s fi: ( 136 , 0.694658 ) 


Note: Ensure you are in Degree mode. This setting 
can be accessed using (vej» Settings whilst in the 
Graphs page. 

Hint: you can double click on the end axes values 
and edit if preferred. 


In a Graphs page, define f1(x) = cos(x) and 2 


f2(x) = cos(2x). Use the same settings as 
before. 


[ NENNT RETI: 


Fd nes 


|, 4 f2lx)=cos(2 x) 


Hint: if the graph entry line is not showing, press 
or double click in an open area. 
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Using the Casio: 


With the calculator in Degree mode, go to the 
Graph application. Enter the rule Y1 = sin(x) 
followed by EXE. Select F6 (DRAW) to see the 
graph. To adjust the viewing window, select SHIFT 
F3 (V-Window), and set x from 0 to 360 with a 
scale of 60 and y from about -1.5 to 1.5 with 

a scale of 0.5. Select F1 (Trace) and then scroll 
along the graph using the arrow keys. 


Graph Fune :Y= 


YiBsin x [—1 
Y3: [==] 
Y4 [—] 
Y5 [—] 


Y6: [—1 
(SELECT) DELETE] TYPE | TOOL MODI YIDRAW) 


E [EXE]:Show coordinates 


pum a 


In the Graph application, enter the rules 
Y1 = cos(x) and Y2 = cos(2x) followed by 
EXE. Select F6 (DRAW) to see the graph. Use the 
V-Window settings from before. 

Math Des) Norm! R 


Graph Fune  :Y- 
YiRcos x [—1] 
Y2Rcos 2x [—1] 
oe r=) 
Y4: [~] 
Y5 [—1 


E] BetiDeslNormi Real 
y 


Cambridge University Press 


On a bush hike, Andrea must walk from her campsite (C) to a navigation y 


point A. Her map indicates that on the direct route between C and A there 
is a marshland and Andrea intends to avoid it by splitting the walk into 
two legs. If placed on a set of axes, the points C(0, 0) and A(6, 5) and the 
marshland can be illustrated as shown. All units are in kilometres. 


Around the marshland B 
z 
e 
e 
cD 


Present a report for the following tasks and ensure that you show clear 


oA 


— NU 4 tA 


= 
t=) 


mathematical workings and explanations where appropriate. 1 X 


C 123456 


Preliminary task 
Andrea’s first leg is on a bearing of 020°T for 5 km to point P. 


a 
b 
C 


Find the coordinates of point P correct to two decimal places. 

Find the bearing and distance from point P to the navigation point A correct to one decimal place. 
How much further did Andrea travel compared to the direct route CA through the marshland? 
Round to one decimal place. 


Modelling task 


The problem is to find the shortest route around the marshland. Write down all the relevant 
information that will help solve this problem, with the aid of a diagram. 
Sketch one possible path around the marshland including the legs CP and PA with the aid of a graph. 


ern a cc 


For the first leg CP, choose a bearing greater than 065°T and a distance for Andrea to walk. 
Explain why your chosen first leg clearly avoids the marshland. 

Determine the second leg bearing and distance from point P to point A. 

Calculate the total extra distance travelled compared to the direct route CA. 

Construct a path which misses the marshland but minimises the distance travelled from point C to 
point A. Include the following: 

i distance travelled ii bearing used iii a graph. 


Compare the distances and bearings for the different paths considered earlier. Explain why your Fucus 


path from part g minimises the distance travelled. and 
verify 


Explain why walking to the south of the marshland is preferable to walking to the north of the 
marshland. 


Summarise your results and describe any key findings. 


Extension question 


Explore the effect on your results if the point A was shifted to a new position. 
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Solving trigonometric equations 


Trigonometric relations are not necessarily restricted to angles of less than 90°, and this is illustrated by 


= drawing a graph of a trigonometric relation for angles up to 360°. Solving problems using trigonometric 
— relations will therefore result in an equation that can have more than one solution. 
la] 
E= For example, consider the equation sin 0 = 0.5 for 0? < @ < 360°. Since sin 8 is the y-coordinate on the 
to unit circle, there are two angles that satisfy sin 0 = 0.5. 
2 À 
= Solution 1: sind = 0.5 1 
— 0 = sine (0.5) 
= 302 
Solution 2: 6 = 180° — 30° <{130° 30° x 
81508 zl 
=i Y 
Single solutions (0° < 0 x 90°) 
For these right-angled triangles, write an equation in terms of 0 and then solve the equation to find 0. 
a b m c 
2 
1 3 6 
6 
B AS <| ZAN C 
7 
Two solutions (0° < 0 x 360°) 
At point P on the unit circle x = cos 0 and y = sin 0. 
For each of the following: 
i Use a calculator to find a value for 0 between 0° and 360°. 
ii Find a second angle between 0° and 360° that also satisfies the 
given trigonometric equation. 
a sind =0.5 
b cos0 =0.2 
€ cosé = —0.8 
d sind = —0.9 
Harder trigonometric equations 
Solve these trigonometric equations for 0? < 0 < 360°. 
a 5sind-1=0 b 2cos0 320 
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1 Two adjacent sides of a parallelogram have Up for a challenge? If you 
get stuck on a question, 
lengths en 6 cm Ene 10 cm. If the length of the cheek out the Working with 
longer diagonal is 14 cm, find: unfamiliar problems’ poster 
a the size of the internal angles of the parallelogram at the end of the book to 


help you. 


b the length of the other diagonal, to one decimal place. 


10 cm 


2 Two cyclists, Stuart and Cadel, start their ride from the same starting point. Stuart travels 30 km on a 
bearing of 025? T, while Cadel travels the same distance but in a direction of 245°T. What is Cadel’s 
bearing from Stuart after they have travelled the 30 km? 


safiuaj|eua pue swajqoid © : 


3 Show that for a circle of radius r the length of a chord / that subtends an 
angle 0 at the centre of the circle is given by l = V2r?(1 — cos 6). 


4 Akira measures the angle of elevation to the top of a mountain to be 20°. He walks 800 m 
horizontally towards the mountain and finds the angle of elevation has doubled. What is the height of 
the mountain above Akira's position, to the nearest metre? 


5 A walking group sets out due east from the town hall at 8 km/h. At the same time, another walking 
group leaves from the town hall along a different road in a direction of 030?T at 5 km/h. 
a How long will it be before the groups are 15 km apart? Give your answer to the nearest minute. 
b What is the true bearing of the second group from the first group, to the nearest degree, at any time? 


6 Edwina stands due south of a building 40 m tall to take a 
photograph of it. The angle of elevation to the top of the 
building is 23?. What is the angle of elevation, correct to 
two decimal places, after she walks 80 m due east to take 
another photo? 


7 Calculate the height of the given triangle, correct to two 
decimal places. 


5cm 7 cm 
E z= 
8 cm 
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e Use trigonometry to find unknown. 


Angle of depression 0 = cos"! (k) 


sin40°= d 
«. X= 10 x sin 40? 
cos50°= Ż 


If tan 8 = k X cosa =// 


6 =tan-|(k) X= tos50* 


Ifcos 0 =k 


Angle of elevation -1<k<1 for sin 8 and 


20* 


ratios. 


A Sine rule (10A) 


Dx 
i 


When finding angles, determine 
whether you require the acute 
or the obtuse angle. 


Area of a triangle (10A) 


Area = iabsin G 


c? = a? + b? — 2ab cos C 
Rule is used to find: 
e third side, given two sides 
and included angle 


or 


e an angle, given all three sides. 


Essential Mathematics for the 


True bearings are measured clockwise 
from north. 
000° 


Elevation and depression Finding angles Finding lengths 
e Draw right-angled triangle with Hmo =k 
key information. 8 =sin-"(k) 
=> 
$i 
E 
3 
N 
— 
e» 
wer 
= 
e 
— 
- 


B* 180° |7 
Opposite directions differ by 180°. ; aa LO TTE 
Trigonometry m cos (180*—8) = —cos& 
3D applications (10A) : tan (180? — 9) = -tan 8 
* |dentify and redraw 
right-angled triangle. f—7 12 
* Use trigonometric "i A 5 


* Answer in words. 5 


cos Q. Trigonometric ratios 


SOHCAHTOA 
0 Hypotenuse 


A ZA E 
sin 9 


tose Adjacent 


Bearings ; 
g sind= 


cos 0= 
tang- 


lo |» =| 


> 090° 4: 050°T 
B: 200°T Obtuse angles (10A) 


- 300° 180°—0 
DD P(cos6, sind) 


4 quadrants of unit circle (10A) 
wel Q1: All are positive 
Q1 : ae 
Q2: only sin positive 
0, Qs: only tan positive 
1 360^ Q4: only cos positive 


The reference angle relates an angle to its 
acute angle in quadrant 1. 
Symmetry can then be used to find 
sin or cos 8 or tan Q. 
e.g. sin 210? in quadrant 3 is negative 

210? — 180° = 30° 

sin 210? = -sin 30° 
1 


= a2 
To find reference angle of 8 in Q1: 
Q2: 180° — 8 
Q3: 9— 180° 
Q4: 360° - 8 


= om 
sinA sinB sinC 


Graphs of sin 9 and cos (10A) 


y — sin 8, 0? € 8 « 360? y= cos 6, 0? < 0< 360° 
i sing cos 


Cosine rule (10A) 


H 
Symmetry of the unit circle can be observed in graphs. 
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Australian Curriculum Year 10 & 10A 3ed 


Chapter checklist: Success criteria 


1. I can use trigonometry to solve for a side length in the 
o numerator. 15cm 
e.g. Find the value of x in the triangle shown, correcttotwo y em 
decimal places. 


O [^ 


. | can use trigonometry to solve for a side length in the denominator. 
e.g. Find the value of x in the triangle shown, correct to two decimal places. 
xm 
7 


8m 
. lcan use trigonometry to find the size of an angle in a right-angled triangle. 
e.g. For the triangle shown, find the value of 8 correct to two decimal places. SJ C] 
3 


. lcan apply trigonometry in word problems involving angle of elevation and depression. 
e.g. From a boat at sea level to the top of a lighthouse, the angle of elevation is 25°. If the boat is 
a horizontal distance of 45 m from the base of the lighthouse, determine the height of the top of 
the lighthouse above sea level, correct to the nearest metre. 


. lcan apply trigonometry to problem solve in word problems. 
e.g. Two buildings 33 metres apart are 82 metres and 56 metres high. Find the angle of elevation 
from the top of the shorter building to the top of the taller building, correct to two decimal places. 


. lcan state a direction and an opposite direction. N 
e.g. In the diagram, give the true bearing of A from O and O from A. 


S 


. lcan use bearings with trigonometry. 
e.g. A hiker walks due south for 3 km, then on a true bearing of 220? for 2 km. Find how far west 
the hiker is from his starting point, correct to two decimal places. 


. [can apply trigonometry in 3D. 
e.g. A vertical flagpole is supported by two wires reaching from 
points A and B on level ground as shown. The wire from point A 
is attached 20 m from the base of the flag pole and the wire from 
point B is attached 18 m from the base of the flag pole. If the angle 
of elevation from point A to the top of the flag pole is 55°, find the 
angle of elevation from B to the top of the flag pole correct to one 
decimal place. 


9. | can find a side length using the sine rule. CZ 
e.g. Find the value of x in this triangle, correct to one decimal place. © (m) 


10. | can find an acute angle using the sine rule. 
e.g. Find the value of 8 in this triangle. 


151[42849 43}dey9 I 
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11. I can find an obtuse angle using the sine rule. 20 cm 
e.g. Find, correct to 2 d.p., the value of @ in this triangle = 
7 cm < 


16. I can choose an obtuse angle to relate a trigonometric ratio to an acute angle. 
e.g. Choose an obtuse angle to complete the statement: cos 33° = —cos ' 


17. | can position a point on the unit circle. 
e.g. Decide in which quadrant 9 = 250° lies and state whether sin 0, cos 0 and tan @ are 
positive or negative. 


18. | can rewrite a trigonometric value using its reference angle. 
e.g. Write cos 300? and sin 195? using their reference angles. 


19. I can use the graph of sine or cosine. cosÓ - 


if 0 is obtuse. 
12. | can use the cosine rule to find a side length. 
e.g. Find the length of the third side in this triangle, correct to two 
decimal places. 
P 4m > 7m 
13. I can use the cosine rule to find an angle. 12cm 
e.g. Find the value of @ in this triangle, correct to two Sw 
decimal places. 
6 cm 10 cm 
an | 14. I can find the area of a triangle without knowing the vertical height. 
e.g. Find the area of this triangle, correct to one decimal place. Ben (m) 
18 cm £ A 
15. I can use the area of a triangle to find an unknown side length. 
e.g. Find the value of x in this triangle, correct to two decimal (m) 
places, given that the area of the triangle is 49 cm?. 16 
EI 80? cm 
V 


4J e.g. Use this graph of y= cos à A ea 
to estimate the value of cos 130° | 
and the two values of 0 for which 
cos 0 = 0.4. 
> 0 
O 9 180° 0° 1360° 
al 
Oo 20. | can use a graph to estimate the size of sine or cosine of an angle. 
e.g. Use the graph of y= cos 0 to state whether or not cos 50° > cos 310°. 
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a b c y 
ax wa 
x 18 Lí [ | 


X 


Short-answer questions 
Find the value of each pronumeral, rounding your answer to two decimal places. 
C 
= 
e 
T 
=r 


x 10.2 


C3) 2 Find the value of 0, correct to one decimal place. 


CD 
-— 
-— 
cD 
= 
cD 
a 14 b = 


/N C 
3.2 


An escalator in a shopping centre from level | to level 2 is 22 m in length and has an angle of 
elevation of 16°. Determine how high level 2 is above level 1, to one decimal place. 


a Write each bearing A-D as a true bearing. 
b Give the true bearing of: 

i Ofrom A 

ii O from C. 


C) 9 A helicopter flies due south for 160 km and then on a bearing of 125?T for 120 km. 
Answer the following, to one decimal place. 
a How far east is the helicopter from its start location? 
b How far south is the helicopter from its start location? 


€ What bearing must it fly on to return directly to the start location? 


C 6 A tree is being supported by two ropes, as shown. The rope to point A 
is 18 m long and makes an angle of 59? with the ground. Point B is 
12 m from the base of the tree. 
a Find the height of the tree, to two decimal places. 
b Find the angle the rope to point B makes with the ground, to the 
nearest degree. 
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7 For these triangles, find the following, correct to one decimal place. 
i the value of x ji the area of the triangle 
a ^s b 
ZUR 
z 387. 18 cm 
2 25 cm 
2 
Q5 LN ^ 
tend xem 
a 
g o 8 Three fences are used to form a triangular pig pen with known A 
ES dimensions, as shown in the diagram. If the area of the pig pen is 20m 
a e 275 m2, what is the length AB? Round your answer to one 
e decimal place. C 
B 
| ar | 9 Use the sine rule to find the value of 0, correct to one decimal place. 
a @ is acute b @ is obtuse 
Is 
C7 
10 
> 
C3 10 Use the cosine rule to find the value of the pronumeral, to one decimal place. 
a d b 
7 9 
ae 
x 12 
5 
M 
at | fl a Rewrite the following using their reference angle. 
i sin 120° ii cos 210° iii tan 315° iv sin 225? 
b State whether the following are positive or negative. 
i cos 158° ii tan 231° iii sin 333° İv cos 295° 
12 Use the graph of sin 0 shown to Asin 
complete the following. 14 - ror = 
a Estimate the value of: | fa | m m 
i sin 130° ii sin 255°. AH = 
b Find the values of 0 between 0? and ann | OTR OH O 
BAER LLLI ad 
360° such that: O | H | | H | | | TOP 300° 
| sind =08 IRRIBHESEHNCIOHIOUE 
ii sind = —0.3 P 
iii sing = 1.5. 14- = 
€ State if the following are true or 
false. 
i sin90°=1 ii sin 75° > sin 140° iii sin 220° < sin 250° 
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Multiple-choice questions 


1 The value of x in the diagram shown is equal to: 


i o 12 
L B 12sin 40° un 
cos 40? 12 
12 Pal [| 
D 12cos40? E x 
tan 40? 
: f cD 
C3) 2 The angle 0, correct to one decimal place, is: 5 = 
A 56.3? B 33.7 C 29.1? a co 
D 60.9? E 424* E 

9 CD 


/ 


E 3 The angle of depression from the top of a communications tower measuring 44m tall to the top 


of a communications tower measuring 31 m tall is 18?. The horizontal distance between the two 


towers is closest to: 


A 12m B 4m C 14m D 42m E 40m 


C3 4 A yacht is sailed from A to B on a bearing of 196°T. To sail from B directly back to A the true 
bearing would be: 
A 074?T B 096°T C 164°T D 016°T E 286°T 


c3 9 The angle 0 that AF makes with the base of the rectangular 


prism is closest to: 
A 22? B 68? C 16° 


D 24° E 27° 


Ca 6 The side length x in the triangle shown, correct to one decimal place, is: 
A 10.9 B 29.7 C 133 ae 65° 


D 12.6 E 17.1 


G 7 The smallest angle in the triangle with side lengths 8 cm, 13 cm and 19 cm, to the nearest degree is: 


A 19° B 33? C 52° D 24° E 29° 


C) 8 The area of the triangle shown can be determined by calculating: 


12.2 
1 1 ! N54? 
A —x5.1x122xcos 54^ B —x5.1 x 122 x sin 105? 105° 
$ 2 T 


1 1 


C -x122x5.1 D -x122 x 5.1 x sin 54? 
2 2 
1 wem 
E —x6.1x5.1 x sin 21 
2 
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Trigonometry 


The incorrect statement below is: 


> 


cos 110° = —cos 70° | cos 246° is negative C tan 130? is positive 


sin 150? = sin 30? - sin 300° is negative and cos 300° is positive 


The value of sin 240? is the same as: 
sin 60? cos 60? C -sin 60? ) —sin 30? E cos 30° 


Extended-response questions 


A group of friends sets out on a hike to a waterfall in a national park. They are given the 


= 
e 
2 
@ 
p 
p 
@ 
d 
[el 
i] 
t= 
e 


following directions to walk from the park's entrance to the waterfall to avoid having to cross 
a river. 


Walk 5 km on a bearing of 325?T and then 3 km due north. 


Round each answer to one decimal place. 

Draw and label a diagram to represent this hike. 

Determine how far east or west the waterfall is from the entrance. 

Find the direct distance from the park's entrance to the waterfall. 
The friends set up tents on level ground at the base of the waterfall at points A (35 m from the 
base of the waterfall) and B (28 m from the base of the waterfall). The angle of elevation from A 
to the top of the waterfall is 32°. 


] Determine: 


the height of the waterfall 


the angle of elevation from B to the top of the waterfall. 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Chapter review 


2 A paddock, ABC, is fenced off, as shown in the figure. C 
a Find ZA, to three decimal places. 74m 102m 
b Hence, find the area enclosed by the fences. Round your answer B 
to two decimal places. 155m 


It is planned to divide the paddock into two triangular paddocks by 
constructing a fence from point C to meet AB at right angles at a point D. 


€ Determine how many metres of fencing will be required along CD, to the nearest centimetre. 
How far is point D from point A, to the nearest centimetre? 


The person who constructs the fence CD misinterprets the information and builds a fence 


eo 
= 
that does not meet AB at right angles. The fence is 45 metres long. = 
i Determine, to two decimal places, the two possible angles (i.e. acute and obtuse), this © 

fence line makes with AB. = 
ii Hence, find the two possible distances of fence post D from A. Round your answer to 


one decimal place. 
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CHAPTER Quadratic 
expressions 


an o M 
j 


9 


Mathematics of flight 


Online resources (d 


A host of additional online resources are 
included as part of your Interactive Textbook, 
including HOTmaths content, video 
demonstrations of all worked examples, 
auto-marked quizzes and much more. 


In this chapter 


5A Expanding expressions 
(CONSOLIDATING) 

5B Factorising expressions 

5C Factorising monic quadratic trinomials 

5D Factorising non-monic quadratic 
trinomials (104) 

5E Factorising by completing the square 

BF Solving quadratic equations using 
factorisation 

5G Applications of quadratics 

5H Solving quadratic equations by 
completing the square 

5| Solving quadratic equations using the 
quadratic formula 


Australian Curriculum 


NUMBER AND ALGEBRA 
Patterns and algebra 


Factorise algebraic expressions by taking out 
a common algebraic factor (ACMNA230) 


Expand binomial products and factorise 
monic quadratic expressions using a variety 
of strategies (ACMNA233) 


Substitute values into formulas to determine 


Wing loading in kg/m? is calculated by dividing an unknown (ACMNA234) 

the fully loaded weight of a plane by the wing 

area. Planes with a large wing loading need large Linear and non-linear relationships 

wings or a high airspeed or both to achieve lift. The 

gigantic Antonov cargo plane has a wing loading of Solve simple quadratic equations using a 

around 660 kg/m? and can lift enormous weights range of strategies (ACMNA241) 

due to its huge wing area of 905 m? and airspeed of (10A) Factorise monic and non-monic 

800 km/h. A hang glider has large wings and a low quadratic expressions and solve a wide 

mass giving a wing loading of only 6 kg/m?. Hence range of quadratic equations derived from a 

it can still obtain lift at very slow speeds. variety of contexts (ACMNA269) 

© ACARA 
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Chapter 5 


5A Expanding expressions  consotipatine 


Learning intentions 

e To review how to apply the distributive law to expand brackets 

e To be able to expand binomial products including perfect squares 
* To be able to form a difference of perfect squares by expansion 


You will recall that expressions that include 
numerals and pronumerals are central to the topic 
of algebra. Sound skills in algebra are essential for 
solving most mathematical problems and this 
includes the ability to expand expressions 
involving brackets. This includes binomial 
products, perfect squares and the difference of 
perfect squares. Exploring how projectiles fly 
subject to the Earth’s gravity, for example, can be 
modelled with expressions with and without 


brackets. Business analysts develop profit equations, which are quadratics, 


when sales and profit/item are linear relations of the selling price, 
e.g. $p/ice-cream: 


j Profit/week = weekly sal fit/it 
aU EIUS Five key errors inscr xd d 


; ae = —150(p? — 12p + 20 
Here are five expansion problems with incorrect (p 4 ) 


answers. Discuss what error has been made and 
then give the correct expansion. 


e —2(x — 3) 2-2x- 6 

© (x-3?2349 

© (x-2) (x+2)=x+4x-4 
e 5-3(x-1) =2-3x 

© (x-3)(x-5)2x 4+ 8x48 


KEY IDEAS 


E Like terms have the same pronumeral part. 


e They can be collected (i.e. added and subtracted) to form a single term. 
For example: 7x — 11x = —4x and 4a*b — 7ba? = —3a?b 


E The distributive law is used to expand brackets. 
e a(b+c)=ab+ac and a(b- c)-ab — ac 
e (ad b)(c -- d) 2 ac + ad + bc + bd 
* (a+ b)(c +d) is called a binomial product because each expression in the brackets has 
two terms. 
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E Perfect squares 
e (a4 b? — (a * b)(a +b) 


= &@ + 2ab + D? 
e (a— b)? 2 (a — bY(a — b) 
=a? — 2ab + b? 


E Difference of perfect squares (DOPS) 
e (a-b(a-b)sc-P 


W By definition, a perfect square is an integer that is the square of an integer; however, the rules above 
also apply for a wide range of values for a and b, including all real numbers. 


BUILDING UNDERSTANDING 
L1) Use each diagram to help expand the expressions. 


a x(x +2) b (+3)(x4+ 1) 
x 3 


o9 Simplify these expressions. 
a 2x3x b —4 x 5x 
e —6x?- (2x) f 3x-21x 


Expand and simplify where possible. 


a —3(x-— 5) b 2x(1 -x c (14x + 3) d x(Qx- 1) —x@B — x) 
SOLUTION EXPLANATION 
a —3(x—5)2 —3x 15 Use the distributive law: a(b — c) = ab — ac. 


—3 X x = —3x and —3 x (—5) = 15 


b 2x(1 — x) 22x - 2x? Recall that 2x x (—x) = —2x?. 
2 2 2) UN 2 

C 7 (lax +3)= 7 x 14x + 7 x3 When multiplying fractions cancel before 

multiplying numerators and denominators. 
= 4x + S Recall that 3 — x 
T 1 

Continued on next page 
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ORS Ca a a ee 
= 3x2 — 4x 


Now you try 
Expand and simplify where possible. 


a —2(x - 4) b 5x(4— x) 


Apply the distributive law to each set of 
brackets first, then simplify by collecting like 
terms. Recall that —x x (—x) = x2. 


s 0x 1) die SES (QA) 


Expand the following. 
a (x4 5)(x- 4) b x-4» 
SOLUTION 
a (x4 5)(x44) 2 x? + 4x + 5x 20 
= x2 + 9x + 20 


b x—4?2(x-4)(x- 4) 
= x? — 4x — 4x + 16 
=x - 8x16 


Alternative method: 
«-4?2x-20)0 44 
= x? — 8x + 16 


0 (Bri eS eus en EOS 
= 4x2 — 1 
Alternative method: 
(Quas DE = Dy = C = 
=> = 1 


Now you try 


Expand the following. 
a (x+2)(x+ 5) 
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b (x—2)2 


(eck I Cre — 1) 


EXPLANATION 
For binomial products use 


(a+ b)(c + d) = ac + ad + bc + bd. 
Simplify by collecting like terms. 


Rewrite and expand using the distributive law. 


Alternatively, for perfect squares 
(a — b = a? — 2ab + b*. Here a = x and 
DIE 


Expand, recalling that 2x x 2x = 4x2. 

Cancel the —2x and +2x terms. 

Alternatively, for difference of perfect squares 
(a — b)(a + b) = a? — b?. Here a = 2x and 
= jl. 


(GB (Gear SE 22) 


€ Greenwood et al. 2020 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Expand and simplify. 
a (2x — 1)(3x + 5) 


b 2(x—-3)x-2) 


SOLUTION 


a (2x — D(3x- 5) = 62 + 10x — 3x— 5 
EXT ES 


honum = 20, — 2x — 3x + 6) 
= 2(x2 — 5x + 6) 
= 2x2 — 10x + 12 


C (x-2)(x-4)—(x—-2)(x- 5) 
= (G d Ale xu = E = Se= sy 
= 10 ot 0) 
= x2 + 6x+8-—3x7+7x—- 10 
= 5o 2 


Now you try 


Expand and simplify. 


E (xe IDs 4E 7) b 3@-1@-4) 


Exercise 5A 
FLUENCY 


€ (x+2)(x4+ 4) — (x - 2)(x — 5) 


EXPLANATION 


Expand using the distributive law and 
simplify. 
(Note: 2x x 3x = 2 X 3 X x X x = 6x2) 


First expand the brackets using the 
distributive law, simplify and then multiply 
each term by 2. 


Expand each binomial product. 
Remove brackets in the last step before 


simplifying. 
—(x2 — 7x + 10) = -1 x x? + (-1) x (-7x) 
(10 
=-x7 + 7x — 10 


e Gese 3) Ge de 1D) = Gs = SG = 2) 


1, 2-6(1/3) 


1 Expand and simplify where possible. 


Example 1a a i —4(x-— 1) 
Example 1h b i 3x(2—x) 
Example 1c c i Sasy +2) 
Exampletac 2 Expand and simplify where possible. 
a 2(x45) b 3(x—4) 
e 3Qx- 1) f 48x41) 
i x(2x + 5) j x@Bx- 1) 
m —2x(3x + 2) n —3x(6x — 2) 
2 3 
—(10. 4 r —(8x—5 
q sí x + 4) a! w= 5) 
3 2 
u —Q4x-1 v “Ox +7 
s x — 1) 9! x + 7) 


Essential Mathematics for the ISBN 978-1-108-77346-1 


Australian Curriculum Year 10 & 10A 3ed 


ii —2(x — 6) 

il 7x(5 — x) 

i “gx — 1) 

9 
€ —5(x + 3) d —4A(x — 2) 
g -2(5x — 3) h —5(4x + 3) 
k 2x(1— x) | 3x(2 — x) 
0 —5x(2 — 2x) p —4x(1 — 4x) 
1 1 

s E +1) t E — 3) 

3x 2x 
w 3 + 8) X 50 — 3x) 


© Greenwood et al. 2020 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


362 Chapter5 


Example td 


3 Expand and simplify. 


a x(3x- 1D) 4 x(4 — x) 
€ x(4x — 3) — 2x(x — 5) 
e 4x(2x — 1) + 2x(1 — 3x) 


= Example2a. 4 Expand the following. 


b x(5x + 2) + x(x — 5) 
d 3x(2x + 4) — x(5 — 2x) 
f 2xQ — 3x) — 3x(2x — 7) 


a (x+2)(x+ 8) b («+ 3)(x+ 4) € (x+7)(x+5) 
d (x+ 8) —- 3) e (x+6)(x-— 5) f œ- 2) (x +23) 
g (x—7)(x + 3) h x-4(x-6) i (x-8x-5) 
= Example2be 5 Expand the following. 
a (x«+5)2 b (x+7)? c (x+6)2 
d x—-3»? e (x— 8) f @- 10»? 
g @+4)a-4) h c-9-9 i (2x — 3)(2x + 3) 
j Gx+4)Gx - 4) k (4x — 5)(4x 4 5) | (8x— 7)(8x + 7) 


J Bamphez 6 Expand the following using the distributive law. 


a Qx4 Dx 4 5) b (4x4 5)(3x + 2) c (5x -3)Qx 4 7) 
d (3x + 2)(3x — 5) e (5x + 3)(4x — 2) f (2x +5)(3x— 5) 
g (4x —5)(4x + 5) h (2x — 9)(2x + 9) i Ore 6x47) 
j x- 3)(2x-— 4) k (5x — 3)(5x — 6) | Ux2486—3) 
m Qx4 5? n (5x + 6)? o (x-1P 
PROBLEM-SOLVING 7-8(1/2) 7-9(15) 7-9(t/4), 10 
7 Write the missing number. 
a («t+ D042) =x 4+ 5x46 b (x+ 2) +5) =x + 8x4 15 
€ (x-7)x-?)2x-4x-21 d (x*4(x—-72x?—4x—32 
e (x—6x-7)2x2-7x46 f @- Dæ- 8) =x - 10x + 16 
Example3b 8 Expand the following. 

| a 2(-3)x- 4) b 3x4-2G-c7) c —2(x + 8)(x + 2) 
d —4(x + 9)(x + 2) e 5(x — 3)(x+ 4) f 3(x+5)(x — 3) 
g —3(a-2)(a- 7) h —5(a + 2)(a — 8) i 4(a — 3)(a — 6) 
j 36-260-5 k -20 - 3) - 8) | —=60 -40 - 3) 
m 3(2x + 3) (2x + 5) n 6(3x — 4)(x + 2) 0 —2(x + 4)(3x — 7) 
p 2(x+ 3)? q 4(m4 5»? r 2(a— 7? 
s -3(y-5) t 3(2b- 1)? u —32y- 6)? 

Exmpe3: 9 Expand and simplify the following. 

a (x4 DG 3)-4c (x-2)(x 4) b (xt+ 8) +3) 4+ (x4 4) +5) 
c O0F90=)D040=240-4) d 0-7)0+4+(0+5)0— 3) 
e (2a+3)(a—5) — (a+ 6)(2a + 5) f (4b + 8)(b + 5) — (8b — S)(b — 7) 
g x-52-7 h x-72?-9 
i 3—Qx-9» j 14- (5x 43 
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10 Find an expanded expression for the area of the pictures centred in these rectangular frames. 


a b 

3 cm 

<< . 

picture xcm 
(x + 30) cm 
12-13(1/2) 11-13(1/2) 11-14(1/2) 
1i Prove the following by expanding the left-hand side. 

a (a+b)(a—b) =a - b? b (a+b)? =a? + 2ab + b? 
€ (a—b)? =a? — 2ab + b? d (a+b) — (a — b}? = 4ab 


12 Use the distributive law to evaluate the following without the use of a calculator. 
For example: 4 x 102 = 4 x 100 + 4 x 2 = 408. 


a 6x103 b 4x55 c 9x63 d 8x208 
e 7x198 f 3x297 g 8x495 h 5x696 
13 Each problem below has an incorrect answer. Find the error and give the correct answer. 
a —x(x — 7) = -x? — 7x b 3a- 7(4 — a) = -4a — 28 
C Qx 43? 24249 d (x-2?-(x42)x-2)20 
14 Expand these cubic expressions. 
a (x-2)(x-3)x-4 1) b w~+4a~4+2)@+4+5) € (x-3(x—4)x-3) 
d (x—4)Qx4 D)(x — 3) e (x-6Q2x-3)x- 5) f Qx-3)(x-4)(3x- 1) 


ENRICHMENT: Expanding to prove - - 15 


15 One of the ways to prove Pythagoras’ theorem is to arrange four congruent right-angled triangles 
around a square to form a larger square, as shown. 


a Find an expression for the total area of the four shaded triangles by multiplying the area of one 
triangle by 4. 

b Find an expression for the area of the four shaded triangles by subtracting the area of the inner 
square from the area of the outer square. 

€ By combining your results from parts a and b, expand and simplify to prove Pythagoras’ theorem: 
a? vp 
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Chapter 5 


5B Factorising expressions 


Learning intentions 


A common and key step in the simplification 
and solution of equations involves factorisation. 
Factorisation is the process of writing a number 
or expression as a product of its factors. 


In this section we look at expressions in which 
all terms have a common factor, expressions 


by grouping. 


To understand what it means to write an expression in factorised form 

To know to always look for a common factor before trying other factorising techniques 
To be able to recognise a difference of perfect squares including ones involving surds 
To be able to factorise using a common factor or a difference of perfect squares 

To be able to use the grouping technique to factorise 


: After a car accident, crash investigators use the length of tyre 
that are a difference of perfect squares and skid marks to determine a vehicle's speed before braking. The 
four-term expressions, which can be factorised quadratic equation u? + 2as = 0 relates speed, u, to a known 
braking distance, s, and deceleration a = —10 m/s? on a dry, flat 
bitumen road. 


| LESSON STARTER | Giu; But there are no common factors! 


An expression such as xy + 4x + 3y + 12 has no common factors across all four terms, but it can still be 


factorised. The method of grouping can be used. 


* Complete this working to show how to factorise the expression. 


xy + 4x -3y + 12 = x( ) + 3¢ ) 
2 )(x + 3) 
e Now repeat with the expression rearranged. 
xy + 3y + 4x 4+ 12 = y( ) + 4( ) 
= a) 


e Are the two results equivalent? 


/ 


KEY IDEAS / /, 


E Factorise expressions with common factors by ‘taking out’ the common factors. 


For example: —5x — 20 = —5(x + 4) and 4x? — 8x = 4x(x — 2). 


E Factorise a difference of perfect squares (DOPS) using a? — b? = (a + b)(a — b). 


e We use surds when à? or b? is not a perfect square, such as 1,4, 9, ... 
For example: x-5-(x-4 V5)(x — V5) using (V5)? eS. 


E Factorise four-term expressions if possible by grouping terms and factorising each pair. 


For example: 5x Orc = 4G + 5) = 20 355) 
= (x + 5)(x — 2) 
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BUILDING UNDERSTANDING 


L1) Determine the highest common factor of these pairs of terms. 
a 7xand 14 b —5yand —25 C 12a? and 9a d —3x?y and —6xy 


o9 State the missing parts. 
a Ifxx—1)2x2- x, then x? — x = x( ) 
b If2(1 — x) = 2 — 2x, then 2 — 2x = 
€ If(x-2)(x-2)- , then x? — 4 = 
d If(3x- 7)( ) = 9x? — 49, then 9x? — 49 = 


Factorise by taking out common factors. 


ao 2 b 20a? + 30a e Heed D =a i) 
SOLUTION EXPLANATION 
a —3x-— 12 = -3(x + 4) —3 is common to both —3x and —12. Divide 


each term by —3 to determine the terms in the 
brackets. Expand to check. 


b 20a? + 30a = 10a(2a + 3) The HCF of 20a? and 30a is 10a. 

€ 2(x+1)-alx+1)= (x+ 1)(2-a) (x + 1) is a common factor to both parts of the 
expression. 

Now you try 


Factorise by taking out common factors. 
ao b 15a? + 20a (Bede oC) 


Factorise the following difference of perfect squares. You may need to look for a common 


factor first. 
a æ= l6 b 9a? — 4b? G lay — 1200 d (x+3)?-4 
SOLUTION EXPLANATION 
4°. —16—=@)"— 4) Use a? — b? = (a + b)(a — b), where a = x 
= (x + 4)(x - 4) and b = 4. 
Continued on next page 
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b 9a* — 4b? = (3a)? — (2b)? 9a? = (3a)? and 4b? = (2b), 
= (3a + 2b) (3a — 2b) 
c 12y? — 1200 = 12(y? — 100) First, take out the common factor of 12. 
= 12(y + 10) — 10) 100 = 102, use a? — 5? = (a + b)(a — b). 
d (x+3)?-4=( + 3)? — (2)? Use a? — b? = (a + b)(a — b), where 
—(x-3-2)x-3-2) a = x + 3 and b = 2. Simplify each bracket. 


=(x+ 5)(x+4+ 1) 


Now you try 

Factorise the following difference of perfect squares. You may need to look for a common 
factor first. 

D 175 boo — 9p E 96 il 2) a6 


Factorise these DOPS using surds. 


am a Bn 4 0 G= =5 
SOLUTION EXPLANATION 
a x2— 102 32 - (v10)? Recall that (V10)? = 10. 
= (x + V10)(x — V10) 
b 2-242 x2 — (24)? Use (V24)? = 24. Simplify: 
= (x + V24)(x — V24) V24 = VAx 6 = V4 x V6 = 2V6 


= (x + 2V6)(x — 2V6) 


€ x-1?2-52(x- 1?- (V5)? Use a? — b? = (a + b)(a — b), where 
-(x-1-cV5)(x—1- v5) a=x-— land b = V5. 


Now you try 
Factorise these DOPS using surds. 
A 57 b x2-32 6 =S=? 
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Factorise by grouping x? — x + ax — a. 


SOLUTION 


p ME C M 
= (x-— l)(x +a) 


Now you try 


Factorise by grouping x? — 2x + ax — 2a. 


Exercise 5B 


1 Factorise by taking out common factors. 


—4x — 12 
10a? 4- 40a 


Example 4a a i 
Example 4b | b i 
EE c 
- E 
3x — 18 

—5x — 30 
4x2 + x 

10a — 5a? 
ab? — a*b 


2e 3z 7 02 2 


Example4c 3 


A(x + 2) — a(x + 2) 


b 


f 
j 
n 
r 


a 5(x—1)—a(x- 1) 
d x(x+2)+5(x4+ 2) 
g a(x-3)- (x43) 


Example Sab | 4 

a 2-9 

e 42-9 

| 25x? — 4y? 
Example 5c,d = 5 

mE a 222-32 

e 3x2 — 75y? 

i (x452?-16 
m (3x+5)?-x 
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b 
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Factorise the following. 


=z = = € 


Factorise by taking out the common factors. 


4x + 20 
—4y -2 
5x2 — 2x 
12x — 30x? 
2x?yz — 4xy 


1, 2-6(1/2) 


EXPLANATION 


Factorise two pairs of terms, then take out the 


ii —9x — 36 
ii 17a? + 34a 


ii Il(x45)-— a(x +5) 


7a + 7b 

—12a —- 3 

6b? — 18b 

—2x — x? 
—12m?n — 12mn? 


eo c xu c 


e x(x—4)-2(x- 4) f 
h xx- 2) — (x-2) i 


Factorise the following differences of perfect squares. 


x2 — 25 

36a? — 25 
64x? — 25y? 
5x? — 45 

3a? — 300b? 
[req 9 
y+ -y 
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c y2- 49 
g 1-81»? 
k 9a? — 49D? 


6y? — 24 

12x? — 27y? 

(a — 3)? — 64 
(5x + 11)? — 4x2 


ore c 
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2-7(1/3) 


d 
h 
I 
p 
t 


common binomial factor (x — 1). 


9a — 15 
—2ab — bc 
14a? — 21a 
—4y — 8y? 
6xyz — 3z? 


Factorise, noting the common binomial factor. (Hint: For parts g-i, insert a 1 where appropriate.) 


b bx +2) 4+ 3(x + 2) € a(x4 5) — 4(x 4 5) 


3(x + 1) — x(x 4+ 1) 
(x — 6) — x(x — 6) 


y -1 
100 — 9x2 
144a? — 49b? 


3y? — 48 

63a? — 112b? 
a= 7-1 

(ax — 5y)? — 25y? 
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Example6 6 Factorise using surds and remember to simplify surds where possible. 


a x-7 b x2-5 c x2—19 
d x?-21 e x?— 14 f x* - 30 
g x?-15 h 2-11 i x-8 
j 2-18 k x2-45 | x2- 20 
m x- 32 n x? — 48 0 x2—50 
p x? — 200 q x-2?-6 r (x+5)%-10 
s (x—-3)?- II t x-1?2-7 u (x—6)? — 15 
v (x+4)?-21 w (x+1)2- 19 x (x70 = 26 
Example7 7  Factorise by grouping. 
a x*+4x+ax+4a b x*+7x+bx+7b € x*-3x+ax—3a 
d x? + 2x- ax -— 2a e x? + 5x — bx — 5b f x 3x — Aax — 12a 
g x? -— ax — 4x + 4a h x? — 2bx — 5x + 10b i 3x? — 6ax — 7x + 14a 
PROBLEM-SOLVING 8(1/2) 8-9(1/2) 8-10(1/s) 
8 Factorise fully and simplify surds. 
a 2 b gs C got d P 
9 4 16 36 
e (x-2)?-20 f @p4y=27 g («+ 1)2-75 h x-7)?-40 
i 32-4 j 52-9 k 72-5 | 62-11 
m —9 + 2x? n -164 52 0 —10+4 3x2 p —7 + 13x? 
9 Factorise by first rearranging. 
a xy—6-—3x -2y b ax- 12 + 3a — 4x € ax — 104 5x — 2a 
d xy 12 — 3y — 4x e 2ax+ 3 — a -— 6x f 2ax-— 20 + 8a — 5x 
10 Factorise fully. 
a 5x* — 120 b 32-162 c 7x? — 126 d 2x?- 96 
e 2(x-3)?- 10 f 3G= 17 = 21 g 4(x— 4)? — 48 h 5(x4 6)? - 90 
11(15) 11(1/2), 12 11(1/2), 13, 14 
11 Evaluate the following, without the use of a calculator, by first factorising. 
a 16 — 14 b 187 — 177 c 13?—- 10? d 157-117 
e 172—152 f 112-92 g 272-242 h 522 — 382 
12 a Show that 4 — (x + 2)? 2 —x(x + 4) by factorising the left-hand side. 
b Now factorise the following. 
i 9—(x43»? ii 16— (x + 4)? jiii 25 = (x — 5)? 
iv 25 — (x + 2)? v 49-(«- 1)? vi 100 — (x + 4)? 
13 a Prove that, in general, (x + a)? 4 x? + a?. 
b Are there any values of x for which (x + a)? = x? + a°”? If so, what are they? 
14 Show that x? — s = PES + 2) (3x — 2) using two different methods. 
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ENRICHMENT: Hidden DOPS = = 15(‘/2), 16 


15 Factorise and simplify the following without initially expanding the brackets. 


a (x +2)? - (+ 3)? b (-7)2-(~+4)? 

€ (a+3)*- (a- 5)? d (b+5)2-(b-5)2 

e (s-3?- (s +3)? f y-7)-(o47T 

g (2w + 3x)? — Bw + 4x)? h (d+ 5e)? — (3d - 2e? 
i (4f+ 3j)* — f- 3/)? j Gr- 2p)? - Qp- 3? 


16 a Is it possible to factorise x? + Sy — y? + 5x? Can you show how? 
b Also try factorising: 
i x2+7x+7y—y? 
ii x? — 2x — 2y — y? 
jii 4x? + Ax + 6y — 9y? 
iv 252 + 15y — 4x? + 6x 


Factorising is a key component of the proof of Fermat's 

last theorem, which states that there are no solutions to 

X” + y^ =z" for n> 3. Although it looks simple, it took the 
best mathematicians on Earth 358 years to find a proof of 
this theorem. It was finally proved in 1994 by Andrew Wiles, 
and his proof is almost 130 pages long! 
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Using calculators to expand and factorise (CAS) 


1 Expand and simplify 3(2x — 3) (5x + 1) — (4x — 1). 
2 Factorise. 

aM M 

bug 4 


Using the TI-Nspire: Using the ClassPad: 


1 Ina calculator page use >Algebra>Expand and 1 Inthe Main application, type and highlight the 
type as shown. expression, then tap Interactive, Transformation, 
expand and type in as shown below. 


Ji1L r10AC < DEG gij 
O Edit Action Interactive 
expandls- (2:3). (5:x+1)=(4-x-1)2) Pe [^ [183] sin | e] [7] "] 
2 expand (3+(2+x-3) 5x1) (47-152) 
14:x^-31:x-10 


14-x2-31:x-10 
Dp 


2 Ina Calculator page use >Algebra>Factor and 2 Use the VAR keyboard to type the expression 
type as shown. as shown. Highlight the expression and tap 
Interactive, Transformation, factor. 


© Edit Action Interactive 

4] > [fsa] sina} so] © +] wt 

factor (ax^24x-ax-1) | 
(x= 1)+(aex#1) 

factor (6æ^2+7x-3) 

| (3+x=1) + (2x43) 


ser | (x-1): (@ x+1) 


taole: x?47- x-3) (2: x«3) (3 x-1) 


Note: Use a multiplication sign between the a and x. 
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5C 


5C Factorising monic quadratic trinomials 


Learning intentions 

e To be able to identify a monic quadratic trinomial 

e To understand the relationship between expanding brackets to form a trinomial and factorising a monic 
trinomial 

e To know how to factorise a monic quadratic trinomial 

e To be able to simplify algebraic fractions by first factorising and cancelling common factors 


A quadratic trinomial of the form x? + bx + c is 
called a monic quadratic because the coefficient 
of x? is 1. 
Now consider: 
(x+ m) (x + n) 2 x? + xn + mx + mn 
=x? + (m+n)x+ mn 


We can see from this expansion that mn 
gives the constant term (c) and m + n is the 
coefficient of x. This tells us that to factorise a 


monic quadratic trinomial we should look for 


Trinomial quadratics can model the revenue and profits from 

i À book publishing. Market research and past sales are used to 
the coefficient of the middle term (b). develop unique quadratic models which find the book’s selling 
price that predicts maximum revenue. 


factors of the constant term (c) that add to give 


TI TBI IB Factorising x? — 6x — 72 


Discuss what is wrong with each of these statements when trying to factorise x? — 6x — 72. 


* Find factors of 72 that add to 6. 

* Find factors of 72 that add to —6. 

* Find factors of —72 that add to 6. 

e —18 X 4 = -72so x? — 6x - 72 = (x — 18) (x + 4) 

e —9x8-2-72sox? — 6x — 72 = (x — 9)(x + 8) 

Can you write a correct statement that correctly factorises x? — 6x — 72? 


KEY IDEAS 


Bi Monic quadratics have a coefficient of x? equal to 1. 


Bi Monic quadratics of the form x? + bx + c can be factorised by finding the two numbers that 
multiply to give the constant term (c) and add to give the coefficient of x (i.e. b). 
x? + (m + n)x + mn = (x 4 m)(x +n) 
sooo 
b 
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BUILDING UNDERSTANDING 


(1) Find two integers that multiply to give the first number and add to give the second number. 
a 18,11 b 20,12 C —15,2 d —12,1 
e —24,—5 f -30,-7 g 10,-7 h 36,-15 


o9 A number (except zero) divided by itself always equals 1. 
d! 20-—3)! _ z +5) E id 


For example: z = 


d! a3! a5 2 


Invent some algebraic fractions that are equal to: 


al b 3 e -5 


© Simplify by cancelling common factors. For parts f to g, first factorise the numerator. 
3 1 

2x p a aum d 

4 2a 9(x + 1) 

8(x + 4) xxx x? — 2x 

12(x + 4) x x 


Factorise. 
a x 8x4 15 b x7-5x+6 c 2x2 — 10x — 28 d x? — 8x + 16 
SOLUTION EXPLANATION 
a x+ 8x+ 15 = (x + 3)(x + 5) 3x5 = iSandls45=8 
Check: (x + 3)(x + 5) = x? + 5x + 3x + 15 
= x2 + 8x+ 15 
m 5 500) —3 x (—2) = 6 and -3 + (-2) = —5 
Check: (x — 3)(x — 2) =x? - 2x - 3x + 6 
=x? —5x+6 
€ 2x2 — 10x — 28 2 2(x2 — 5x — 14) First, take out the common factor of 2. 
= 2(x — 7)(x + 2) —7 x 2 = —14 and -7 + 2 = —5 
d x2— 8x + 16 2 (x — 4) (x — 4) —4 x (—4) = 16 and —4 + (—4) = -8 
= (x — 4)2 (x — 4) (x — 4) = (x — 4)? is a perfect square. 
Now you try 
Factorise: 
a x +7x+12 D a = Orp d o 2e 2 12 deu —o, 9 
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Example 8a 
Example 8b 
Example 8c 


Example 8d 


Example 8a,b 


Example 8c 


Use factorisation to simplify these algebraic fractions. 


x?-x-6 
x+2 


SOLUTION 
x-x-6 @-3)@+2)! 


b 


x+2 


x7 — 9 x?-4x-5 
x 


ea eqs 


2003) 6—3) - (—35) (x +1) 


2 6 


b 


x2—9 


x?-4x-5 
x 


a Se S 


EXPLANATION 


D 


ie (8) 


First, factorise x^ — x — 6 and then cancel 
(x + 2). 


First, factorise all expressions in the 


numerators and denominators. Cancel to 


(—5) a3)! 


_ ar dd 
p 


Now you try 


2(—3) 


Use factorisation to simplify these algebraic fractions. 


xe 
x+2 


Exercise 5C 
FLUENCY 


1 Factorise. 


a 
b 
C 
d 


Ì x2-3x42 
i x2-4x43 
i 2x32—- 8x — 10 
i x —4x+4 


2 Factorise these quadratic trinomials. 
x 5x46 
x24 0x + 18 
xi-3x-4 


= 2e 3 7" o 2 


x + 7x + 6 
xX + 7x + 12 
xi-2x-8 
y" 7x+10 
x2 — 9x + 18 
x2 — 5x — 14 


b 


f 
j 
n 
r 
v 


simplify where possible. 


x*—4 x?-3x-4 
x 


p) 


1, 2-4(1/4) 


x- 11x + 18 
x-x-12 


C 
g 
k 
x= 6x4 8 0 
S 
w 


3 Factorise by first taking out the common factor. 


a 
d 
g 
j 


2x2 + 14x + 20 
5x2 — 5x — 10 
—2x? — 14x — 24 
—4x? + 4x + 8 
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b 
e 
h 
k 


3x2 + 21x + 36 


Ax? — 16x — 20 
—3x2 + 9x — 6 
—5x? — 20x — 15 


2x —4 


ii x24 6x45 
ii x?— 11x + 30 
ii 3x2 — 9x — 30 
ii 2° = 10x4-25 
xi 46x49 d x4 7x4 10 
xi-5x—-6 h 74+x-6 
xX + 7x — 30 ( x? +9x-22 
x*—7x+12 p x-2x41 
x* — 4x — 12 t x x30 
x? + 4x — 32 X 2 —3x— 10 
c 2x2 + 22x + 36 
f 3x* — 9x — 30 
i —2x2 + 10x + 28 
| —7x? + 49x — 42 
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Examplesd 4  Factorise these perfect squares. 


a x2-4x4+4 b x27+6x+9 € x+ 12x 4- 36 d x2 - l4x 4 49 
e x2- 18x 4 81 f x2— 20x + 100 g 2x* + 44x + 242 h 3x* — 24x + 48 
i 5x* — 50x + 125 j —3x*+36x-108 k —2x* + 28x — 98 | —4x2 — 72x - 324 


Exmpe9a © Use factorisation to simplify these algebraic fractions. In some cases, you may need to remove a 


common factor first. 


x? — 3x — 54 b = 12 - x) - 6x +9 
x—9 x+4 x—3 
x+2 é x-3 f xctl 
x? + 9x + 14 x5-—8x4. 15 x -—5r-6 
2(x + 12) h a — 5x — 36 i x? — 15x + 56 
x2 + 4x — 96 3(x = 9) 5(x — 8) 
PROBLEM-SOLVING 6(1/2) 6-7(1/3) 6-8(1/s) 
exampless 6 Simplify by first factorising. 
x-4 55 15 b e+ 3xt2 2-9 
xi-x-6 x+4x-12 xX +4x+3 3x46 
x +2x—-3 2x10 d x-9 x 44-8 
= 25 x+3 xb-5x-6 174+ 8x4 15 
x*—4x+3 4x4 í x? + 6x+8 6x—24 
x2 +4x-21 x-l x2—4 x? — 16 
x)-x—-6 x7 4+5x44 h x2-4x—12. x2- 6x48 
xi-x-12 x-1 x-4 x2 — 36 
7 Simplify these expressions that involve surds. 
: x-7 b = 10 * x -— 12 
xd T x— V10 x + 2V3 
, V5x +3 : V3x — 4 t 732-5 
5x2 — 9 3x2 — 16 Vix + V5 
j (24 1^2 h (1-3) =5 i x-6) =6 
x+14+v2 re v5 x—64 V6 
8 Simplify using factorisation. 
XR2x-3, w3 b X +3x+2 ,4x+8 : 2 -3-12, x= 16 
x2—25 2x4 10 xX +4x+3 x2-9 2-9 3x + 12 
d x2 — 49 . Ax + 28 : £X 3x-14, a 9x14 , X püxIS x2 + 6x45 
x2-—3x-28 6x+24 ele 3° eH 2 xRx-Ó x +7446 


9 9, 10(1/;) 10(1/2), 11, 12 


9 A businessman is showing off his new formula to determine the company's profit, in millions of 


dollars, after t years. 

£—49 | 2—5:t—-2A 

5t-40 27 -— 81-42 

Show that this is really the same as 
t+7 


Profit = ——. 
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Profit = 
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10 Note that an expression with a perfect square can be simplified as shown. 


(x4-3)^ (QcF3)0e3)! 


x+3 c3! 
=x+3 
Use this idea to simplify the following. 
xX- 6x +9 b x 42x41 i x? — 16x + 64 
x—3 x+1 x—8 
q 9-12 4x 4- 20 f x? — 14x 4- 49 
go = Ag 4 4 x? + 10x +25 Sx — 35 
2 2 2. p2 
11 a Prove that 4 a ep ab =i 


a? + ab a — ab 


b Make up your own expressions, like the one in part a, which equal 1. Ask a classmate to check them. 


12 Simplify. 


a? + 2ab rb. a — b? b a? —2ab+b? | a — b? 
ala + b) a? — 2ab + b? a? — b? a? + 2ab + b? 
-b o @-b d a? + 2ab +b? | a(a — b) 

a — 2ab +b? a? c 2ab + b? a(a + b) a? — 2ab + b? 


ENRICHMENT: Addition and subtraction with factorisation = - 13(/2) 


13 Factorisation can be used to help add and subtract algebraic fractions. Here is an example. 


3 ae x Z 3 i x 
x-2 x2 64+8 x-2 (x-2)x-4) 
- 3(x — 4) X 
-6-26-4' 6-26-4 
O I2 x 
| &@ = 2)(x - 4) 
_ 4x — 12 
^ @=2@=4) 
_ 4(x-3) 
^ (x-2)(x— 4) 
Now simplify the following. 
à 2 E x b 4 » 3x 
x-3 x?-x-12 x+2 x?—7x—18 
è 3. (2 d 4 1 
x+4 x2—16 7-9 x- 8x+15 
8 x+4 — x-5 f x43 B x 
eH 2-6 = Ox 18 x-4x-32 x74 7x +12 
g Xd 1 2 — xX—2 h x42  qwkt3 
X205. oP = 6045 xi-2x 41 xX 4+3x-4 
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5D Factorising non-monic quadratic trinomials — io 


Learning intentions 
e To understand the relationship between expansion and factorisation for binomial products 
e To know and be able to apply the process for factorising non-monic quadratic trinomials 


There are a number of ways of factorising non-monic quadratic trinomials of the form ax? + bx + c, 
where a # 1. The cross method, for example, uses lists of factors of a and c so that a correct combination 
can be found. For example, to factorise 4x? — 4x — 15: 


2x -3 
[ 
21-4 |5 1-1 15 5 = 3 
factors of 4 -———14 i E—3— æ factors of —15 
2 1-15 15-1 -3 -5 
2x—5 


2x (—5) + 2 x 3 = —4, so choose (2x + 3) and (2x — 5). 
n4? — 4x 215 = (2x + 3)(2x — 5) 


The method outlined in this section, however, uses grouping. 


| LESSON STARTER | russi Does the order matter? 


To factorise the non-monic quadratic 4x? — 4x — 15 using grouping, we multiply a by c, which is 
4 x (—15) = —60. Then we look for numbers that multiply to give —60 and add to give —4 (the 
coefficient of x). 


e What are the two numbers that multiply to give —60 and add to give — 4? 
e Complete the following using grouping. 


4x? — Ax — 15 = 4x? — 10x + 6x — 15 —10 x 6 2 —60, -10+6=-4 
= 2x( ) + 3( ) 
= (2x — 5)( ) 


e If we changed the order of the —10x and +6x do you think the result would change? Copy and 
complete to find out. 


4x2 — Ax — 15 = Ax? + 6x — 10x — 15 6x(-10 2-60, 6+(-10)=-4 
= 2x( Sd ) 
-C. C 2 


KEY IDEAS j 


E To factorise a non-monic trinomial of the form ax? + bx + c, follow these steps: 
e Find two numbers that multiply to give a x c and add to give b. 
For 15x2 - x — 6, a X c = 15 x (—6) = —90. 
The factors of —90 that add to —1 (b) are —10 and 9. 
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e Use the two numbers shown in the example above to split bx, then factorise by grouping. 


15x2 — x — 6 = 15x2 — 10x + 9x — 6 


= Sui = 2) 4b Che = 2) = Ge = Dre tk 3) 


E There are other valid methods that can be used to factorise non-monic trinomials. The cross 


method is illustrated in the introduction. 


BUILDING UNDERSTANDING 


(1) State the missing numbers in this table. 


6x2 + 13x+6 


8x2 + 18x+4 


12x2 +x- 6 


10x? - 11x- 6 


21x? — 20x + 4 


15x? — 13x + 2 


o Factorise by grouping pairs. 
a x? 2x4 5x 4-10 b x2— 7x 2x+14 C 62-—8x-3x—4 
d 8x2 — 4x + 6x —3 e 5x2 + 20x — 2x — 8 f 12x - 6x — 10x +5 


Factorise. 
ao to 0 


SOLUTION 
a 6x* + 19x + 10 = 6x? + 15x + Ax + 10 
= 3x(2x + 5) + 2(2x + 5) 
= (2x + 5)(3x + 2) 
b 9x? + 6x — 8 = 9x* + 12x - 6x - 8 
= 3x(3x + 4) — 2x + 4) 
= (3x + 4)(3x — 2) 


Now you try 


Factorise. 
a 6x2 + 1lx+3 
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b 9x2+6x-8 


EXPLANATION 


ax c = 6 x 10 = 60; choose 15 and 4 since 
15 x 4 = 60 and 15 + 4 = 19 (b). 
Factorise by grouping. 


a xX c= 9 x (—8) = —72; choose 12 and —6 
since 12 x (—6) = —72 and 12 + (—6) = 6 (b). 


b 8x2 + 10x —3 
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Chapter 5 


A = 
Simplify des. I = M 1 
Wee bess ithe = Tes 
SOLUTION EXPLANATION 
4x2 — 9 25x32 — 10x + 1 First, use the range of factorising techniques to 
101255120563 m jx = Wee factorise all quadratics. 
1 1 1 1 
= ele E Soult) x (EC MER Cancel to simplify. 
(ocu mi estre 
=] 
Now you try 
m 9x2 — 4 16x2 — 24x + 9 
Simplify x ; 
Re = lete IgG 
Exercise 5D 
1, 2(1/2) 2-3(1/3) 
1 Factorise. 
xample 1 a i 8x*4+ 14x+3 ii 10x? + 19x + 6 
bi 6x°+13x-5 ii 8x2 + 2x- 3 
Eampet 2  Factorise the following. 
a 3x*+ 10x-3 b 26-341 c 32 8x4 d 3-32 
e 2x^- 11x45 f 5x7°+2x-3 g 32- llx-— 4 h 3x2- 2x-1 
| 72-2x-5 j 2:22- 9x47 k 3x*+2x-8 | 2354-12 
m 232-9x —5 n 132-7x-6 6 53—22948 p 8&2- 14x45 
q 624x-12 r 10x? + 1Ix— 6 s 6x7 --13x-6 t 4° = 5041 
u 8x2 -— 14 +5 v 8x2 — 26x + 15 w 6x? — 13x +6 x 9x2 + 9x — 10 


3 Factorise the following. 


b 20x2 + 39x + 18 c 21x2? + 22x 8 
e 40x27 -x-6 f 28x2 - 13x -6 
h 452 — 46x + 8 i 25x? — 50x + 16 


a 182 + 27x + 10 
d 30x2 + 13x — 10 
g 24x? — 38x4 15 


PROBLEM-SOLVING 4(15), 6 4-5(1/5), 6 4-5(1/), 6 


4 Factorise by first taking out the common factor. 
a 6x? + 38x 40 b 6x2 — 15x — 36 C 4832— 18x — 3 
d 32x2 — 88x + 60 e l62-24x 4-8 f 90x? + 90x — 100 
g —50x? — 115x — 60 h 12:22 — 36x + 27 Ì 2007 = 25x45 
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Example 11 


Australian Curriculum Year 10 & 10A 3ed 


Simplify by first factorising. 


6x2 — x — 35 b 8x2 + 10x — 3 " 9x? — 21x 4- 10 d 10x — 2 
3x 7 2x 3 3x—5 15x32 + 7x — 2 
4x +6 i 20x — 12 2x? + 11x + 12 h 12x2 -x-1 

14x2 + 17x — 6 10x2 — 21x + 9 6x2 + Ilx + 3 8x2 + 14x + 3 

10x” + 3x — 4 " 9x2 — 4 k 14x2 + 19x - 3 | 8x2 — 2x — 15 

14x2 — 11x +2 15x2 + 4x — 4 49x2 — 1 16x2 — 25 


A cable is suspended across a farm channel. The height (h), in metres, of the cable above the water 
surface is modelled by the equation h = 3x? — 19x + 20, where x metres is the distance from one side 
of the channel. 

a Factorise the right-hand side of the equation. 

b Determine the height of the cable when x — 3. Interpret this result. 
€ Determine where the cable is at the level of the water surface. 


HUA 7-8(/2) 7-8(1/3), 9 


Combine all your knowledge of factorising to simplify the following. 


9x? — 16 x Etx-1 b Ax? — 1 oe -4 
= 6249 3x? 48x =— 16 62—-x-2 8x-4 
i 1— x2 25x? +30x+9 d 20x? + 21x — 5 16x? — 24x + 9 
15x+9 5x24 8x3 16x2 + 8x — 15 25x2 — 1 
" 1002-25 . 2x2 = Te + 3 f 3x? - 12 , 2? - 3x -2 
2x2 -—9x—5 5x2 — 40x + 75 30x +15 4x24 4x41 
! 9x2 -6x+1 7 92-1 p 1602-25 , 4? - 17x + 15 
6x? = 1x3 66—7x-3 Ax? — 7x— 15 16x? — 40x + 25 
Find a method to show how —12x2 — 5x + 3 factorises to (1 — 3x)(4x + 3). Then factorise the 
following. 
a —RC +2x+15 b —6x? + 1lx +10 c —12x? + 13x + 4 
d —8x2 + 18x -— 9 e —14x? + 39x — 10 f -15x2 -x+6 


Make up your own complex expression like those in Question 7, which simplifies to 1. Check your 


expression with your teacher or a classmate. 


ENRICHMENT: Non-monics with addition and subtraction = = 10(1/2) 


10 Factorise the quadratics in the expressions and then simplify using a common denominator. 
j 2 + x b 3 _ x 
2x-3 8x2 - 10x -3 3x-1 6x*+13x—5 
4x X d Ax 2 3x 
2x-5 &2-18x-5 122 -1Ix 42. 3x-2 
2 i 1 f 2 - 3 
4?-1 6?-x-2 9x? — 25 93 + 9x — 10 
4 _ 2 h 1 2 
8x2 S184 5 12x? = Se 2 10x? — 19x+6 | 4x? - 8x — 21 
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5E Factorising by completing the square 


Learning intentions 

e To know the expanded form of a perfect square 

To be able to carry out the process of completing the square 

e To know how to factorise by first completing the square 

e To understand that not all quadratic expressions can be factorised and to be able to identify those that can't 


Consider the quadratic expression x? + 6x + 1. We cannot factorise 
this using the methods we have established in the previous exercises 
because there are no factors of 1 that add to 6. 


We can, however, use our knowledge of perfect squares and the 
difference of perfect squares to help find factors using surds. 


RAS EI UA Make a perfect square 


This diagram is a square. Its sides are x + 3 and its area is given by 
x? + 6x + 9 = (x43). 


The statistical analysis of agricultural 
Use a similar diagram to help make a perfect square for research data has found that quadratic 
equations model harvest yields (kg/ha) 
versus the quantity of nitrogen fertiliser 
for each. x 3 (kg/ha) used. The CSIRO provides 
Australian farmers with numerous 
mathematical models. 


the following and determine the missing number 


e 4+ 8x4? 
e x? 12x 4? 


Can you describe a method for finding the 
missing number without drawing a diagram? 2 | 3x [9| 


KEY IDEAS // 


/ 


Bi Recall for a perfect square (x + a)? = x? + 2ax + a? and (x — a)? = x? — 2ax + a’. 


2 
Bi To complete the square for x2 + bx, add (2) . 
5 2 
e x + bet E xc 2 
2 2 


E To factorise by completing the square: DIGNI ow (5) = (5) +1 
e Add io ; and balance by subtracting i 7 6\2 
p 2) = (: + 2) —8 
e Factorise the perfect square and simplify. 2 
e  Factorise using DOPS: = (x + 3)? — (v8)? 
a? — b? = (a + b) (a — b); surds can be used. = (x + 3 + V8)(x + 3 — V8) 


= (x + 3 + 2V2) (x + 3 — 2V2) 


E Not all quadratic expressions factorise. This will be seen when you end up with expressions 
such as (x + 3)? + 6, which is not a difference of two perfect squares. 
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BUILDING UNDERSTANDING 


2 
L1) These expressions are of the form x? -- bx. Evaluate (5) for each one. 
a x 4+ 6x b x-2x C 
d 3-8 e x7 45x f 


o Factorise these perfect squares. 
a xà-4x4 b x2 8x4 16 x? + 10x + 25 
d x2— 12x + 36 e x -6x+9 x? — 18x + 81 


© Factorise using surds. Recall that a? — b? = (a + b) (a — b). 
a (x-1?-5 b («+ 4)2-10 (x-3?-11 


Decide what number must be added to these expressions to complete the square. Then factorise the 
resulting perfect square. 


a x24 10x b x2-7x 
SOLUTION EXPLANATION 
2 2 
(2) gas ore eed (5) 
D 2 
b 2 
Here b = 10, and evaluate (2) : 
b\? DS 
x + 10x + 25 = (x + 5)? + br (2) = («+3) 
SN 2 
b E = 12 In x? — 7x, b = —7 and evaluate :) : 
D 4 2 
2 
x?-7x-4 = = ( re 7) Factorise the perfect square. 
Now you try 


Decide what number must be added to these expressions to complete the square. Then factorise the 
resulting perfect square. 
qc Da c 


Factorise the following by completing the square if possible. 
a x7 + 8x-3 b x7-2x+8 


Continued on next page 
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SOLUTION 


mS p 
a Paso a- (2m (2) ) - (5) -3 
2 2 


2 
-(««) = llo= 3 
2 


= (x4 4? — 19 
= (x + 4 - (V19)? 
= (x*4- V19) +4 + V19) 


2 a 
b P-mes-(2-m(2))-(2) +8 
2 2 


2 
= (: = 2) +7 
2 
e +7 
^X? — 2x + 8 cannot be factorised. 


Now you try 


EXPLANATION 
b 2 
Add (3) to complete the square and 


2 
balance by subtracting (2) also. 


Factorise the resulting perfect square and 
simplify. 

Express 19 as (V19)? to set up a DOPS. 
Apply a? — b? = (a + b)(a — b) using 
surds. 


2) 
Add C — (1)? to complete the square 


and balance by subtracting (1)? also. 
Factorise the perfect square and simplify. 
(x — 1)? + 7 is not a difference of perfect 
squares. 


Factorise the following by completing the square if possible. 


a ool 


Factorise x? + 3x + > 


SOLUTION 


= (e EEG 2 


Essential Mathematics for the ISBN 978-1-108-77346-1 


Australian Curriculum Year 10 & 10A 3ed 


€ Greenwood et al. 2020 
Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


b x2-4x47 


EXPLANATION 
342 
Add o to complete the square and 
2 
balance by subtracting (3) . Leave in 


fraction form. 


Factorise the perfect square and simplify. 
Boc mm E e 
4 2 4 4 4 


v] 
p 


Recall that 4/ — = and use DOPS. 


cen 


AIS 
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Example 12a 


Example 12b 


Example 12 


Example 13a 


Example 13b 


Example 14 
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Now you try 


; 1 
Factorise x2 + 5x + —. 


Exercise 5E 
FLUENCY 


1 Decide what number must be added to these expressions to complete the square. Then factorise the 


resulting perfect square. 
a i| x-8x 


bi x2-5x 


ii x2 4+ 14x 


ii x2— 11x 


2 Decide what number must be added to these expressions to complete the square. Then factorise the 


resulting perfect square. 


a xc 6x boa + 
e x2— 10x Lou 
b a 45% | a^ 
m x2—3x n x 


3 Factorise by completing the square. 
a xr4x4] 
d x?-10x—4 
g x2-4x-3 


4 Factorise, if possible. 
a x +6x+11 
d x274+4x4+2 
g x?— 10x + 30 
j xi-2x42 


PROBLEM-SOLVING 


9 Factorise the following. 
a x^-3x41 


e 34 f 
2 


b x24 


x2 — 


12x C x74+4x 
2x g x*— 8x 
9x k xó)-7x 
Tx 0 x-x 
b x-6x42 
e x?— 8x * 13 
h x2-8x—5 
b x2-4x47 
e x2410x43 
h x2— 6x46 
k x2- 8x—1 
5(1/2) 

Ix +2 c x24+5x-2 
yat g Pant 

2 2 


6 Factorise by first taking out the common factor. 


a 2x^£Rl12x48 
d 32-24x46 
g —4x? - 16x + 12 


7 Factorise the following. 
a 3?-9x43 
d 4x? — 28x + 12 
g —4x2 + 12x + 20 


ISBN 978-1-108- 


b 3x2 4+ 12x -3 
e —2x? — 4x + 10 
h —2x2 16x - 4 


b 5x24 15x = 35 
e —3x2 —21x+6 
h —3x2 + 9x +6 


77346-1 


d x27 + 8x 
h x2 - 12x 
| x24 11x 
p x2— 9x 
c x242x—-4 
f x2-12x+ 10 
i x7+14x+6 
€ x74+ 8x41 
f ox-4x-6 
i x2-12x42 
| 2-4x46 
5-6(1/2) 5-7(1/3) 
d x24-9x-3 
h payga? 
2 
c 4x2 — 8x — 16 
f -332—30x—-3 
i —3x? + 24x — 15 
c 2x2 — 10x+4 
f -2x2 — l4x +8 
i —2x2 + 10x + 8 
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P REASONING 0950958 00 070705 


8 A student factorises x? — 2x — 24 by completing the square. 
a Show the student's working to obtain the factorised form of x? — 2x — 24. 
b Now that you have seen the answer from part a, what would you suggest is a better way to factorise 
2 
x*— 2x — 24? 


9 a Explain why x? + 9 cannot be factorised using real numbers. 
b Decide whether the following can or cannot be factorised. 


i 2-25 ii x?— 10 
iii x7 +6 iv x? IH 
V @t+l?+4 vi (x—2)?-8 
vii (x + 3)? — 15 viii (2x — 1)? + 1 
€ For what values of m can the following be factorised, using real numbers? 
i x2-4x m ii x2— 6x - m ili x? 10x +m 


ENRICHMENT: Non-monic quadratics and completing the square = = 10(1/2) 


10 A non-monic quadratic such as 2x? — 5x + 1 can be factorised in the following way. 


22- sr+1=2(32- 3442) 
2 2 


2 
3 T Note: 2+2 => 
4 2 2 4 
Ea 


eemper 


Factorise these using a similar technique. 


a 23-5x-12 b 32-4x-3 c 4x — 7x — 16 
d 32-2x46 e —232-3x «4 f -332- 7x-3 
g —4x? + 11x — 24 h -2:243x44 |i 2x2+5x-7 
j 3x7 +4x-5 k -2x2 -3x+5 | 3x2- 7x- 4 
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Expand brackets and simplify where possible. 
-Zax - 5) aa 2) — a5 — a) 

Ge ae 

(4h + T) Gh — 5) 

(por 5) + 4) qon) 


€ (m+ 2)(m * 5) 
e (3m — 2)(3m + 2) 
g 5(x—4)x—-3) 


7 ta ccm 


Factorise the following. 
4a — 20 
A(x + 5) — x(x + 5) 
16a? — 121b? 


a —12m? + 18m 
C 

e 

g (k+2)2- 49 

i 

k 


a? — 81 

5m? — 125 
(x—1?-4 

(h + 3)? — 7 (use surds) 
4x? — 8mx — 5x + 10m 


x — 20 (use surds) 
x? + 5x + ax + 5a 


8 pc ee 


Factorise. 

A e e= 

b a?— 10a +21 
Ck = 21k 4 
d m2 — 12m + 36 


Use factorisation to simplify these algebraic fractions. 
x? + 2x — 15 
x+5 
a 2 + 3x-28 
x -9x+20 — 2x4 14 


b 


Complete the square and factorise, if possible. 
a x +8x4+3 

box — 127 + 26 

C x? 14x +50 


d oc c 
2) 


Factorise. 

a 6a*+ 19a 4- 10 
b 8m?—6m-9 
no dk 2 
d 5: — 11k- 35 


9x2 — 49 - 2x? +7x+5 
30 —4c— 7 6x4 5:21 


Simplify 
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5F Solving quadratic equations using factorisation 


Learning intentions 

e To be able to recognise a quadratic equation 

e To understand that for the product of two or more numbers to be zero, then one or both of the numbers 
must be zero 

e To know how to rearrange a quadratic equation equal to zero 

e o be able to apply the steps required for solving a quadratic equation using the Null Factor Law 

e To understand that a quadratic equation can have 0, 1 or 2 solutions 


The result of multiplying a number by zero is zero. 
Consequently, if an expression equals zero then at least 
one of its factors must be zero. This is called the Null 
Factor Law and it provides us with an important method 
that can be utilised to solve a range of mathematical 
problems involving quadratic equations. 


Galileo (17th century) discovered that the path of a 
thrown or launched object under the influence of gravity 
follows a precise mathematical rule, the quadratic 
equation. The flight time, maximum height and range of 
projectiles could now be calculated. 


| LESSON STARTER | r3 Does factorisation beat trial and error? 


Set up two teams. 
'Team A: Trial and error 
Team B: Factorisation 


Instructions: 


e Team A must try to find the two solutions of 33? — x — 2 = 0 by guessing and checking values for x 
that make the equation true. 
e Team B must solve the same equation 3x? — x — 2 = 0 by first factorising the left-hand side. 


Which team was the first to find the two solutions for x? Discuss the methods used. 


/ 


KEY IDEAS /, 


/ 


Bi The Null Factor Law states that if the product of two numbers is zero, then either or both of the 
two numbers is zero. 
e Ifaxb=0, then either a = Oor b — O. 
For example, if x(x — 3) = 0, then either x = 0 or x — 3 = 0 (i.e. x = 0 or x = 3). 


E To solve a quadratic equation, write it in standard form (i.e. ax? + bx + c = 0) and factorise. Then 
use the Null Factor Law. 
e If the coefficients of all the terms have a common factor, then first divide by that common factor. 
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BUILDING UNDERSTANDING 


1) State the solutions to these equations, which are already in factorised form. 


a xx+1)=0 
d (x + V3)(x— V3) =0 


b 2x(x - 4) 20 € (x-3)(x-2) 20 
e Qx—- DGx -7) 20 f 


(8x + 3)(4x + 3) 20 


e Rearrange and state in standard form ax? + bx + c = 0 with a > 0. Do not solve. 


à x*4+2x=3 
d 2x(x-3)25 


e x2 = A(x — 3) f 


C 4223-— 4x 
—4 = x(3x + 2) 


x?- 5x=-6 


e How many different solutions for x will these equations have? 


a x-2)(x-120 
d (x4-8(x- V5) 20 


Solve the following quadratic equations. 


a x2-2x20 b 
SOLUTION 
a x2-2x-20 

sube 2 e (i 


dos Em yes — 9 el 
ax = OT m2. 


b x2—1520 
(x + V15)(x — V15) 20 
z. x+ V15 =0orx—- V1520 
wx = —V15 orx V5 


C 2x? = 50 
2x2 5020 
202 — 25) =0 


2(x+ 5)(x — 5) =0 
eek S es irse 3 E 


NEUE =D Oe = 3) 
Now you try 
Solve the following quadratic equations. 
a x7-3x=0 b 


Essential Mathematics for the 
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b x-Dx-D20 
e x42? -20 


x-1120 C 
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€ x4 V2G«- v2) 20 
f 30x4-1?20 


x -1520 o A= 
EXPLANATION 
Factorise by taking out the common factor x. Apply 
the Null Factor Law: if a x b = 0, then a = 0 or b = 0. 


Solve for x. 
Check your solutions by substituting back into the 
equation. 


Factorise a? — b? = (a — b) (a + b) using surds. 
Alternatively, add 15 to both sides to give x? = 15, then 
take the positive and negative square root. 


So x = +V15. 


First, write in standard form (i.e. ax? + bx + c = 0). 

Take out the common factor of 2 and then factorise using 
a? — b? = (a + b) (a — b). 

Alternatively, divide first by 2 to give x? = 25 and x = +5. 


3x2 = 27 
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Solve the following quadratic equations. 
b x +4+2x+1=0 


a x2—5x 4620 


SOLUTION 
a PEE. y UE EU 
(x—3)x—-2) 20 
Ax—-3200rx—-220 
EU — Olea — 


b xi-2x4120 
(x-Dx-1)20 


(x + 10220 
D ESTE) 
aoo 

c 10x2 — 13x -3 = 0 


10x? — 15x + 2x - 320 
5x(2x — 3) + (2x — 3) 20 
(2x — 3)(5x+ 1) =0 
-.2x —-3 =Oor5x+1=0 
i Oe = Sese ll 


Now you try 


Git, 95. 3 9 


EXPLANATION 


Factorise by finding two numbers that multiply to 6 and 
add to —5: —3 x (—2) = 6 and —3 + (—2) = —5. Apply 
the Null Factor Law and solve for x. 


1xl=land1+1=2 
(x + D(x + 1) = (x + 1)? is a perfect square. 
This gives one solution for x. 


First, factorise using grouping or another method. 
10 x (—3) = —30, -15 x 2 = —30 and- 5 25 2 = T8 


Solve using the Null Factor Law. 


Check your solutions by substitution. 


Solve the following quadratic equations. 


a x*-x-12=0 b x7+6x+9=0 c 6x7+x-2=0 


Solve the following by first writing in the form ax? + bx + c = 0. 
p Es 6 — " 
"ES 


a x-24(x4 15) 


EXPLANATION 
First expand and then write in standard form 
by subtracting 4x and 60 from both sides. 


Factorise and apply the Null Factor Law: 
—10 x 6 = —60 and -10 + 6 = —4. 


SOLUTION 
a x? = 4(x + 15) 
x? = 4x + 60 
x2 — 47 — 60 = 0 
(x — 10)(x + 6) = 0 
-.x-10=00rx+6=0 
“x = 100rx = —6 
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b =x First multiply both sides by x and then write in 
ii 2 standard form. 
ear © o 
0-x-x-6 
02 (« — 3)(x + 2) Factorise and solve using the Null Factor Law. 
“x-3=0orx+2=0 
“x= 30rx=—-2 Check your solutions. 
Now you try 
Solve the following by first writing in the form ax? + bx + c = 0. 
a x2 = 2x + 24) b € 
Exercise 5F 
1, 2-3(/2) 2-A(1/2) 2-4(1/5) 
1 Solve the following quadratic equations. 
Example 15a a i x2—-5x20 ii x2— 12x20 
Example 15b bi x7-13=0 ii 32—1920 
Example 15c c i 2x2 = 18 ii 4x2 = 64 
Examples 2 Solve the following quadratic equations. 
a x2—-4x-0 b x*-—3x=0 C x-2xz0 
d 32- 12x20 e 2:2 - 10x 20 f 4x7 + 8x20 
g 2-7z20 h x27-11=0 i 3x7-15=0 
| a Ss k x= -5x | 7 = —x 
m 5x? = 20 UNE =27 0 2x2 =72 
Example 16a) 3 Solve the following quadratic equations. 
a x+3x+2=0 b x? +5x+6=0 € x7-6x+8=0 
d x2?-7x+ 10=0 e x^-4x-1220 f x2-2x-1520 
g x2-x-20z0 h x-5x-24z0 i x*-12x+32=0 
j ~2+4x+4=0 k x2+10x+25=0 | x2-8x+16=0 
m x? — 14x+49=0 n x? — 24x + 144=0 0 x? + 18%+81=0 
Exmpletic 4 Solve the following quadratic equations. 
a 2x? 1lx+12=0 b 4x? +16x+7=0 c 2x? -— 17x £ 3520 
d 2x*-23x+11=0 e 3x*-4x-15=0 f 52-7x-6-20 
g 6247x-20z0 h 7x2 + 25x —-12=0 i 20x? — 33x + 10=0 
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PROBLEM-SOLVING 


6(1/;) 5-6(1/2) 5-7 (15) 


5 Solve by first taking out a common factor. 
a 2x7 16x 2420 b 2x* — 20x — 22=0 c 32-18-2720 


d 5x2 — 20x + 20-0 (oa) e 8x2 — 4x 424-20 (joa) t 182 — 57x + 30 = 0 


Example72 6 Solve the following by first writing in the form ax? + bx + c = 0. 


a x? =2(x + 12) b x*=4(x+ 8) € x? = 3(2x — 3) 

d x2+7x=-10 e x2— 8x — —15 f ox(x44)-24x49 

g 2x- 16 = x(2 — x) h x2 +12x+10=2x+1 i xó22x-9-5x-4 

j x2- 5x= -15x — 25 k x? -— 14x = 2x — 64 | x(x +4) = 4x + 16) 

m 2x(x — 2) =6 (oa) n 3x(x + 6) = 4(x — 2) OE Ax(x + 5) = 6x - 42 - 3 


Example 7 Solve the following by first writing in the form ax? + bx + c = 0. 


5x + 84 9x + 70 18 — 7x 
=x b =x C =X 
x X X 
20 — 3x _ 6x + 8_ 1+ 10 _ 
d =m (m) @ == Wt — LL -* 
3 1 "E 
g --x42 (oa) h ==3-2 i lI. 


REASONING 


8 a Write down the solutions to the following equations. 
i 2@-D@+2)=0 ii @-Dwt+2)=0 
b What difference has the common factor of 2 made to the solutions in the first equation? 
C Explain why x? — 5x — 6 = 0 and 3x? — 15x — 18 = 0 have the same solutions. 


9 Explain why x? + 16x + 64 = 0 has only one solution. 


10 When solving x? — 2x — 8 = 7 a student writes the following. 
x-2x-827 
(x—4)x-2)27 
x—-4-2Torx-2z7 
x=1llorx=5 
Discuss the problem with this solution and then write a correct solution. 


ENRICHMENT: More algebraic fractions with quadratics = = 11(*) 


fi Solve these equations by first multiplying by an appropriate expression. 


a x cnc b RS, C Pe i 
X X x 

es 2 2 

d X 48 _» w+ 12_ $8 f 2x 12.5 
X x x 

g x-5 6 h x-2 5 i x-4_ 2 

4 x 3 X 2 x. 
j x+4 3. k oF 1 24 | 1 o d 

2 x—3 x-2 x+4 x-1l x+3 3 
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Using calculators to solve quadratic equations (CAS) 


1 Solve: 
a 2x? - 41x=0 b 4x74 4,-15=0 
2 Solve ax? + bx +c =0. 


Using the TI-Nspire: Using the ClassPad: 
1 Ina Calculator page use >Algebra>Solve 1 In the Main application, type and highlight the 
and type as shown ending with:, x. equation then tap Interactive, Advanced, Solve, OK. 


€& Edit Action Interactive 


dx fdx 
vasos ETE m 41 83 | > FA] Sime | $839] w | AL] v | ü 
2 
Tm x? *4 ETETA e or "m 
2 2 


[z 
Note: if your answers are decimal then change 
the Calculation Mode to Auto in Settings on the 
Home screen. 
2 Use >Algebra>Solve and type as shown. 2 Usethe VAR keyboard to type the equation as 
shown. Highlight the equation and tap Interactive, 
Advanced, Solve, OK. This gives the general 
2 quadratic formula studied in Section 5l. 
E MC — S 
Peira x (ee 
WES 07 GP gppomimg 
| [actve la-x2eb-xeon0, x) 
[xe 4a) xe fee] 
"a : “a 
[ei 
Note: use a multiplication sign between a and 
X? in ax? and b and x in bx. 
This gives the general quadratic formula studied 
in Section 5l. 
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Using calculators to solve quadratic equations (non-CAS) 


1 Solve (x + 1)? for x. 


2 Solve 4x? + 4x — 15 = 0 given one solution lies between —4 and 0 and the other between 0 and 4. 


Using the TI-Nspire CX non-CAS Using the Casio 
1 Ina Calculator page use >Algebra> 1 Inthe Equation application, select F3: Solver. Enter the 
Numerical Solve and type as shown ending equation (x+ 1)? = 0 and select F6 (SOLVE). 
with: aXe E hiak] 
Eq: (x+1)7=0 
1.3 x--1 
^] oneness 9 
nSolve((x+1)2=0,x) —q Means 
| h RECALLIDELETE SOLVE 


B] Wate orn 
Eq: (x+1)7=0 


Lft=0 
Rgt-0 
[z] 
: REPEAT 
Note: As this quadratic equation has only one Á n : 
i a | s à y Note: As this quadratic equation has only one 
solution, the full solution is given. i KO ENO 
solution, the full solution is given. 
2 Use >Algebra>Numerical Solve and enter 2 Inthe Equation application, select F3: Solver. Enter 
the solution range after ,x as shown to obtain the equation 4x? -- 4x — 15 — 0 and select 
each solution. F6 (SOLVE). Enter Lower = 0 and Upper = 4 to 


obtain the first solution. Repeat the previous steps 

with Lower = —4 and Upper = 0 to obtain the 
aW i second solution. 

nSolve\4: x^+4 x-15=0,x,0,4 : 3 wg pa 


" E Eq: 4x*+4x-15=0 
hit x^-4 ee : ne 


Upper=4 
| 


à. 


Note: To solve a quadratic equation with 
more than one solution, a range of values D E —— 
within which the solution lies must be given. RD A E 
Otherwise Numerical Solve returns the solution Upper=9 

closest to 0 only. 


[RECALLIDELETEJ SOLE) 
D MER) GR — 0 058. 
x--2.5 
Lft-0 
Rgt=0 
(REPEAT) 
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5G Applications of quadratics 


Learning intentions 

e To be able to set up a quadratic equation from a word problem 

e To know how to apply the steps for solving a quadratic equation 

e To understand and check the validity of solutions in the context of the given problem 


Defining variables, setting up equations, solving equations 
and interpreting solutions are all important elements of 
applying quadratic equations to problem solving. The area 
of a rectangular paddock, for example, that is fenced off 
using a fixed length of fencing can be found by setting up 
a quadratic equation, solving it and then interpreting the 


solutions. 

| LESSON STARTER | SGU The 10 cm? triangle Aerospace engineers model the trajectory of a rocket 
under the influence of gravity using a quadratic 

There are many base and height measurements for a equation of height, A, versus time. The solutions to 


h = 0 are the times when the rocket is at ground 


triangle that gi f 10 cm?. 
PUE Catena level and give its flight time. 


height 


base 


* Draw three different triangles that have a 10 cm? area. Include the measurements for the base and 
the height. 
e Do any of your triangles have a base length that is 1 cm more than the height? Find the special triangle 
with area 10 cm? that has a base 1 cm more than its height by following these steps. 
- Let x cm be the height of the triangle. 
- Write an expression for the base length. 
- Write an equation if the area is 10 cm?. 
- Solve the equation to find two solutions for x. 
- Which solution is to be used to describe the special triangle? Why? 


KEY IDEAS 4 
B When applying quadratic equations, follow these steps. 
* Define a variable; i.e. ‘Let x be ...". 
* Write an equation. 
* Solve the equation. 
* Choose the solution(s) that solves the equation and answers the question in the context in 


which it was given. Check that the solutions seem reasonable. 
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| BUILDING UNDERSTANDING | UNDERSTANDING 


L1) A rectangle has an area of 24 m?. Its length is 5 m longer than its width. 
a Complete this sentence: ‘Let x m be the : xm 


State an expression for the rectangle's length. 


State an equation using the rectangle's area. 


Rearrange your equation from part € in standard form (i.e. ax? + bx + c = 0) and solve for x. 


ono c 


Find the dimensions of the rectangle. 


[2] Repeat all the steps in Question @ to find the dimensions of a rectangle with the following 


properties. 


a Its area is 60 m? and its length is 4 m more than its width. 


b Its area is 63 m? and its length is 2 m less than its width. 


The area of a rectangle is fixed at 28 m? and its length is 3 metres more than its width. Find the 


dimensions of the rectangle. 


SOLUTION EXPLANATION 
Let x m be the width of the rectangle. Draw a diagram to help. 
Length = (x + 3) m (x+3)m 


Ge te 3) = A 
x? + 3x — 28 =0 xm] 28m? 
(XLI Ce = 4)) = 
ee lone Write an equation using the given information. 


Dogg ed Then write in standard form and solve for x. 


x > 0 so, choose x = 4. Disregard x = —7 because x > 0. 


Rectangle has width 4 m and length 7 m. Answer the question in full. (Note: Length is 4 + 3 = 7.) 


Now you try 


The area of a rectangle is fixed at 48 m? and its length is 2 metres more than its width. Find the 
dimensions of the rectangle. 


Exercise 5G 
1-5 2-5 3-6 


Examples 1 The area of a rectangle is fixed at 12 m? and its length is 1 metre more than its width. Find the 
dimensions of the rectangle. 


Examplet8 2 The area of a rectangle is fixed at 54 m? and its length is 3 metres more than its width. Find the 


dimensions of the rectangle. 
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3 Find the height and base lengths of a triangle that has an area of 24 cm? and height 2 cm more than 


its base. 
4 Find the height and base lengths of a triangle that has an area of 7 m? and height 5 m less than its base. 


9 The product of two consecutive numbers is 72. Use a quadratic equation to find the two sets of 
numbers. 


6 The product of two consecutive, even positive numbers is 168. Find the two numbers. 


PROBLEM-SOLVING 7,8 7-10 8-11 


7 A 100 m? hay shed is to be extended to give 475 m? of floor space in total, as shown. All angles are 
right angles. Find the value of x. 


100 m2 
10m 


10m 
xm 


8 Solve for x in these right-angled triangles, using Pythagoras’ theorem. 
a x+2 b x-1 C 


_ x+1 
. D x-2 
10 


9 A square hut of side length 5 m is to 
be surrounded by a veranda of width 
x metres. Find the width of the veranda 
if its area is to be 24 m?. 


10 A father’s age is the square of his son’s 
age (x). In 20 years’ time the father will 
be three times as old as his son. What 
are the ages of the father and son? 


11 A rectangular painting is to have a 
total area (including the frame) of 
1200 cm?. If the painting is 30 cm 
long and 20 cm wide, find the width 
of the frame. 
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REASONING 


12 The sum of the first n positive integers is given by jn 4 1). 


a Find the sum of the first 10 positive integers (i.e. use n = 10). 
b Find the value of n if the sum of the first n positive integers is: 
i 28 ii 91 iii 276. 
13 A ball is thrust vertically upwards from a machine on the ground. The height (h metres) after t seconds 
is given by h = t(4 — t). 
Find the height after 1.5 seconds. 
Find when the ball is at a height of 3 metres. 
Why are there two solutions to part b? 
Find when the ball is at ground level. Explain. 
Find when the ball is at a height of 4 metres. 


~ (D c cO C & 


Why is there only one solution for part €? 
g Is there a time when the ball is at a height of 5 metres? Explain. 


14 The height (h metres) of a golf ball is given 
by A = —0.01x(x — 100), where x metres is 
the horizontal distance from where the ball 
was hit. 

a Find the values of x when h = 0. 

b Interpret your answer from part a. 

c Find how far the ball has travelled 
horizontally when the height is 
1.96 metres. 


ENRICHMENT: Fixed perimeter and area = = 15, 16 


15 A small rectangular block of land has a perimeter of 100 m and an area of 225 m2. Find the dimensions 
of the block of land. 


16 A rectangular farm has perimeter 700 m and area 30000 m?. Find its dimensions. 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 


throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


On the pool deck 


1 Designs for a rectangular pool are being considered with the (2x +6) m 
dimensions such that the length is 2 m more than the width, as 
shown. The pool will also have a deck built around it as shown. (2x+4)m pool 
The length and width of the combined rectangular area will be an 
increase of 50% of the length and width of the pool. 


The pool designer wants to explore the areas of possible 
decks in comparison to the area of the pool. 


Give the length and width of the combined pool and deck in terms of x. 

Find the area of the deck in m? in terms of x. 

If the area of the deck is 100 m2, determine the dimensions of the pool by first finding the value of x. 
Use your answer to b to determine what fraction the pool area is of the deck area. 


o 2 c c £& 


Repeat parts a and b to determine what fraction the pool area is of the deck area, if the deck 
increases the length and width of the rectangular area by 25%. 


Round-robin tournament 


n?-—n 


2 Around-robin tournament with n teams, where every team plays each other once, requires games. 
Using this rule, the tournament organisers wish to explore the number of games that need to be 
scheduled and the number of teams required for a given number of games. 


a How many games are played in a round-robin tournament with 6 teams? 
b A round-robin tournament has 28 games. Solve an appropriate equation to find the number of teams 
in the competition. 
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€ Investigate if doubling the number of teams doubles the number of matches required. Prove 
algebraically. 

d Give a simplified expression in terms of n for the number of games required for n + 1 teams. 

e A tournament has n teams. How many more games are required in the tournament if the number of 
teams increases by 
i 1 team? ii 2 teams? iii x teams? 


Kayaking along the river 


3 A kayaker is paddling up a river which is flowing at a certain speed. He travels 15 km up the river and 
then back down the river to where he started, kayaking at the same still-water speed, x km/h. The trip 
takes 4 hours to go up and down the river. 


You wish to investigate the effect of the varying river flow speed on the speed of the kayaker who 
needs to complete the trip of fixed distance in the given time frame. 


a If the river is flowing at a rate of 2 km/h and the man is kayaking at a rate of x km/h, find: 

i expressions, in terms of x, for the rate the kayaker is moving upstream and the rate the kayaker 
is moving downstream 

ii the value of x for this 4-hour journey. 

Consider the same journey, taking the same time, with the river flowing at y km/h. 

b Find a rule for the speed, x km/h, of the kayaker in still-water in terms of y. 

€ Use your rule from part b to confirm your answer to part a and to find the kayaker's speed if there 
was no current. 
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5H Solving quadratic equations by completing 
the square 


Learning intentions 

e To understand that completing the square can be used to help factorise a quadratic equation when integers 
cannot be found 

e To be able to solve an equation by using the completing the square method to factorise 

e To recognise a form of a quadratic equation that gives no solutions 


In Section 5E we saw that some quadratics cannot be factorised 
using integers but instead could be factorised by completing the 
square. Surds were also used to complete the factorisation. We 
can use this method to solve many quadratic equations. 


| LESSON STARTER | Sr Where does V6 come in? 


Consider the equation x? — 2x — 5 = 0 and try to solve it by 


discussing these points. In the 9th century, the great Persian 
mathematician Al-Khwarizmi first solved 
e Are there any common factors that can be taken out? quadratic equations by completing the square. 


His Al-jabr book was the principal maths 
textbook in European universities for 500 
give —2? years, introducing algebra, algorithms and 
surds. 


* Are there any integers that multiply to give —5 and add to 


* Try completing the square on the left-hand side. Does this 
help and how? 
Show that the two solutions contain the surd V6. 


KEY IDEAS V/s 


Bi To solve quadratic equations of the form ax? + bx + c = 0 for which you cannot factorise using 
integers: 
e Complete the square for the quadratic expression and factorise if possible. 
e Solve the quadratic equation using the Null Factor Law or an alternate method. 


E Expressions such as x? + 5 and (x — 1)? + 7 cannot be factorised further and therefore give no 
solutions as they cannot be expressed as a difference of two squares. 


BUILDING UNDERSTANDING 


Q What number must be added to the following expressions to form a perfect square? 
a x? + 2x b x? + 20x € x= 4x d x7 + 5x 


(2) Factorise using surds. 
a Ż2-3=0 b xX- 10=0 € (x+1)?-5=0 


© Solve these equations. 
a œ- V2)(x+ V2) = 0 b x- vV7)a~+ V7) =0 
€ x—34+ V5(-3-v5-20 d œ+ 5+ V1l4)0+5- V14 =0 
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Solve these quadratic equations by first completing the square. 


a xX +4x+2=0 
SOLUTION 


a x —4x+2=0 
ppl 
poe e 
(x—24N2)(x—-2- v2) 20 
varo ca opa 0 V2 0 
n x=2- V2 or x224 V2 


Alternative method, from: 


(x — 2)2-2=0 
(x — 2)? =2 
x—-2=+4v2 
x=2+Vv2 
b x*+6x—11=0 


x +6x+9-9-11=0 
(x + 3)? — 20=0 
(x + 3 — V20)(x + 3 + V20) 20 
(x + 3 —2V5)(x +3 + 2V5) =0 
1 x+3-2V5=0 or x+34+2V5=0 
aradt o 4] = 3 = V5 
Alternatively, x = —3 + 2.5. 


C x-3x-120 
ucc INS 

4 4 

32 
Hr 


UE —=0 or x-3- 4B -o 
p 4 2 4 
3 VS 305 
WI ea oes OR OILS 
p 2 p p 
sew deem 
x= Or Em 
2) 2 
345 
SOR J 
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€ x-3x+1=0 
EXPLANATION 
—4\2 
Complete the square: ($) =4. 


pud cu 2G) ]5 
Use à? — b? = (a+ b)(a — b). 

Apply the Null Factor Law and solve for x. 
The solutions can also be written as 2 + V2. 


An alternate approach after completing the 
square is to add 2 to both sides and then 
take the square root of both sides 

+V2 since (4-V2)? = 2 and (- V2)? = 2. 


2 
Complete the square: ($) e. 


Use difference of perfect squares with surds. 
Recall that V20 = V4 x 5 = 2V5. 

Apply the Null Factor Law and solve for x. 

(x + 3)? = 20 can also be solved by taking the 
square root of both sides. 


Alternatively, write solutions using 
the + symbol. 


a — b? = (a+ b)(a — b) 
Use the Null Factor Law. 


Recall that "E = v5 = v5 
4 V4 2 


Combine using the + symbol. 
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Example 19b 


Example 19a 


Example 19b 


Example 19c 
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Now you try 


Solve these quadratic equations by first completing the square. 


a x2—6x4220 


Exercise 5H 
FLUENCY 


b x2-4x-14-20 


1, 2-4(u5) 


c 


1 Solve these quadratic equations by first completing the square. 
x -12x4720 


xX + 10x -7=0 


xX- 8x+3=0 
xX +4x-4=0 


a i 
b i 


2 Solve by first completing the square. 
a x +6x+3=0 
d x2 +4x-2=0 
g x-8x-1z0 
j x*-10x+18=0 
m r6x—-4z20 


3 ox IO c 


3 Solve by first completing the square. 
a x-8x-4-0 
d x—-4x- 1420 e 
g x2-2x-31-20 h 


4 Solve by first completing the square. 
a x-5x-2-0 
d x2-3x-220 
g -7x42z20 


z Ix oc c 


j xà-9x4920 


PROBLEM-SOLVING 


x +4x+2=0 
xX +8x-3=0 
xX -—12xx-3=0 
x?—6x4420 
x2 + 20x + 13 =0 


xX +6x+1=0 
x?—10x—320 
x2 + 12x- 1820 


xX +3x+1=0 
x2-x-3-20 
x)-9x4520 


x —5x4+2=0 


c x7+10x+15=0 
f 2%+6x-5=0 
i x7-2x-16=0 
| x2-8x4920 
0 x7- 14x-6=0 
c x7-10x+5=0 
f x74+8r-8=0 
i x7+6x-41=0 
€ 2-744520 
f x2+5x-2=0 
i x*+x-4=0 

| +e =O 

4 

5-7(1/3), 8 5-7 (1/3), 9 


5 Decide how many solutions there are to these equations. Try factorising the equations if you are unsure. 


a x2-2-0 b 
d 3242720 e 
g x-7?-6z20 h 
j x2+2x-4=0 k 


g-4 == 
4 
5(1/2), 8 
x^—1020 
(x-1) 4420 


x2—-2x4620 
r+7x+1=0 


C 
f 


x24-3-20 

(x + 2)2-7=0 
xX — 3x - 1020 
x*—2x+17=0 


6 Solve the following, if possible, by first factoring out the coefficient of x? and then completing the 


square. 
a 2x? —4x+4=0 b 4x2 + 20x+8=0 c 
d 3x°+27x+9=0 e 3x2 +15x+3=0 f 
7 Solve the following quadratic equations, if possible. 
a x +3x=5 b x*4+5x=9 C 
d x-8x-2-11 e x^-- 12x 1022x45 f 
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23? — 10x - 420 
2x? — 12x - 8-0 


x? +7x= -15 
xX+x+9=5x-3 
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8 A rectangle’s length is 3 cm more than its width. Find the dimensions of the x cm 


rectangle if its area is 20 cm?. 


20 cm? | (x + 3) cm 


9 The height, h km, of a ballistic missile launched from a submarine at sea level is given by 
_ x(400 — x) 
~ 20000 
a Find the height of a missile that has travelled the following horizontal distances. 
i 100km ii 300km 
b Find how far the missile has travelled horizontally when the height is: 
i Okm ii 2km. 
€ Find the horizontal distance the missile has travelled when its height is 1 km. 


, where x km is the horizontal distance travelled. 


(Hint: Complete the square.) 
10 10, 11 il, WZ 


10 Complete the square to show that the following have no (real) solutions. 
a x +4x+5=0 b x*-3x=-3 


1 A friend starts to solve x? + x — 30 = 0 by completing the square but you notice there is a much 
quicker way. What method do you describe to your friend? 


12 This rectangle is a golden rectangle. F E D 
e ABEF is a square. ! 
e Rectangle BCDE is similar to rectangle ACDF. 1 T 
a 1 i 
a Show that — = : 
ow tha i aot A B C 
— >] 
b Find the exact value of a (which will give you the golden ratio) by completing “ 
the square. 
ENRICHMENT: Completing the square with non-monics = = 13(1/2) 


13 In the Enrichment section of Exercise 5E we looked at a method to factorise non-monic quadratics by 
completing the square. It involved taking out the coefficient of x?. Dividing both sides by that number is 
possible in these equations and this makes the task easier. Use this technique to solve the following 


equations. 
a 2x*+4r-1=0 b 332-6x—- 12-20 
c —2x* + 16x- 1020 d 32-9x4320 
e 4 + 20x+8=0 f 5x7+5x-15=0 
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5! Solving quadratic equations using the quadratic 
formula 


Learning intentions 


e To know the quadratic formula and when to apply it 

e To be able to use the quadratic formula to solve a quadratic equation 

e To know what the discriminant is and what it can be used for 

e To be able to use the discriminant to determine the number of solutions of a quadratic equation 


A general formula for solving quadratic equations 
can be found by completing the square for the general 


case. 


Consider ax? + bx + c = 0, where a, b, c are 
constants and a ¥ 0. Start by dividing both sides by a. 


Surveyors regularly subdivide land into house blocks. 


2 2 
x+ b) hie =0 When dimensions are linear expressions of the same 
2a 4a a variable, an area formula forms a quadratic equation. For 
2 2 a given area, surveyors can solve this equation using the 
(x as >) — (=) =0 quadratic formula. 
2a 4a? 


FRI b em b* — 4ac 
2a 4a? 
uo D. Vb? - 4ac 
2a 2a 
_—b+vVb? — 4ac 
2a 


This formula now gives us a mechanism to solve quadratic equations and to determine how many 


solutions the equation has. 


The expression under the root sign, b? — 4ac, is called the discriminant (A) and helps us to identify the 


number of solutions. A quadratic equation can have 0, 1 or 2 solutions. 
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| LESSON STARTER | vus: How many solutions? 


Complete this table to find the number of solutions for each equation. 


Discuss under what circumstances a quadratic equation has: 


Australian Curriculum Year 10 & 10A 3ed 


2 solutions 
] solution 
0 solutions. 


KEY IDEAS 


B fax +bx+c=0 (where a, b, c are constants and a z 0), then 
unie VD? — 4ac er vectra pedis 
2a 2a 


e This is called the quadratic formula. 
* The quadratic formula is useful when a quadratic cannot be factorised easily. 


B The discriminant is A = b? — 4ac. 
e When A < 0, the quadratic equation has 0 real solutions (since VA is undefined when A is 


negative). 
e When A = 0, the quadratic equation has | real solution (: = 3! 
a 
pdt Wie a 
e When A > 0, the quadratic equation has 2 real solutions (: = a 
a 


BUILDING UNDERSTANDING 


(1) For these quadratic equations in the form ax? + bx + c = 0, state the values of a, b and c. 
3x + 2x+1=0 
5x? + 3x-2=0 
2x7 -x-5=0 
-3x + 4x -5=0 


@ Find the value of the discriminant (b? — 4ac) for each part in Question (1) above. 


© State the number of solutions of a quadratic that has: 
a b —4ac-0 
b b*-4ac <0 
€ b-4ac»0 
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Determine the number of solutions to the following quadratic equations using the discriminant. 
a x°+5x-3=0 
b 2x*-3x+4=0 
€ x°+6x+9=0 


SOLUTION 
aa) — lp — SG — 3 
A = b? — 4ac 
= (57-40) 73) 
— 25 12 
= 37 


A > 0, so there are 2 solutions. 


b a=2,b=-3,c=4 
A = b? — 4ac 
= (-3? - 4(2)(4) 
=9= 32 
= —23 


A < 0, so there are no solutions. 


G melseo ee 


A = b? — 4ac 
= (6)? - 4(1)(9) 
= 36 — 36 
In 


A = 0, so there is 1 solution. 


Now you try 


EXPLANATION 


State the values of a, b and c in ax? + bx +c = 0. 
Calculate the value of the discriminant by substituting 
values. 


Interpret the result with regard to the number of 
solutions. 


State the values of a, b and c and substitute to evaluate 
the discriminant. Recall that (3)? = —3 x (—3) = 9. 


Interpret the result. 


Substitute the values of a, b and c to evaluate the 
discriminant and interpret the result. 


(Note: x? + 6x + 9 = (x + 3)? is a perfect square.) 


Determine the number of solutions to the following quadratic equations using the discriminant. 


a x-7x-120 
tea, o» 
c x4-8x4 16-20 


ISBN 978-1-108-77346-1 
Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


€ Greenwood et al. 2020 Cambridge University Press 


406 Chapter5 


Find the exact solutions to the following using the quadratic formula. 
a x*+5x+3=0 
b 2:2-2x-120 


SOLUTION EXPLANATION 
5) eelbs3ess3 Determine the values of a, b and c in 
apis ax? + bx + c = 0. Write out the quadratic formula 
z 2a and substitute the values. 
| -5£ V(5Y - 4(1)) 
E 2(1) 
Tena Simplify. 
2 
_=5 + VIS —5-V13 -54 V13 
= PEE CES Two solutions: x = 5 3 
2 p 2 
bh a=2,b=-2,c=-1 Determine the values of a, b and c. 
E —b + VI? — 4ac 
2a 
| -(-2) £ VCD = 4@ED 
7 2(2) 
+ 
Bae A pic Simplify: V12 = V4 x 3 = 2V3. 
a Cancel using the common factor: 
= 25 L 242V3 _2(1+V3) 
4 — 4 
23 NES 
4 OON 
1v3 
X= 
2 
Now you try 


Find the exact solutions to the following using the quadratic formula. 
a x*+3x+1=0 
b 4x7 -2x-3=0 
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Example 20 


Example 20 


Example 21a 


Example 21b 
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Exercise 5l 
FLUENCY 


1, 2-3(1/2) 


2-4(1/3) 


1 Determine the number of solutions to the following quadratic equations using the discriminant. 


a x2423x—-120 


b 42-2x4520 


€ xX +4x+4=0 


2 Using the discriminant, determine the number of solutions for these quadratic equations. 


b x^-3x-4-20 
e x^-5x-420 


a x24+5x+3=0 
d x2 +7x-3=0 
g 424-5x-3z20 
j -x2 -6x-9=0 k 


h 4x2 +3x+1=0 
-23? + 3x — 4 = 


c xX +6x+9=0 
f x -4x-4-20 
2x2 12x 42920 


i 
0 | -42-6x4320 


3 Find the exact solutions to the following quadratic equations, using the quadratic formula. 


a x243x-220 b x24 7x—420 
d x2— 8x 416-0 e 
g 4x°+7x-1=0 


j —2x7+5x+5=0 k 


-—Q-5x-4z0 f 
h 3245x-120 i 
-3?-x4420 | 


c xX-7x+5=0 
-x2 — 8x -7=0 
3x2 — 4x 620 
5x? + 6x —-2=0 


4 Find the exact solutions to the following quadratic equations, using the quadratic formula. 


a 2-404120 b x7-6x+4=0 
d —2-3x49-20 e 


g 2x*-2x-3=0 


PROBLEM-SOLVING 


-x2 + 4x+4=0 f 
h 32-6x-120 


5, 6(1/2) 


c xX +6x-2=0 


-3x2 + 8x -2=0 
i —5x2 4+ 8x+3=0 
5, 6(1/2), 8 6(t/2), 7, 9 


5 Atriangle's base is 5 cm more than its height of x cm. Find its height if the triangle’s area is 10 cm?. 


6 Solve the following using the quadratic formula. 
a 32-214 6x b 23223 — 4x 


d ed ë 2x4 
x x 
ge a h xe et 
x 2x 


7 Two positive numbers differ by 3 and their product is 11. 


8 Find the exact perimeter of this right-angled triangle. 
x+3 
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c 5x=2- 4x2 
f S 
a 
i 4, 10x-1 
2x 


Find the numbers. 
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9 A rectangular pool measuring 6 m by 3 m is to have a path surrounding it. If the total area of the pool 
and path is to be 31 m2, find the width (x m) of the path, correct to the nearest centimetre. 


6m 
3m 
10 10, 11 iil, 02 
—hu B. 
10 Explain why the rule x — DUX Me gives only one solution when b? — 4ac = 0. 
a 


11 Make up three quadratic equations that have: 
a no solutions b 1 solution € 2 solutions. 


12 For what two values of k does x2 + kx + 9 = 0 have only one solution? 


ENRICHMENT: k determines the number of solutions = = 1305) — 


13 The discriminant for x2 + 2x + k = 0 is 4 — 4k, so there: 
e are no solutions for 4 — 4k < 0,..k > 1 
e is 1 solution for 4 -4k=0,..k=1 
e are 2 solutions for 4 — 4k >0,..k < 1 
a For what values of k does x2 + Ax + k = 0 have: 


i no solutions? ii 1 solution? ili 2 solutions? 

b For what values of k does kx? + 3x + 2 = 0 have: 
i no solutions? ii 1 solution? iii 2 solutions? 

c For what values of k does x? + kx + 1 = 0 have: 
i no solutions? ii 1 solution? iii 2 solutions? 

d For what values of k does 3x2 + kx — 1 = 0 have: 
i no solutions? ii 1 solution? iii 2 solutions? 
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Adding a veranda 


Lucas is planning to add a veranda to two adjacent sides of his house. pee 10m ae um 


He needs to choose an appropriate veranda width so that the veranda A 


is of a particular total area. Lucas’ house is a square of side length 
10 m as shown. 


Present a report for the following tasks and ensure that you show 
clear mathematical workings and explanations where appropriate. y 


Preliminary task 


a 
b 
C 
d 


10m House 


xm Veranda 


X 


If x = 3, find the total area of the veranda. 

Find an expression for the total veranda area in terms of x. 

Find the width of the veranda (x metres) if the veranda area is to be 44 m2. 

Find the width of the veranda (x metres) if the veranda area is to be 60 m?. Round to one decimal 
place. 


Modelling task 


The problem is to find integer veranda widths for given veranda areas. Write down all the relevant 
information that will help solve this problem with the aid of a diagram. 
State the expression for the total veranda area in terms of x. 


For x 2 2 and x 2 4.5: 

i draw a diagram for each 

ii calculate the veranda areas. 

For three veranda areas of your choosing, use your expression for the total veranda area to 
determine the value of x. Show algebraic working. 

Determine the veranda areas where the resulting equations satisfy both the following conditions: 
* they can be factorised using integers and; 

* the solution is an integer less than 5. 


Explain why when solving for x for a given veranda area, some answers are not integers. 
Deduce the maximum integer width that Lucas can choose if the area of the veranda is to be less 
than 50 m2. 


Evaluate 
and 
verify 


Summarise your results and describe any key findings. 


Extension question 


Explore the effect on your results if Lucas’ house was a rectangle instead of a square. 
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Binomial expansions 


Blaise Pascal and expansion 


(= 
eg 
a=) 

cS 
— 
-= 

N 

@ 

=> 
= 


Pascal’s triangle 
row 0 
row | 
row 2 
row 3 
row 4 
row 5 
row 6 
row 7 


row 8 


Expanding the triangle 


Blaise Pascal (1623-1662) was a French mathematician and philosopher. By the age of 16 he had proved 
many theorems in geometry and by 17 he had invented and made what is regarded as the first calculator. 


One of his mathematical investigations involved exploring the properties and patterns of numbers in a 
triangular arrangement that is known today as Pascal’s triangle. The triangle has many applications in 
mathematics, including algebraic expansion and probability. The diagram below shows part of this triangle. 


a Observe and describe the pattern of numbers shown in rows 0 to 4. 


b State a method that might produce the next row in the triangle. 


€ Complete the triangle to row 8. 


Expanding brackets 


Consider the expansions of binomial expressions. If you look closely, you can see how the coefficients in 


each term match the values in the triangle you produced in the triangle above. 


T 9-1 «+ y)-2GryGet»? 

(x+y)! = 1x * ly = (x + y 2xy + y2) 

(x+ y)2 = (x yy = 3 + Ax2y + xy? + yx? + 2x) + y) 
= 1? + 2x + 1y = p) 3x*y + 3xy* + 1) 


Expand (x + y)*, (x + y)? and (x + y)Ó by completing the triangle below. 


(x + y 
(x+y)! 
(x + y)? 
(x+y) 
(x+y)4 
(x + y? 
(x + y)® 
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1 
Ix + ly 
1x? + 2xy + 1y? 
1x? + 3x2y + 3xy? + ly? 
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1 Find the monic quadratic in the form 
x? + bx + c = 0 with solutions x = 2 — V3 and on a question, check out the ‘Working 


x22-4 V3. 


2 lx +1+=7, whatis t 4 I» 


3 Find all the solutions to each equation. (Hint: Consider letting a = x^ in each equation.) 


ax —5, p 


b x-72-1820 


4 Make a substitution as you did in Question 3 to obtain a quadratic equation to help you solve the 


following. 


a 3*-4x3* 43-20 
b 4x27*—9x2* 4220 


5 Quadrilateral ABCD has a perimeter of 64 cm with measurements as shown. B 
What is the area of the quadrilateral? 6 cm AN 8cm 


Up for a challenge? If you get stuck 


with unfamiliar problems’ poster at 


the end of the book to help you. 


x* 


2 


safiuajeuo pue suia|qo4d © 


6 A cyclist in a charity ride rides 300 km at a constant average speed. If the average speed had been 


5 km/h faster, the ride would have taken 2 hours less. What was the average speed of the cyclist? 


7 Find the value of x, correct to one decimal place, in this diagram if the area is to be 20 square units. 


x4 10 


8 Prove that x2 — 2x + 2 > 0 for all values of x. 


9 Asquare has the same perimeter as a rectangle of length x cm and width y cm. Determine a simplified 


expression for the difference in their areas and, hence, show that when the perimeters are equal the 


square has the greatest area. 


10 The equation x? + wx + t = 0 has solutions « and f), where the equation x? + px + q = 0 has solutions 


3a and 3f. Determine the ratios w:p and t:q. 
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412 Chapter5 


Factorising non-monic Factorising x? + bx 4- c Factorising and DOPS 


quadratics ax? + bx + c (10A) Two numbers x to give c. Always take out common factors 
Use grouping, split up bx using Two numbers + to give b. first. 
two numbers that multiply to e.g. X? - 7x- 18 = (x- 9)(x4- 2) Difference of perfect squares 
ax cand add to give b: -9x2--18 a? — b? = (a — by(a-- b) 
eg. 6x?—5x-4 -9+2=-7 e.g. 4x2 - 9 = (2x)? — (3? 
ax C=6x (—4) =-24 = (2x — 3)(2x+ 3) 
p x x2 —7 = (x-V7)(x+V7) 
6x2 + 3x— 8x— 4 
= 3x(2x + 1) — 4(2x+ 1) 
= (2x - 1)(3x—- 4) 


Factorising by completing 
the square 


Quadratic 
= (x2 + 4x +(4)2) -(4)2-3 equations 
ip-a- 


Expanding brackets 
a(b+ c) 2 ab - ac 


e.g. Xx? - 4x-3 


-(x-2-VT)x4 2-47) 
Note, for example, (X+ 2? 4- 5 cannot 
be factorised. 


Solving quadratic equations 
Null Factor Law: 
If ab=0 then a= 0 or b= 0. 
Write each quadratic in standard 
form ax? + bx+ c=0, 
factorise then apply the Null 
Factor Law to solve. 
eg.1 x*-4x=0 
x(x-— 4) =0 
x=Oorx—4=0 
$30) pel 
2 x? 2 3x— 10 
x? — 3x4 1020 
(x— 5)(x+ 2) =0 
x-—5=O0orx+2=0 
x-b50rx--2 


Quadratic formula 


If ax? + bx + c— 0, then Applications 

Define the variable. 

Set up the equation. 

Solve by factorising and using 
the Null Factor Law or 
quadratic formula. 

Determine the suitable 


answer(s). 


The discriminant A = b? — 4ac 

tells us how many solutions: 
^0 2 solutions 
A=0 1 solution 
A«0 0 solutions 
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Chapter checklist: Success criteria 


1. I can apply the distributive law to expand and simplify. 
e.g. Expand and simplify 2x(3x — 5) — 3(3x — 5). 


2. | can expand a binomial product. 
e.g. Expand and simplify (2x — 3) (x + 4). 


3. lcan expand to form a difference of perfect squares. 
e.g. Expand (3x + 2) (3x — 2). 


4. | can expand a perfect square. 
e.g. Expand (x + 5)?. 


5. I can factorise by taking out a common factor. 
e.g. Factorise 12x? — 18x. 


6. I can factorise a difference of perfect squares. 
e.g. Factorise 9x? — 16. 


7. lcan factorise a difference of perfect squares involving surds. 
e.g. Factorise x? — 7 using surds. 


8. Ican factorise using grouping. 
e.g. Factorise X5 = ax 2X 2a by grouping. 


9. I can factorise a monic trinomial. 
e.g. Factorise x? — 8x — 20. 


. | can factorise a trinomial with a common factor. 
e.g. Factorise 3x2 — 24x + 45. 


11.! can multiply and divide algebraic fractions by first factorising. 


B 
e.g. Simplify by first factorising iet x us " 
X+2 x?+2x-8 
12. I can factorise a non-monic quadratic. 
e.g. Factorise 5x2 + 13x — 6. (m) 


13. I can factorise by completing the square. 
e.g. Factorise x? + 6x + 2 by completing the square. 


14. | can recognise when a quadratic cannot be factorised. 
e.g. Factorise x? — 3x + 4 by completing the square if possible. 


15. | can solve a quadratic equation by factorising and applying the Null Factor Law. 
e.g. Solve 3x2 — 9x=0. 


16. | can solve a quadratic equation by first rearranging into standard form. 
e.g. Solve x? = 2x + 3. 


17. | can solve a word problem using a quadratic model. 
e.g. The area of a rectangle is 60 m? and its length is 4 metres more than its width. 
Find the dimensions of the rectangle. 


18. I can solve a quadratic equation using completing the square. 
e.g. Solve x2 + 4x 2220 by first completing the square. 


19. | can determine the number of solutions of a quadratic equation. 
e.g. Use the discriminant to determine the number of solutions of the equation 2x? — 3x - 5 2 0. 


20. | can use the quadratic formula to solve a quadratic equation. 
e.g. Find the exact solutions to 2x? + 3x - 4-0 using the quadratic formula. 
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414 Chapter5 


Short-answer questions 


C3 1 Expand the following and simplify where possible. 


a 2(x+3)-4(—-5) b (x4 5)(3x - 4) c (5x — 2)(5x + 2) 
= d (x — 6)? e (x-4?-(x-3(x-2) f (Qx-2)4x-5) 
a3 
uz C9 2 Write, in expanded form, an expression for the shaded areas. All angles are right angles. 
G5 a b € x— 
= x+2 x-1 
2> 
= 3m 
=s 6m 
ws 
<= 
© 

x+4 


Factorise the following difference of perfect squares. Remember to look for a common factor 


oo 


first. 

a x*—49 b 9x? - 16 c 42-1 

d 3:32— 75 e 2:32— 18 f x -] 

g —2x2 + 40 h (x4 1)?—- 16 i (x—-3)2- 10 
(rm) 4 Factorise these quadratic trinomials. 

a x2-— 8x 4 12 b x? 10x — 24 c —3x* + 21x — 18 
| 5b | 9 Factorise these non-monic quadratic trinomials. 

a 3x? 4 17x + 10 b 4x2 + 4x — 15 c 12x? — 16x - 3 d 12x? — 23x + 10 
6 — T " : 

X - x“ — b x“ — 9 2 8x + 
x-2x-3 / 6x46 2x2 4-x-6 x2-2x-8 
7 Factorise the following by completing the square. 
a x4 8x4 10 b x2410x—4 c x2— 6x —3 
d 3243x-2 e x-5x 43 f Peel 


8 Solve these quadratic equations by factorising and applying the Null Factor Law. 
a x +4x=0 b 32-9x20 c x-2520 
d x?— 10x 2120 e x- 8x 16-20 fox.5x-36-20 


g 2x274+3x-2=0 (joa) h 6x2 + 11x - 1020 (oa) i 18x2 + 25x 320 


Solve the following quadratic equations by first writing them in standard form. 
8 2152527 b x-4x5 


3x + 18 
=x 
x 


©) 


c 2x2 — 28 = x(x — 3) d 


10 A rectangular sandpit is 2 m longer than it is wide. If it occupies an area of 48 m?, determine the 


o 


dimensions of the sandpit by solving a suitable equation. 
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b 
ec x7 -3x-2=0 
d 


Ti Solve these quadratic equations by first completing the square. 
a x)-4x-3-0 
x -6x+1=0 
x-5x-520 T 
£5 
T 
(a 


[s | 12 For each quadratic equation, determine the number of solutions by finding the value of the 


discriminant. [4 »] 
a x242x+1=0 = 
= 
b 2-3x-3-20 cD 
c 232—-4x -3-20 <, 
d -3x2 +x+5=0 = 
Cur) 13 Use the quadratic formula to give exact solutions to these quadratic equations. 
a x-3x-620 
b x2-2x-420 
c 232-4x— 5-20 
d -3x +x+3=0 
Multiple-choice questions 
C9 1 (x +5)? is equivalent to: 
A x2425 
B x24 5x 
C x-5x 25 
D x24 10x + 25 
E x24 50 
C9 2 2(2x — 1)(x + 4) is equivalent to: 
A 4x7 + 15x-4 
B 4x? + 14x - 8 
C 8x? + 28x — 16 
D 8x*+ 18x- 4 
E 4? + 10x+8 
| se | 3 4x? — 25 in factorised form is: 
A A4A(x— 5)(x 5) 
B (2x- 5)? 
C (2x -— 5) (2x + 5) 
D (4x+5)(x- 5) 
E 2(2x + 1)(x — 25) 
=] 4 The fully factorised form of 2x? — 10x — 28 is: 
A 2x +2 (x-7) 
B Qx-7)(x-4) 
C 2(x-—4)x- 1) 
D Qx-2)(x- 14) 
E x-2)x-7) 
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416 Chapter5 


xi-x-20 2x48 . . 
x simplifies to: 


8x x* — 16 

= 2. 

x — 20 x+5 C xc D x-5 E Ž 20 
8 4x x—4 16 


A 


The term that needs to be added to make x? — 6x a perfect square is: 
A 18 B -9 C -3 D 9 E 3 


The solution(s) to 2x? — 8x = 0 are: 
A x=0,x=-4 B x=2 C x=0,x=4 
Dx=4 E x=0,x=2 


For 8x2 — 14x + 3 = 0, the solutions for x are: 
pi "NC 
3 4 2 


E 
a 
a 
m’ 


= 
o 
2 
e 
i 
2> 
e 
= 
=. 
© 
= 
© 


pet odis 


When written in the standard form ax? + bx + c = 0, 
A x242x+3=0 

B 24320 

C 2x7+x-3=0 

D 22-x-3z20 

E 222- x 43-20 


o 


The product of two consecutive numbers is 72. If x is the smaller number, an equation to 


= 
e 


represent this would be: 
X +x+72=0 

2x — 71 20 

x -x-7220 
3.1272 

xX ex 72 


moo D> 


ED fi For (x — 7)? — 3 = 0, the solutions for x are: 
7 — V¥3,7+ V3 

-7 - v3, -7 + v3 

7, —3 

Sj ea3 3x5 

4, 10 


m cocco dz 


cC) 12 If ax? + bx + c = 0 has exactly two solutions, then: 
b? — 4ac = 0 
b? — 4ac > 0 
b? — 4ac < 0 
b2 — 4ac #0 
b? — 4ac < 0 


moowm D> 
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Chapter review 


Extended-response questions 


1 A zoo enclosure for a rare tiger is rectangular in shape and has a 


trench 
trench of width x m all the way around it to ensure the tiger 
doesn’t get far if it tries to escape. The dimensions are as shown. enclosure 
a Write an expression in terms of x for: 12m 
i the length of the enclosure and trench combined lim 
ii the width of the enclosure and trench combined. (34>) 
b Use your answers from part a to find the area of the overall 5 
enclosure and trench, in expanded form. cD 
c Hence, find an expression for the area of the trench alone. = 
Zoo restrictions state that the trench must have an area of at least 58 m2. By solving a = 
suitable equation, find the minimum width of the trench. 
2 The surface area S of a cylindrical tank with a hemispherical top is given by 
the equation S = 3zr? + 2arh, where r is the radius and h is the height of the 
cylinder. 
a If the radius of a tank with height 6 m is 3 m, determine its exact surface 
area. 
b Ifthe surface area of a tank with radius 5 m is 250 m2, determine its 
height, to two decimal places. 
C The surface area of a tank of height 6 m is found to be 420 m2. 
i Substitute the values and rewrite the equation in terms of r only. 
ii Rearrange the equation and write it in the form ar? + br + c = 0. 
iii Solve for r using the quadratic formula and round your answer to two 
decimal places. 
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418 Semester review 1 


Linear relations 


Short-answer questions 


— 1 Simplify: 
z 12 — 8x 5x-10. 12 
a |r b — —x 
oa 4 3 x-2 
2 
@ C 3 = 2 d 4 + 5 
a= 4 a x+2 x-3 
a 
g 2 a Solve these equations for x. " — j 
8 | 2-3x214 i 22x+3)=7x ii -5-a4 iv a "s 
€ b Solve these inequalities for x and graph their solutions on a number line. 
ve | 3x+2<20 i Pese 
3 a Find the gradient and y-intercept for these linear relations and sketch each graph. 
i y=3x-2 ii 4x+3y=6 
b Sketch by finding the x- and y-intercepts where applicable. 
i y=2x-6 ii 3x+5y= 15 
ill x= 3 iv y= —2x 
4 Find the equation of the straight lines shown. 
a y b y 
G, 3) 
7 x 
(-2, -5) 
5 Find the value(s) of a in each of the following when: 
a The lines y = ax — 3 and y = —3x + 2 are parallel. 
b The gradient of the line joining the points (3, 2) and (5, a) is —3. 
€ The distance between (3, a) and (5, 4) is V13. 
d The lines y = ax + 4 and y = ra — 3 are perpendicular. 
6 Solve these pairs of simultaneous equations. 
a y=2x-1 b 2x-3y=8 c 2x+y=2 d 3x-2y=19 
y=5xt+8 ae aes 5x + 3y=7 4x + 3y = —3 


7 Ata fundraising event, two hot dogs and three cans of soft drink cost $13, and four hot dogs and 
two cans of soft drink cost $18. What are the individual costs of a hot dog and a can of soft drink? 


© 8 Sketch the half planes for these linear inequalities. 
a y23-2x b 3x—-2y «9 € y» -3 
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Multiple-choice questions 


1 The simplified form of 2x(4 — 3y) — 3(3x — 4xy) is: 


A 6xy-x B 2xy C x- 18xy 
D 12xy — 7x E 2x — 3y — 4xy (Je) 
CD 
2 The point that is not on the line y = 3x — 2 is: 3 
A Coe) B (1,1) C (-2,-4) = 
x Lam ad 
D (4,10) E. (0,—2) D 
3 The length, d, and midpoint, M, of the line segment joining the points (—2, 4) and (3, — 2) are: -— 
A d=Vv5,M= (0.5,1) B d= V61,M = (2.5,3) C d=vV29,M= (1,1) ep 
D d- V61, M = (05, 1) E d- VIL M = (1,2) N 
=A 


4 The equation of the line that is perpendicular to the line with equation y = —2x — 1 and passes 
through the point (1, —2) is: 


A y= -i+ B y=2x-2 C y=-2x-4 
1 5 
D y=x-2 E ya ya- 
y=x y 2% 2 
© 5 The graph of 3x + 2y < 6 is: 
A y B y C 
A x 
D y E y 
3 
x x 


Extended-response question 


A block of land is marked on a map with coordinate axes and with the boundaries of two adjacent 
sides given by the equations y = 4x — 8 and 3x + 2y = 17. 


a Solve the two equations simultaneously to find their point of intersection. 
b Sketch each equation on the same set of axes, labelling axis intercepts and the point of intersection. 


The block of land is determined by the intersecting region x > 0, y > 0, y > 4x — 8 and 
3x + 2y € 17. 


(&) € Shade the area of the block of land (i.e. the intersecting region on the graph in part b). 
d Find the area of the block of land if 1 unit represents 100 metres. 
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420 Semester review 1 


Geometry 


Short-answer questions 


1 Prove the following congruence statements, giving reasons, and use this to find the value of the 
pronumerals. 
a AABC= ADEF b AABC = AADC 


B B 
| 7 
o 3 
85 C D cm 
B A Cc 
p00 
A x cm 
D 


2 Use congruence to prove that a parallelogram (with opposite parallel sides) has equal opposite 


F 


sides. 


3 Find the value of the pronumeral, given these pairs of triangles are similar. 


b «— 5 ——— 


a 6 4.5 
e x >| 
LI [| 
9 x im 
3.5 


4 Use the chord and circle theorems to find the value of each pronumeral. 
xcm b C 


ra 
SA. MR. 


a 
d OM e a? f 
VAN 50e x 
Ce 


b 8m C 


NV 
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Semester review 1 


Multiple-choice questions 

1 The value of a in the diagram shown is: 
A 40 B 25 C 30 
D 50 E 45 


2 The values of x and y in these similar figures are: 


6cm 
x=2.6,y=5 
x=4,y=45 Zom 75cm 
x=4,y=7.5 
x=3,y=6 d 
x=35,y=45 PITT y cm 


3 The values of the pronumerals in this diagram are: 
A a=17,b=56 B a= 34,b = 73 
C a=68,b=56 D a=34,b= 34 
E a= 68,b = 34 


m cocco D> 


L M3IA8J 48]S3ulag BN 


© 4 The value of a in this diagram is: 
A 115 B 165 C 140 
D 130 E 155 


) 
© 5 The value of x in this diagram is: [EJF 


A 5.5 B 0.75 C 3 
D 4 E 8 


Extended-response question 


A logo for a car manufacturing company is silver and purple and shaped 
as shown, with O indicating the centre of the circle. 


The radius of the logo is 5 cm and chord AB is 6 cm. Given the two chords 
are equidistant from the centre of the circle, complete the following. 


a What is the length of CD? Give a reason. 
b Hence, prove that AOAB = AOCD. 
c By first finding the length of OM, where M is the point such that OM L AB, find the area of 
AOAB. 
d Hence, determine what percentage of the logo is occupied by the silver portion, given the area 
of a circle is zr”. Answer correct to one decimal place. 
e Given that ZOCD = 53.1°, what is the size of the angle between the two triangles (i.e. ZBOD)? 
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EE Indices and surds 
Short-answer questions 
D 1 Simplify: 
> a 5i b 4V7S o 3v24 
2 ° 
= d v5x v2 e 3V7x v7 f 3V6 x 4V8 
3— 
z g vis. v5 i i 
@ 9V6 49 
mà 
e» 
@ 2 Simplify fully. 
€ a 2/54 3/14 5SVS - AV]. b V20-2V5 c VI8 —44 6V2 — 2V50 
3 Expand and simplify these expressions. 
a 2V3(V5 - 2) b (3v5)? 
4 Rationalise the denominator. 
3 p 2⁄3 g Ses 
v2 5V6 V5 
5 Use the index laws to simplify the following. Express all answers with positive indices. 
2 10 4x 239 
a (2x2)3 xax b (8) x 2b c 3a-p? d Z>? 
bt) 6(2a5)° 10x46 
6 Convert: 
a toa basic numeral 
| 372510 il 4.9 x 1076 
b to scientific notation, using three significant figures 
i 0.000072973 ii 4725400000 
7 a Express in index form. 
i v10 ii v7x6 iii 49x iv 15V15 
b Express in surd form. 
1 1 3 
i 62 ii 205 iii 74 
8 Evaluate without using a calculator. 1 E: 
a 57! b 2 c 814 d 83 
9 Solve these exponential equations for x. 
a 4-64 b72l c 95-27 d 591—125 
49 
10 Sketch the graphs. 
a y=% b y=2> e y=-2 
Tí Determine the final amount after 3 years if: 
a $2000 is compounded annually at 6% 
b $7000 is compounded monthly at 3%. 
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Multiple-choice questions 
1 The simplified form of 245 is: 
A v90 B 6v5 C 10V3 
D 18Vv5 E 6v15 [72] 
cD 
2 743 —4V2 + N12 + V2 simplifies to: 3 
A 73 -3v2 B 5/3432 C V3-3V2 3 
D 9v3 — 3V2 E 3V3 + 5V2 © 
— 
3 The expanded form of 2V3(V3 + 1): = 
A7 B 12 C 94 v3 <, 
D 184 2V3 E 6+2v3 2 
3-2 
4 The simplified form of = when written using positive indices, is: —= 
(2ab)? x a?b7! 
s B 3a ps 
a?b b 
D. E 
ab? al 


5 0.00032379 in scientific notation, using three significant figures, is: 
A 323x 1074 B 324x 104 C 324x 1074 
D 324 x 10? E 0.324 x 1075 


Extended-response question 
Lachlan's share portfolio is rising at 896 per year and is currently valued at $80000. 


a Determine a rule for the value of Lachlan's share portfolio (V dollars) in n years’ time. 
b What will be the value of the portfolio, to the nearest dollar: 
i next year? ii in 4 years’ time? 

€ Use trial and error to find when, to two decimal places, the share portfolio will be worth 
$200000. 

d After 4 years, however, the market takes a downwards turn and the share portfolio begins losing 
value. Two years after the downturn, Lachlan sells his shares for $96 170. If the market was 
declining in value at a constant percentage per year, what was this rate of decline, to the nearest 
percentage? 
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Trigonometry 


Short-answer questions 


1 Find the value of the pronumeral in each right-angled triangle, correct to one decimal place. 


a b 9m 
a 
xm ym 
13m 
g ÁN 
12m |? 


2 Forthe following bearings, give the true bearing of: 
i AfromO ii O from A. 


a N b N 
A 
40° 
W O m W O E 
A 
S S 


3 Two wires reach from the top of an antenna to points A and B on the 
ground, as shown. Point A is 25 m from the base of the antenna, and 


— 
= 
= 
> 
e 
— 
a 
Lr 
ade 
e 
a 
= 
a 
N 


the wire from point B is 42 m long and makes an angle of 50° with 
the ground. 42m 
a Find the height of the antenna, to three decimal places. 
b Find the angle the wire at point A makes with the ground, to one 
decimal place. pu 


4 Find the value of each pronumeral, correct to one decimal place. 
a b @ is obtuse 
439 25 cm 
14m 36" 
Q\78° S718 cm 


xm 


5 Find the largest angle, correct to one decimal place, in a triangle with side lengths 8 m, 12 m 
and 15 m. 


6 a If0 = 223^, state which of sin 0, cos @ and tan 0 are positive? 
b Choose the angle 0 to complete each statement. 
i sin25? = sin 0, where @ is obtuse. 
ii tan 145° = —tan 0, where @ is acute. 
iii cos 318? = cos 0, where 0 is the reference angle. 
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Semester review 1 


QE 


Use the graph of sin 0 shown to answer the following. 


sin 0 


-1 


a Estimate the value of sin 0 for 0 = 160°. 
b Estimate the two values of 0 for which sin 0 — —0.8. 
€ Issin40? < sin 120°? 


Multiple-choice questions 


(ER 
o: 


o: 


The value of x in the triangle shown is approximately: 
A 7.6 B 12.0 C 10.4 
D 6.5 E 82 


A bird 18 m up in a tree spots a worm on the ground 12 m from the base of the tree. The angle 
of depression from the bird to the worm is closest to: 

A 41.8? B 56.3? C 61.4? 

D 33.7? E 48.2? 


A walker travels due south for 10 km and then on a true bearing of 110? for 3 km. To the nearest 
kilometre, the total distance south from the starting point is: 


A 11km B 1km C 9km 
D 13km E 15km 
4 The area of the triangle shown is closest to: 8cm 
A 69cm? B 52cm? C 28cm? V/6g» 
2 2 
D 26cm E 10cm 7 cm 
(m) 5 Choose the incorrect statement. 
A 0 = 290° is in quadrant 4 
B sin 120° = B 
C cos110? = —cos 20? 
D tan 0 is positive for 200? < 9 < 250°. 
E sin230? = —sin 50° 
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Extended-response question 


A group of walkers sets out on a trek to get to the base of a mountain range. The mountains have 
two peaks, which are 112 m and 86 m above ground level from the base. The angle of elevation 
from the peak of the smaller mountain to the peak of the taller mountain is 14°. 


a Find the horizontal distance between the two mountain peaks, correct to one decimal place. 


To get to the base of the mountain range, the walkers set out from the national park entrance on a 
bearing of 52°T for a distance of 13 km and then turn on a bearing of 340°T for the last 8 km of 
the trek. 


b Draw a diagram representing the trek. Label all known measurements. 
€ If the walkers are able to trek directly from their start location to their endpoint, what distance 
would they cover? Round your answer to three decimal places. 


d After they have explored the mountains, the group will be taken by bus back along the direct 
path from their end location to the park entrance. Determine the true bearing on which they will 
travel. Round your answer to the nearest degree. 


Quadratic expressions and equations 
Short-answer questions 


1 Expand and simplify. 
a (3x + 1)(3x- 1) 
b (2x —5)? 
€ (2x+3)\@~+4+5) - Bx-5)a@-4) 


2 Factorise fully these quadratics. Remember to take out any common factors first. 


a 42-y? b &œ&+22-7 c 3x2 — 48 

d x? + 5x- 14 e x*— 10x + 25 f 2x2 — 16x + 24 
3 Factorise these non-monic quadratics. 

a 3?-2x-8 

b 6x2+7x-3 


c 10x? — 23x + 12 


4 Solve these quadratic equations using the Null Factor Law. 


a 2xx—3) 20 b x-4Qx-120 
c x74+5x=0 d x2—1620 
e 32-720 x?—4x4-420 


f 
g x- 5x-24=0 (oa) h 3x7 + 5x-2=0 


5 Solve these quadratic equations by first writing them in standard form. 


20 
a x2-240- 3x b x(x— 6) -24x-21 c xT =x 
6 a Factorise by completing the square. 
i x2—6x44 ii x7 +447 iii x2 + 3x 4-1 
b Use your answers to part a to solve these equations, if possible. 
i x-6x-4-20 ii x? +4x+7=0 ili x? +3x+1=0 
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Semester review 1 


7 Solve these quadratic equations using the quadratic formula. Leave your answers in exact 
surd form. 
a 2x7+3x-6=0 b x2-4x-620 


Multiple-choice questions 


1 The expanded form of 2(2x — 3) (3x + 2) is: 


A 12:2—5x— 6 B 12:2— 12 C 12x? — 10x — 12 
D 24x? — 20x — 24 E 122-x-6 

2 The factorised form of 25y? — 9 is: 
A (5y-3»? B (5y—-3)(5y + 3) C 25y-3)(y + 3) 
D (5y-9)(5y- 1) E 5(y 4- D( - 9) 


De 2 
4 5 4 x* SETS simplifies to: 
xX -x-6 4x — 8 


A x-2 p +3 C x +i 
12 2x 
= 2 
D Ž 1 b= 
4 x—2 
4 The solution(s) to the quadratic equation x? — 4x + 4 = 0 is/are: 
A x=0,4 B x-2 C x-L4 


D x=2,-2 E x=-1,4 


5 A quadratic equation ax? + bx + c = 0 has a discriminant equal to 17. This tells us that: 
A The equation has a solution x = 17. 

The equation has no solutions. 

a+b+c=17 

The equation has two solutions. 


mo c ug 


The equation has one solution. 


Extended-response question 


A rectangular backyard swimming pool, measuring 
12 metres by 8 metres, is surrounded by a tiled path 12m 
of width x metres, as shown. 


a Find a simplified expression for the area of the tiled 
path. 
b Ifx = 1, what is the tiled area? 
€ Solve an appropriate equation to determine the width, 
x metres, if the tiled area is 156 m2. 
d Find the width, x metres, if the tiled area is 107.36 m?. Use the quadratic formula. 
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Melbourne Central shopping centre.houses the of falling molten lead formed into small spherical 


historic Coop’s Shot Tower, which made spherical balls due to the forces of surface tension. The shot 
lead shot for use-as-pellets in shotgüns. The tower also cooled as it fell and was collected in a water 
was built around 1890 and owned and run by the trough at the bottom. Six tonnes of lead shot were 
Coops family: It is 50 m high ar 9 storeys, and produced weekly until 1961. 

has 327 Steps, which were ascended by the shot Above the Shot Tower is the largest glass cone of 
maker carrying up his heavy load of lead bars. To its type in the world. It is built of steel and glass 


produce the.spherical lead shot, the lead bars were with a total weight of 490 tonnes. The cone itself 
heated until molten then dropped through a sieve or -has a base diameter of 44 m and a height of 48 m. It 
colander frommear the top of the tower. The drops reaches 20 storeys high and has 924 glass panes. 


— 7L 


AY 
NP 
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Australian Curriculum 


MEASUREMENT AND GEOMETRY 
Using units of measurement 


Solve problems involving surface area and 
volume for a range of prisms, cylinders and 
composite solids (ACMMG242) 


(184). Solve problems involving surface area and 
volume. of right pyramids, right cones, spheres 
and related composite solids (ACMMG271) 


Pythagoras and trigonometry 


Solve right-angled.triangle problems including 
those involving direction and angles of elevation 
and depression (ACMMG245) 


(10A)Apply Pythagoras’ theorem and 
trigonometry to solving three-dimensional 
problems in right-angled triangles (ACMMG276) 


(C. ACARA 


Mr. 6. 
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Measurement 


Review of length — consouipatine 


Learning intentions 

e To know how to convert between metric units of length 

e To know the meaning of the terms perimeter, circumference and sector 

e To review how to find the perimeter of a closed shape 

e To be able to find the circumference of a circle and the perimeter of a sector 

e To be able to find both exact and rounded answers to problems involving perimeters 


Length measurements are common in many areas of mathematics, science and engineering, and are clearly 
associated with the basic measures of perimeter and circumference, which will be studied here. 


Auto engineers apply arc geometry in vehicle steering design. When turning, the outside and inside wheels follow arcs of 
differing radii and length; hence these wheels rotate at different rates and are steered at slightly different angles. 


This sector looks simple enough but can you describe how to find its 
perimeter? Discuss these points to help. 


* Recall the rule for the circumference of a circle. 
e What is a definition of perimeter? 100° 
e What fraction of a circle is this sector? $ 


e Find the perimeter using both exact and rounded numbers. 
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KEY IDEAS 


E Converting between metric units of length 


x 1000 x 100 x 10 

VOR NO LI EM LEA 
km m cm mm 

p EE A b bh END d 

+ 1000 + 100 +10 


Perimeter is the distance around the outside of a closed shape. 
E The circumference of a circle is the distance around the circle. 
O (Ce gem. wis! = 2. 


W A sector of a circle is a portion of a circle enclosed by two radii and diameter (d) 
the arc between them. 


Bi Perimeter of a sector 


0 
PSD — x2 r 
. pcr ar @ 


BUILDING UNDERSTANDING 


(1) Convert the following length measurements to the units given in brackets. 
a 4cm(mm) b 0.096 m (cm) c 0.001 km (m) 
d 800 cm (m) e 297m (km) f 5102 mm (cm) 


e What fraction of a circle (in simplest form) is shown in these sectors? 
TN CON 
d 
» 


e Find the perimeter of these shapes. 


a b 
220m 
185m 
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Consider the given two-dimensional shape. 4.5m 

a Find the perimeter of the shape when x = 2.6. 

b Find x when the perimeter is 11.9 m. Dilin xm 
€ Write an expression for x in terms of the perimeter, P. 


3.4m 
SOLUTION EXPLANATION 
a Perimeter = 4.5 + 2.1 + 3.4 + 2.6 Simply add the lengths of all four sides using 
= 126m ape 26, 
b 11.9 =4.5+ 2.1 +3.4+x Add all four sides and set equal to the perimeter 
= tss 11.9. Simplify and solve for x by subtracting 10 

RENS from both sides. 

C P=454214+34+4+x Use P for the perimeter and add all four sides. 
=10+x Simplify and rearrange to make x the subject. 

a de es JP = T) 
Now you try 
Consider the given two-dimensional shape. 
a Find the perimeter of the shape when x = 7. 49m 
b Find x when the perimeter is 21.3 m. xm 
C Write an expression for x in terms of the perimeter, P. 

Doll iaa 
3.2m 
®© 
If a circle has radius r cm, find the following, rounding the answer to two 
decimal places where necessary. 
a the circumference of a circle when r = 2.5 
b arule for r in terms of the circumference, C 
€ the radius of a circle with a circumference of 10 cm 
SOLUTION EXPLANATION 
a Circumference = 2ar Write the rule for circumference and substitute 
= 2n(2.5) r = 2.5, then evaluate and round as required. 
= 15.71 cm (to 2 d.p.) 
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b (C= gr Write the rule for circumference, then divide 


C both sides by 2z to make r the subject. 
NU 
27 
B p= i Substitute C = 10 into the rule from part b and 
m 
evaluate. 
-10 
2m 
= 1.59 cm (to 2 d.p.) 
Now you try 


If a circle has radius r cm, find the following, rounding the answer to two 
decimal places where necessary. 

a the circumference of a circle when r = 3.5 

b arule for r in terms of the circumference, C 

€ the radius of a circle with a circumference of 12 cm 


e 
This sector has a radius of 3 cm. 
a Find the sector's exact perimeter. 
: : ; 3cm D 
b Find the perimeter, correct to one decimal place. 
SOLUTION EXPLANATION 
a P=2r+ a x 2ar The perimeter of a sector consists of two radii 
. 240 2 : 
240 and a fraction | —— = — | of the circumference 
=2x3+——x2xa2x3 360 3 
360 of a circle. 

-6eix2xax3 6 + 47 is the exact value. 

= 6 + 4r cm 
b P=6+4r Round to the required one decimal place, using 

= 18.6 cm (to 1 d.p.) a calculator. 
Now you try 
This sector has a radius of 5 cm. 
a Find the sector’s exact perimeter. 
b Find the perimeter, correct to one decimal place. (< 5cm 

280? 
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Exercise 6A 


1, 2, 3(/2), 4 2, 3(1/2), 4, 5(1/2) 2, 3(1/5), 4, 5(1/2) | 


Example 1 Consider the given two-dimensional shape. eim 
a Find the perimeter of the shape when x = 8. 
b Find x when the perimeter is 33.7 cm. 12cm 


C Write an expression for x in terms of the perimeter, P. 62cm 


10.4 cm 


Example1 2 Consider the given two-dimensional shape. 
a Find the perimeter of the shape when x = 5. 
b Find x when the perimeter is 20 m. 8.4m 
C Write an expression for x in terms of the perimeter, P. 


xm 


3 Find the circumference of these circles, correct to two decimal places. 


Example2 4 Ifa circle has radius r m, find the following, rounding to two decimal places, 
where necessary. 
a The circumference of a circle when r = 12. 
b Arule forr in terms of the circumference, C. 
€ The radius of a circle with a circumference of 35 m. 


example3 5 Find the perimeter of these sectors: 


i using exact values ii by rounding the answer to one decimal place. 
a 


C 
p 1 km 


b 
2m 
d e f 
60° 
D> 80° 205 
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PROBLEM-SOLVING 6(1/2), 7 6(1/2), 7, 8(1/2) 6(1/5), 8, 9 


6 Find the value of x for these shapes with the given perimeters. 


a 2 b C 
5 2x 
x 
7 
x Perimeter = 0.072 
: = 5.3 
Perimeter = 17 Perimeter = 22.9 
d 2.8 2x e 11.61 f 1.5x 
3.72 
x 
3x 2x 
7.89 
Perimeter — 16.2 Perimeter = 10.8 


Perimeter — 46.44 


7 Arectangular rose garden of length 15 m and width 9 m is 
surrounded by a path of width 1.2 m. Find the distance around the 
outside of the path. 


8 Find the perimeter of these composite shapes, correct to two decimal places. 


a b C 


>a 
o 


1.5 


----}---- 


a b C 
n 5m 


2.5m ] km 
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TP 10 A bicycle has wheels with diameter 64 cm. 

a Find how far, correct to the nearest centimetre, the bicycle moves 
when the wheels turn: 
i one rotation 
ii five rotations. 

b How many rotations are required for the bike to travel 10 km? 
Round your answer to the nearest whole number. 

c Find an expression for the number of rotations required to cover 
10 km if the wheel has a diameter of d cm. 


Ti A square of side length n has the same perimeter as a circle. What is the radius of the circle? Give an 
expression in terms of n. 


12 A square of side length x just fits inside a circle. Find the exact circumference of N 
the circle in terms of x. 


x 
i 
13 Consider a rectangle with perimeter P, length / and width w. l 
a Express / in terms of w and P. 
b Express / in terms of w when P = 10. w 
€ If P= 10, state the range of all possible values of w. 
d If P = 10, state the range of all possible values of /. 
ENRICHMENT: Rotating circles » = 14 


14 When a circle rolls around the outside of another circle it will 
rotate by a certain angle. rotating 


circle 
For these problems the fixed circle will have radius r. Given the e 


following conditions, by how many degrees will the moving 
circle rotate if it rolls around the fixed circle once? fixed 


a Assume the rotating circle has radius r (shown). circle 
: ; i. | 

D Assume the rotating circle has radius 3" 

€ Assume the rotating circle has radius 2r. 


d Assume the rotating circle has radius Lr. 
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6B Pythagoras’ theorem 


Learning intentions 

e To know the relationship between the square of the hypotenuse of a right-angled triangle and the sum of the 
squares of the other two side lengths 

e To be able to apply Pythagoras’ theorem to find a missing side length of a right-angled triangle 

e To be able to identify right-angled triangles in 3D objects and apply Pythagoras’ theorem 


You will recall that for any right-angled triangle we can connect thelength of the three sides using 
Pythagoras’ theorem. When given two of the sides, we can work out the length of the remaining side. 
This has applications in all sorts of two- and three-dimensional problems. 


In a colour cube, each colour has 
coordinates (x, y, z). Colour specialists 
use Pythagoras' theorem in 3D to find 
the shortest distance between any two 
colours. Applications include print and 
digital advertising, web page design 
and image editing. 


| LESSON STARTER | 353: President Garfield’s proof 


Five years before he became president of the United States of America in 1881, 
James Garfield discovered a proof of Pythagoras' theorem. It involves arranging two 
identical right-angled triangles ((T) and (2)) to form a trapezium, as shown. 


e Use the formula for the area of a trapezium (ie + bh) to find an expression 
for the area of the entire shape. 

e Explain why the third triangle @) is right-angled. 

e Find an expression for the sum of the areas of the three triangles. 


* Hence, prove that c? = a? + I2. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


438 Chapter 6 


KEY IDEAS 


B Pythagoras’ theorem states that: 
The sum of the squares of the two shorter sides of a right-angled triangle 


equals the square of the hypotenuse. G 
a* + b* e 
b 


Bi To write an answer using an exact value, use a square root sign where possible (e.g. V3). 


BUILDING UNDERSTANDING 


@ Find the value of a in these equations. Express your answer in exact form using a square root sign. 
Assume a > 0. 
a a+ 3?= 8 b 2 +a = 9? 
C +=? d a +a = 10 


(2) State an equation connecting the pronumerals in these right-angled triangles. 
a y b d C " 
b 
* z a 7 . | J 


Example 4 


EIAS 
LLLI 


Find the length of the unknown side in these right-angled triangles, correct to two decimal places. 


a b 1.1m 
5cm tag 
TMO sa 
9 cm 
SOLUTION EXPLANATION 
a e x cm is the length of the hypotenuse. 
Ie eL Substitute the two shorter sides a — 5 and 
— 106 be 9OK(ona:—9randibi— 5) 
fo os e WO Find the square root of both sides and round 
= 10.30 (to 2 d.p.) your answer as required. 


The length of the unknown side is 10.30 cm. 
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b a + b? = œ? Substitute the shorter side b = 1.1 and the 


y2 + 1.1? = 1.5? hypotenuse c = 1.5. 
y= dose Subtract 1.1? from both sides. 
ENS 3 
= 1.04 
y = V1.04 


Find the square root of both sides and 
= 1.02 (to 2 d.p.) awalletia. 


The length of the unknown side is 1.02 m. 


Find the length of the unknown side in these right-angled triangles, correct to two decimal places. 
a b 


" xcm 2.5m 
vin 1.6m 


ym 


For centuries builders, carpenters and landscapers have used Pythagoras’ theorem to construct right angles for their 
foundations and plots. The ancient Egyptians used three stakes joined by a rope to make a triangular shape with side lengths 
of 3, 4 and 5 units, which form a right angle when the rope is taut. 
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Consider a rectangular prism ABCDEFGH with the side lengths H 


G 
AB = 7, AE = 4 and EH = 2. Find: aa 
a BE, leaving your answer in exact form D F 
b BH, correct to two decimal places. | 


A B 
SOLUTION EXPLANATION 
ag Draw the appropriate right-angled triangle with 
two known sides. 
4 
A 7 B 
ce =a +b Substitute a = 4 and b = 7. 
1 BE? = 4 + 72 Solve for BE exactly. 
EOS 
^. BE = V 65 Leave intermediate answers in surd form to 
reduce the chance of accumulating errors in 
further calculations. 
b H Draw the appropriate triangle. 


Jm 


E A65 B 


BH? = HE? + EB? Substitute HE = 2 and EB = V65. 
= 22 + (V65)? (Note: (V65)? = V65 x V65 = 65.) 
=4+4 65 
= 69 

- BE = V69 


= 8.31 (to 2 d.p.) 


Now you try 


Consider a rectangular prism ABCDEFGH with the side lengths 
AB = 5, BF = 6 and FG = 7. Find: 

a AF, leaving your answer in exact form 

b AG, correct to two decimal places. 
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Exercise 6B 


1, 2-4(1/2) 2-5 (1/2) 2-3 (1/3), 4(1/2), 5(1/3) 


1 Find the length of the unknown side in these right-angled triangles, correct to two decimal places. 


10m 


ii 
4m | p 
xm 
Example 4h 


a i 
2cm 

b i 2.1m 

19.5 m 
2.7m 
ym 
Example4a 2 Use Pythagoras’ theorem to find the length of the hypotenuse for these right-angled triangles. Round 
your answers to two decimal places where necessary. 


a b 10m c 7 km 
3 cm ea 15 km 
4cm 


d 0.2 mm € 037km 0.21 km f 


1.8 = 72.1 cm 
27:3 cm 


Example4 3 Find the length of the unknown side in these right-angled triangles, correct to two decimal places. 


a b c 03m 
12m 
2m 5m 
0.7 m 
9m 
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Example5 4 For each of these rectangular prisms, find: 
i BE, leaving your answer in exact form ii BH, correct to two decimal places. 
a G b H D 


A 


5 Use Pythagoras’ theorem to help decide whether these triangles are right-angled. They may not be 
drawn to scale. 


11 


lon 


b 
12 13 
3 
e 9 f V5 
10 D 5 i 5 a 
15 
PROBLEM-SOLVING 6(1/2), 7 6(1/2), 7, 8(1/2) 8-10 


6 Use Pythagoras’ theorem to find the distance between points A and B in these diagrams, correct to two 
decimal places. 


a B b 3 cm C 
12m 1.7 cm 35m 
A 3.5 cm 
A 2.6 49m 
Om B 
1.9 cm 

[ ] [ | 

A B 
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d 5.3cm e A B 0.5 km f 
piem 


17.2 km 
5.3 cm 


7 A 20 cm drinking straw sits diagonally in a glass of radius 3 cm and height 10 cm. 
What length of straw protrudes from the glass? Round your answer to one 


decimal place. — | 


8 Find the value of x, correct to two decimal places, in these three-dimensional solids. 


a xmm b C 
nc —'. 
11.4 mm 
d e f 
xm 2m 
6.7 km 
1.5m N 
3m 6.2 km pem 
8.2 km 
9 Find the exact distance between these pairs of points on a y 
number plane. A 
a (0, 0) and (4, 6) T : 


b (—2,3) and Q, -1) 
€ (—5,—3) and (4, 7) 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


444 Chapter 6 


10 a Find the length of the longest rod that will fit inside these objects. Give your answer correct to one 
decimal place. 
i a cylinder with diameter 10 cm and height 20 cm 
ii a rectangular prism with side lengths 10 cm, 20 cm and 10 cm 
b Investigate the length of the longest rod that will fit in other solids, such as triangular prisms, 
pentagonal prisms, hexagonal prisms and truncated rectangular pyramids. Include some 
three-dimensional diagrams. 


Ti Two joining chords in a semicircle have lengths 1 cm and 2 cm, as shown. Find 


the exact radius, r cm, of the semicircle. Give reasons. 


rcm 


12 The diagonals of a rectangle are 10 cm long. Find the exact dimensions of the rectangle if: 
a the length is twice the width 
b the length is three times the width 
€ the length is ten times the width. 


13 Streamers are used to decorate the interior of a rectangular room that A B 
is 4.5 m long, 3.5 m wide and 3 m high, as shown. 
a Find the length of streamer, correct to two decimal places, 
required to connect from: 


i AtoH ii EtoB 
iii Ato C iv Ato G via C 
v EtoCviaD Vi E to C directly. 


b Find the shortest length of streamer required, correct to two decimal places, 
to reach from A to G if the streamer is not allowed to reach across open space. 
(Hint: Consider a net of the prism.) 


ENRICHMENT: How many proofs? 


14 There are hundreds of proofs of Pythagoras’ theorem. 
a Research some of these proofs using the internet and pick one you understand clearly. 
b Write up the proof, giving full reasons. 
€ Present your proof to a friend or the class. Show all diagrams, algebra and reasons. 
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6C Review of area _ consouipatinc 


Learning intentions 

e To understand the meaning of square units and the definition of area 

e To know how to convert between metric units of area 

e To know how to find the area of a square, rectangle, triangle, rhombus, parallelogram, trapezium, kite, circle 
and sector 

e To be able to use the formulas of regular shapes to find areas of composite shapes using addition or 
subtraction 


Area is a measure of surface and is expressed 
as a number of square units. 


By the inspection of a simple diagram like the 

one shown, a rectangle with side lengths 2 m 

and 3 m has an area of 6 square metres or 6 m?. 
<—— 3 m ——— 


| 


For rectangles and other basic shapes, we can 


Area = 6 m2 


use area formulas to help us calculate the Architects apply circle sector geometry to design spiral staircases. A 
number of square units. circle sector with the stairwell’s diameter and arc length equal to the 

spiral’s outer length is used. This sector is divided into equal smaller 
Some common metric units for area include sectors for the steps. 


square kilometres (km?), square metres (m2), 
square centimetres (cm2) and square 
millimetres (mm?). 


RANE Ud; NE Pegs in holes 


Discuss, with reasons relating to the area of the shapes, which is the better fit: 


* asquare peg in a round hole? 
* around peg in a square hole? 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


446 Chapter6 


KEY IDEAS 
E Conversion of units of area 
x1000 x100? x10? 1m -100 cm 
IAE V ND Uu E EE g 
km? m? cm? mm? © Im?-100cm x 100cm 
NN RU EN e | eee = = 1002 cm 
+1000? +1002 +102 


Bb | hectare(1 ha) = 10000 m? 


E The area of a two-dimensional shape can be defined as the number of square units contained 
within its boundaries. Some common area formulas are given. 


square rectangle triangle 
l w 
b 
l 
Area = P Area = lw Area = xbh 
rhombus parallelogram trapezium kite 
y a T A ee] 
* AL 
b 
UN | 
Area — w Area = bh Area = ja + bh Area — x 


E The rule for the area of a circle is: 
Area = ar’, where r is the radius. 


zn 


Bi The rule for the area of a sector is A = sai” 


BUILDING UNDERSTANDING 


(1) State the formula for the area of these shapes. 
a circle b sector C square 
kite f trapezium 


d rectangle e 
Q triangle h rhombus Ì parallelogram 
j k 


semicircle quadrant (quarter circle) 


e Decide how many: 
4 i mminlcm ii mm? in 1 em 
b i cminim ii cm? in 1 m2 
c i minikm ii, m? in 1 km? 
d m^inlha 


2 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Example 6 


Convert these areas to the units shown in the brackets. 


a 2.5cm? (mm) 


b 2000000 cm? (km?) 


SOLUTION EXPLANATION 
a 25cm? = 2.5 x 10? mm? 
= 2.5 x 100 mm? r 
= 250mm? 1 cm 1O mm 
10 mm 
1 cm? = 10 x 10 mm? = 100 mm? 
b 2000000 cm? = 2000000 + 1002 m2 km? m? cm? 
E prod - 1002 
= 200 + 1000? km? 3 F 
— 0.0002 km? 1002 = 10000 and 1000? = 1000000 


Now you try 


Convert these areas to the units shown in the brackets. 


a 3.5 m? (cm?) 


[xx 9*3 
"auum 


Example 7 


b 50000 mm? (m?) 


Find the area of these basic shapes, correct to two decimal places where necessary. 


3cm 


SOLUTION 


a A - ac bh 


1 
ESSE LESS 
p 


= 8cm? 
D S pn 
p 
= l8) 
165.8). 


= 9.57 m? 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


b | C 
NS 
ale 
I«— 5.8 m—>| 


EXPLANATION 


The shape is a trapezium, so use this formula. 


Substitute a = 3, b = 5 and h = 2. 


Simplify and include the correct units. 
The shape is a triangle. 


Substitute b = 5.8 and h = 3.3. 


Simplify and include the correct units. 


Continued on next page 
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C A=ar The shape is a circle. 
= 2(0.53)? The radius, r, is half the diameter; 
= 0.88 km? (to 2 d.p.) ie 1.06 + 2 = 0.53 


Evaluate using a calculator and round your 
answer to the required number of decimal 
places. 


Now you try 


Find the area of these basic shapes, correct to two decimal places where necessary. 


a 6m b 2.6 cm c 
E 
1.1 cm 


see 


‘Oo Example 8 
Find the value of the pronumeral for these basic shapes, rounding to two decimal places where 
necessary. 
a b 
SOLUTION EXPLANATION 
a A=lw Use the rectangle area formula. 
il SU ss 23) Substitute A = 11 and w = 2.3. 
ae il Divide both sides by 2.3 to solve for /. 
~~ 33 
= 4.78 (to 2 d.p.) 
b As x(a + b)h Use the trapezium area formula. 
1 Substitute A = 0.5, b = 1.3 and ^ = 0.4. 
05 = E + L) X U Simplify G x 0.4 = 02), then divide both 
0.5 = 02(a + 1.3) sides by 0.2 and solve for a. 
2.5 =a+13 
dor I) 
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Now you try 


Find the value of the pronumeral for these basic shapes, rounding to two decimal places 
where necessary. 
a lcm b a 


0.7 m 


9 


1.7m 


[x3 3 x 


ron Example 9 
Find the area of this sector and composite shape. Write your answer as an exact value and as a 
decimal, correct to two decimal places. 
a b 
80° 

SOLUTION EXPLANATION 
a A= x x ar? Write the formula for the area of a sector. 

= a xzx3? Sectorangle = 360° — 80° = 280°. 

24 Simplify to express as an exact value (77), then 

SP 2 round as required. 

= 21.99 cm* (to2 d.p.) 
b A-2x52- 1 xzx5? The area consists of two squares minus a 

4 : ; ' 
quarter circle with radius 5 m. 
25z S 

= 50 - d 50 — E is the exact value. 

— 30.37 m? (to2 d.p.) 
Now you try 
Find the area of this sector and composite shape. Write your answer as an exact value and as a 
decimal, correct to two decimal places. 
a 100° b 10m 

6m 
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450 Chapter 6 


Exercise 6C 


1, 2-4(1/2) 2-5 (1/2) e 


1 Convert these areas to the units shown in the brackets. 


Example 6a a i 1.5 cm? (mm?) ji 5 m? (cm?) iii 0.2 km? (m?) 
Example 6b b i 7000000 cm? (km?) ji 450000 mm? (m?) iii 6000000000 mm? (km?) 
Example6 2 Convert the following area measurements to the units given in brackets. 

a 3000 mm? (cm?) b 29800 cm? (m?) c 205000 m? (km?) 

d 0.5m? (cm?) e 5km?(m?) f 0.0001 km? (n?) 

g 0.023 m? (cm?) h 537 cm? (mm) i 0.0027 km? (n2) 

j 10m? (mm?) k 0.00022 km? (cm?) | 145000000 mm? (km?) 


Example? 3 Find the area of these basic shapes, rounding to two decimal places where necessary. 


g . h i 2 
64 m e p. dm 
es i 
0.25 mm^, ri km 


| V10 cm 


Example8 4 Find the value of the pronumeral for these basic shapes with given areas, rounding to two decimal 


places where necessary. 
b 


a 5.2 cm C 1.8 km 
Area = 15 cm? _ 2 
Area = 206 m2 Area = 1.3km 
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d e€ 5.34 mm f 
2.8 m 


18m 
am Area = 10.21 mm? 
Area = 80 m2 
Area = 2.5 m? xm 


| n) Fo ©) 
© 
Area = 26 km? 


Area = 5 cm? 


Example9a 9 Find the area of each sector. Write your answer as an exact value and as a decimal rounded to 


two decimal places. 
b 


D S Sw 


6 cm 7m 
d e f 
ud D 3 mm 
150° 
325° 
PROBLEM-SOLVING 6,7 6, 7(1/2) 


6 A lawn area is made up of a semicircular region with diameter 6.5 metres and 
a triangular region of length 8.2 metres, as shown. Find the total area of lawn, 
to one decimal place. 


* x. 


Example9s 7 Find the area of these composite shapes. Write your answers as exact values and as decimals, correct to 


two decimal places. 
a b 7m C 


L| E 

4m 

1.8 m 
5cm 10 m 
L1 [ ] 
d , ~<-28 km— f 
ZWA.. 
r 
4.2 mm 26 km 
0.7m 
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8 AnL-shaped concrete slab being prepared for the foundation of a new house is made up of two rectangles 
with dimensions 3 m by 2 m and 10 m by 6 m. 
a Find the total area of the concrete slab. 
b Iftwo bags of cement are required for every 5 m? of concrete, how many whole bags of cement 
will need to be purchased for the job? 


REASONING 


9 1 hectare(1ha) is 10000 m? and an acre is ET square miles (1 mile ~ 1.61 km). 
Find how many: 
a hectares in 1 km? 
b square metres in 20 hectares 
€ hectares in 1 acre (round to one decimal place) 
d acres in 1 hectare (round to one decimal place). 


10 Consider a trapezium with area A, parallel side lengths a and b and height A. 
a 


b 


a Rearrange the area formula to express a in terms of A, b and h. 
b Hence, find the value of a for these given values of A, b and h. 

i A210, 5210,52 1.5 ii A = 0.6, b = 1.3, h = 0.2 iii A = 10, b =5,h = 4 
€ Sketch the trapezium with the dimensions found in part b iii above. What shape have you drawn? 


Ti Provide a proof of the following area formulas, using only the area formulas for rectangles and 
triangles. 
a parallelogram b kite € trapezium 


ENRICHMENT: Percentage areas 


12 Find, correct to one decimal place, the percentage areas for these situations. 
a The largest square inside a circle. b The largest circle inside a square. 


€ The largest square inside a right isosceles d The largest circle inside a right isosceles 
triangle. triangle. 
x 
He— X —— '—~—— X ——— 
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6D Surface area of prisms and cylinders 


Learning intentions 
e To know what defines a prism and a cylinder 
e To know the meaning of the term surface area 


e To know how to use a net to identify the surfaces of prisms and cylinders 


e To be able to find the surface area of prisms 


e To know how the formula for the surface area of a cylinder is developed and be able to apply it 
e To be able to identify visible surfaces of a composite solid to include in surface area calculations 


Knowing how to find the area of simple shapes 
combined with some knowledge about three- 
dimensional objects helps us to find the total 
surface area of a range of solids. 


A cylindrical can, for example, has two circular ends 
and a curved surface that could be rolled out to form 
a rectangle. Finding the sum of the two circles and 
the rectangle will give the total surface area of the 
cylinder. 


You will recall the following information about 
prisms and cylinders. 


Bi A prism is a polyhedron with a uniform 
cross-section and two congruent ends. 
* A prism is named by the shape of the 
cross-section. 
e The remaining sides are parallelograms. 


B A cylinder has a circular cross-section. 
e A cylinder is similar to a prism in that it has a 


uniform cross-section and two congruent ends. 


RAS Drawing nets 


Steel cans used for food are coated with tin-plate (296 tin), 
as tin doesn't corrode. Cans are manufactured by cutting 
a rectangle, forming a tube, attaching the base, sterilising, 
filling with food and then joining the circular top. 


ait BRE, 


righttriangular oblique pentagonal 
prism prism 


Drawing or visualising a net can help when finding the total surface area of a solid. Try drawing a net for 


these solids. 


square prism 


cylinder 


By labelling the dimensions, can you come up with a formula for the total surface area of these solids? 
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454 Chapter6 


KEY IDEAS 


E The total surface area (TSA) of a three-dimensional object can be found by finding the sum 


of the areas of each of the shapes that make up the surface of the object. 
B A net is a two-dimensional illustration of all the surfaces of a solid object. 
Bi Given below are the net and surface area of a cylinder. 


Diagram Net TSA = 2 circles + 1 rectangle 
= 2nr? + 2arh 
= 2ar(r + h) 


B Composite solids are solids made up of two or more basic solids. 
e To find a total surface area do not include any common faces. 


- Inthis example, the top circular face area of the common face 


cylinder is equal to the common face area, so the 
TSA = surface area of prism + curved surface area 
of cylinder. 


BUILDING UNDERSTANDING 


&» Draw an example of these solids. 
a cylinder 
b rectangular prism 
€ triangular prism 


e Draw a net for each of these solids. 
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Find the total surface area of this rectangular prism and cylinder. Round your answer to 


two decimal places where necessary. 


SOLUTION EXPLANATION 
a TSA =2x (8x3) 2 ESO) 822 2€ (( 9$ 3)) Draw the net of the solid if needed to help 

= 48 + 30 + 80 you. Sum the areas of the rectangular surfaces. 

= 158 cm? 5cm 

3cm 3cm 
8 cm 
5cm 

b TSA = 2ar? + 2arh Write the formula and substitute the 

= 2n(1.7)? + 2a(1.7) x 5.3 radius and height. 


= 74.77 m2 (to 2 d.p.) 


Now you try 


Find the total surface area of this rectangular prism and cylinder. Round your answer to 
two decimal places where necessary. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


456 Chapter6 


A composite object consists of a square-based prism and a cylinder, as shown. Find the total 
surface area, correct to one decimal place. 


SOLUTION EXPLANATION 
TSA = 4 x (20 x 10) + 2 x 20 x 20) -2xzx6x8 The common circular area, which 
+ z(6)? — z(6)? should not be included, is added back 
= 1600 + 96z on with the top of the cylinder. So the 
— 1901.6 cm? (to 1 d.p.) total surface area of the prism is added 


to only the curved area of the cylinder. 


Now you try 


A composite object consists of a square-based prism and a cylinder, as shown. Find the total 
surface area, correct to one decimal place. 


Exercise 6D 


1,2-3(15) 2-905,4 —  — 2-8305,4,5 — 


Exmpei) 1 Find the total surface area of this rectangular prism and cylinder. Round your answers to two decimal 


places where necessary. 
"e um i 


6.2 cm 


1.5 cm 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Example 10 2 


O: 


Find the total surface area of these solids. Round your answers to two decimal places where necessary. 


17m 


Find the total surface area of these solids. 


a b 5mm 
4mm 
C 25m g 6 mm 
10m 12 mm 
ESMA fo sme 
16 mm 
e 1.2 cm f 1.4m 
0.5 cm — 
E 21m 
1.5cm 
1.9m 
0.76 cm 0.8 cm EA RPM 
23m 


Find the total surface area, in square metres, of the outer surface 
of an open pipe with radius 85 cm and length 4.5 m, correct to 
two decimal places. 


5 What is the minimum area of paper required to wrap a box with dimensions 25 cm wide, 32 cm long 
and 20 cm high? 
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458 Chapter6 


PROBLEM-SOLVING 6-7(*/2) 6-8(1/2) 6-8(1/2), 9 


El 6 The cross-sections of these solids are sectors. Find the total surface area, rounding to one decimal 


place. 

a b 1.6m 
10 cm 2 
3cm 

C d 


A 20 cm 


Q 


a 
Bg 
A 


cm 


7 Use Pythagoras’ theorem to determine any unknown side lengths and find the total surface area of 
these solids, correct to one decimal place. 


Example! O9 Find the total surface area of these composite solids. Answer correct to one decimal place. 


b 


40m 
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9 Find the total surface area of this triangular prism, correct to one decimal 
place. 


b E l C d 


Ti Find the exact total surface area for a cylinder with the given dimensions. Your exact answer will be in 


terms of z. 
a r=landh=2 


b island 
2 


12 The total surface area of a cylinder is given by the rule: 


Totalsurface area = 2zr(r + h) 


Find the height, to two decimal places, of a cylinder that has a radius of 2 m and a total surface area of: 


a 35m? 


b 122 m?. 


13 Can you find the exact radius of the base of a cylinder if its total surface area is 8z cm? and its 
height is 3 cm? 


ENRICHMENT: Deriving formulas for special solids 


14 Derive the formulas for the total surface area of the following solids. 
a acylinder with its height equal to its radius r 


b asquare-based prism with square side length x and height y 


c ahalf cylinder with radius r and height h i 


d asolid with a sector cross-section, radius r, sector angle 0 and height h 
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Chapter 6 


6E Surface area of pyramids and cones = io 


Learning intentions 

e To know the shape of pyramids and cones and their associated nets 

e To know the formula for the surface area of a cone 

e To be able to find the surface area of a pyramid and a cone 

e To be able to use Pythagoras’ theorem to find the vertical height or slant height of a cone 


Pyramids and cones are solids for which we 
can also calculate the total surface area by 
finding the sum of the areas of all the outside 
surfaces. 


The total surface area of a pyramid involves 
finding the sum of the areas of the base and 
its triangular faces. The rule for the surface 
area of a cone can be developed after drawing 
a net that includes a circle (base) and sector 
(curved surface). 


D 


i 


O - 


Mechanical engineers and sheet metal workers apply surface area 
and volume formulas when designing and constructing stainless steel 
equipment for the food and beverage industries. Cylinder and cone 
formulas are used when designing brewery vats. 


aU EA aia The cone formula 


Use a pair of compasses to construct a large sector. Use any sector angle 0 that you like. Cut out the sector 
and join the points A and B to form a cone of radius r. 


* Give the rule for the area of the base of the cone. 

* Give the rule for the circumference of the base of the cone. 

* Give the rule for the circumference of a circle with radius s. 

e Use the above to find an expression for the area of the base of the cone as a fraction of the area zs”. 
e Hence, explain why the rule for the surface area of a cone is given by: 


Total surface area = zr? + ars. 
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KEY IDEAS 


B A cone is a solid with a circular base and a curved surface that reaches from the apex 
base to a point called the apex. 
* Aright cone has its apex directly above the centre of the base. 


s 
e The pronumeral s is used for the slant height and r is the radius of the base. 
e Cone total surface area is given by: 
5 right cone 
=> and 
Area(base) = zr? Area = Tmi x TS? = ars 
PTS 
-. TSA (cone) = ar? + ars = ar(r + s) RD 
B A pyramid has a base that is a polygon and its remaining faces are 
triangles that meet at the apex. 
e A pyramid is named by the shape of its base. 
e A right pyramid has its apex directly above the centre of the base. VES 
right square- 
based pyramid 


BUILDING UNDERSTANDING 


@ State the rule for the following. 
a area of a triangle 
D surface area of the base of a cone with radius r 
€ surface area of the curved part of a cone with slant height s and radius r 


e Find the exact slant height for these cones, using Pythagoras’ theorem. Express exactly, using a 
square root sign. 


a b 5m 
5cm 
14m 
2cm 


e Draw a net for each of these solids. 


a b C 
3cm 
2cm 
4cm 
2cm 
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Find the total surface area of these solids, using two decimal places for part a. 
a acone with radius 2 m and slant height 4.5 m 
b asquare-based pyramid with square-base length 25 mm and triangular 


face height 22 mm 
SOLUTION EXPLANATION 
a TSA = ar? + ars The cone includes the circular base plus the 
= z(2) + x(2) x (4.5) curved part. Substitute r = 2 and s = 4.5. 


— 40.84 m? (to 2 d.p.) 


b TSA — P +4 x bh yx 
1 22mm 
= 25° + 4x5 x 25 x 22 s > 
= 1725 mm? 25 mm 


Now you try 


Find the total surface area of these solids, using two decimal places for part a. 

a a cone with radius 3 m and slant height 5.6 m 

b asquare-based pyramid with square-base length 20 mm and triangular 
face height 19 mm 


eee 
LL 


(O) 
A cone with radius 3 cm has a curved surface area of 100 cm?. 
a Find the slant height of the cone, correct to one decimal place. 
b Find the height of the cone, correct to one decimal place. 
SOLUTION EXPLANATION 
a Surface area = ars Substitute the given information into the rule 
iQ e #x< SAS for the curved surface area of a cone and solve 
100 for s. 
ge— 
S7 
= 10.6 cm (to 1 d.p.) 
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i - (100)" _ | 
m Identify the right-angled triangle within the 
AS / (2) 2 -G cone and use Pythagoras’ theorem to find the 
3a height h. Use the exact value of s from part a to 
— 10.2 em (to 1 d.p.) avoid accumulating errors. 


Now you try 


A cone with radius 2 cm has a curved surface area of 80 cm?. 
a Find the slant height of the cone, correct to one decimal place. 
b Find the height of the cone, correct to one decimal place. 


Exercise 6E 
1-4 2-5 2-5 


1 Find the total surface area of these solids, using two decimal places for part a. 
Example 12a a A cone with radius 4 m and slant height 7.5 m. 


Example 12b b A square-based pyramid with square-base length 30 mm and triangular 


face height 20 mm. 


Examplei2a 2 Find the total surface area of these cones, correct to two decimal places. 


b c 
0.5m 11 km 
0.8 m 
H 


15 km 


4m 


Exmplei: 3 Find the total surface area of these square-based pyramids. 


a b C 0.2m 
6m 
0.3m 


4m 5cm 


4 Foreach cone, find the area of the curved surface only, correct to two decimal places. 
/ b 


48 mm 
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El 5 Acone has height 10 cm and radius 3 cm. 
a Use Pythagoras’ theorem to find the slant height of the cone, rounding your answer to two decimal 
places. 
b Find the total surface area of the cone, correct to one decimal place. 


PROBLEM-SOLVING 6,7 7-9 8, 9, 10(1/2) 


Examplet3. 6 A cone with radius 5 cm has a curved surface area of 400 cm?. 
a Find the slant height of the cone, correct to one decimal place. 
b Find the height of the cone, correct to one decimal place. 


7 Acone with radius 6.4 cm has a curved surface area of 380 cm?. 
a Find the slant height of the cone, correct to one decimal place. 
b Find the height of the cone, correct to one decimal place. 


El 8 Party hats A and B are in the shape of open cones with no base. 
Hat A has radius 7 cm and slant height 25 cm, and hat B has radius 
9 cm and slant height 22 cm. Which hat has the greater surface area? 


9 This right square-based pyramid has base side length 4 m and vertical height 6 m 
a Findthe height of the triangular faces, correct to one decimal place. 


6m 
b Find the total surface area, correct to one decimal place. 
4m 
10 Find the total surface area of these composite solids, correct to one decimal place as necessary. 
b 3cm 
d 
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11 il, Wz 12, 13 


1i Explain why the surface area of a cone with radius r and height h is given by the expression 


ar(r + V + n). 


12 A cone has a height equal to its radius (i.e. h = r). Show that its total surface area is given by the 
expression zr?(1 + v2). 


El 13 There is enough information in this diagram to find the total surface area, although the side length of 
the base and the height of the triangular faces are not given. Find the total surface area, correct to one 
decimal place. 


10 cm 


10 cm 


ENRICHMENT: Carving pyramids from cones = = 14 


El 14 A woodworker uses a rotating lathe to produce a cone with radius 4 cm and height 20 cm. From that 
cone the woodworker then cut slices off the sides of the cone to produce a square-based pyramid of the 
same height. 


Find the exact slant height of the cone. 

Find the total surface area of the cone, correct to two decimal places. 

Find the exact side length of the base of the square-based pyramid. 

Find the height of the triangular faces of the pyramid, correct to three decimal places. 
Find the total surface area of the pyramid, correct to two decimal places. 


~ ono cO C t$ 


Express the total surface area of the pyramid as a percentage of the total surface area of the cone. 
Give the answer correct to the nearest whole percentage. 
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In the following questions round all answers to two decimal places, where necessary. 


C9 1 Find the perimeter of these shapes. (Note: In part C, all angles are right angles.) 
N a 11 cm b C 
= E 5cm 7 cm 
c H 
N 13 cm 3cm 
e» 
G5 8cm 
2. 
= C9 2 Foreach of these shapes, find (correct to two decimal places where necessary): 
a. i the value of x ji the perimeter iii the area. 
a b 9 cm C 8 cm 
13cm 
2 S 
12cm xcm 40 cm 12cm 
"m 3 Calculate the circumference and area of these circles. 
| © | 
ES 4 Find the area of each of these sectors. 
a b 
pus D 
5cm 4cm 
CA 5 Convert 4.5 cm? to the following units. 
a mm? b m? 
Cg) 6 Find the shaded (purple) area of these shapes (correct to two decimal places). 
EMO b c 
wT 
6cm 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


7 Calculate 
a 


(Ej 


a Calcul 
b Calcul 
€ Calcul 


the surface area of these solids (correct to two decimal places where necessary). 


b 


cassa 8 cm 


6 cm 


8 Aconeis made from a sector of a circle with radius 7.5 cm and central angle 120°. 


<> Cmi 


ate the curved surface area of the cone, correct to two decimal places. 
ate the radius of the circular base of the cone. 
ate the perpendicular height of the cone, correct to two decimal places. 


(3 9 Find the diagonal length of a rectangular prism with dimensions 10 cm by 8 cm by 5 cm, 


correct to 


Essential Mathematics for the 
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Chapter 6 


6F Volume of prisms and cylinders 


Learning intentions 

e To understand the concept of volume and capacity of an object 

e To know how to use the cross-section of a prism or cylinder to find its volume 

e To know the meaning of the term oblique prism 

e To be able to find the volume of right and oblique prisms and cylinders 

e To be able to identify the regular 3D shapes that comprise a composite solid and find its volume 


Volume is the amount of space contained within 
the outer surfaces of a three-dimensional object 
and is measured in cubic units. 


The common groups of objects considered in 
this section are the prisms and the cylinders. 


The volume of grain or cereal that a silo can store is calculated 
using the volume formulas for cylinders and cones. 


| LESSON STARTER | Sa Right and oblique prisms 


Recall that to find the volume of a right prism, you would first find the area of the base and multiply by the 
height. Here is a right rectangular prism and two oblique rectangular prisms with the same side lengths. 


e What is the volume of the right rectangular prism? (The one on the left.) 

e Do you think the volume of the two oblique prisms would be calculated in the same way as that for the 
right rectangular prism and using exactly the same lengths? 

e Would the volume of the oblique prisms be equal to or less than that of the rectangular prism? 

e Discuss what extra information is required to find the volume of the oblique prisms. 

e How does finding the volume of oblique prisms (instead of a right prism) compare with finding the 
area of a parallelogram (instead of a rectangle)? 
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KEY IDEAS 


E Metric units for volume include cubic kilometres (km?), x10003 x 1003 NITE 


cubic metres (m3), cubic centimetres (cm?) ER NE ES OSS 

and cubic millimetres (mm?). km? m? cm? mm? 
CONDO MN ER EN ER 
+ 1000? + 1003 +103 


E Units for capacity include megalitres (ML), kilolitres (kL), x 1000 x 1000 x 1000 


litres (L) and millilitres (mL). LE EC MENO Ee 

o lem — lank ML kL L mL 
NECS Lu NONE A NEC I 
+ 1000 + 1000 + 1000 


E For right and oblique prisms and cylinders, the volume is given by V = Ah, where: 
* Aisthe area of the base 
e his the perpendicular height. 


Pc y 
h 
ume 
right rectangular prism oblique square prism right cylinder 
V=Ah V=Ah V=Ah 
= lwh Sud Sie 


BUILDING UNDERSTANDING 


(1) Find the volume of these solids with the given base areas. 


a b 
2m 
10 cm 
A= 16m? 


A = 8 cm? 


o9 State the rule for the volume of the following. 
a right rectangular prism with length a, width b and height c 


b oblique square prism with base dimensions y by y and perpendicular height h 
€ cylinder with radius r and height h 
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Example 14 


Find the volume of these solids, rounding to two decimal places for part b. 


| es 


4m 
6cm 
Da 3m 

SOLUTION EXPLANATION 
a V= wh Write the volume formula for a rectangular 

E74 9224 prism. 

= 24 m? Substitute / = 2, w = 3 andh=4 
b V=arh The prism is a cylinder with base area zr. 

=71(2)> x6 Substitute r = 2 and h = 6. 

= 75.40 cm? (to 2 d.p.) Evaluate and round your answer as required. 
Now you try 


Find the volume of these solids, rounding to two decimal places for part b. 


see 
"522-7 


Find the volume of this oblique prism. 


Nn 


cm 
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SOLUTION 
Vas dS 
2 
1 
ees: 2358 
2 
= 60 cm? 
Now you try 


Find the volume of this oblique prism. 


SOLUTION 

Radius of cylinder — s E) 

V = lwh + zr?h 
=6X6xX2+2x3*x2 


= 72 + 182 
= 128.5 cm? (to 1 d.p.) 


Now you try 


Find the volume of this composite solid, correct to one decimal place. 
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EXPLANATION 


The base is a triangle, so multiply the area of 
the base triangle by the perpendicular height. 


EXPLANATION 
First, find the radius length, which is half the 
side length of the square base. 


Add the volume of the square-based prism and 
the volume of the cylinder. 
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Exercise 6F 


1, 2(1/2), 3-5 2(1/2), 3-5, 6(1/2) 


Example4 1 Find the volume of these solids, rounding to two decimal places for part b. 


b 


5cm 


2 Convert these volume measurements to the units given in brackets. (Refer to the Key ideas for help.) 


a 2cn?(mm)) b 0.2 m? (cm?) € 0.015 km? (m?) 

d 5700 mm? (cm?) e 28300000 m? (km?) f 762000 cm? (m?) 
g 0.13 n? (cm?) h 0.000001 km? (m?) i 2.094 cm? (mm?) 
j 2.7L (mL) k 342 kL (ML) | 35L (kL) 

m 5.72 ML (kL) n 74250 mL (L) 0 1844kL (L) 


Examplet4a 3 Find the volume of each rectangular prism. 


2cm 5 cii , 
mm 
4cm 35i 
30m 
10m 
Example 14h 4 Find the volume of each cylinder, correct to two decimal places. 
' ' l 
12m 
10m | 
14m 
5m 
Example 15 Find the volume of these oblique solids. Round to one decimal place for part b. 
i d : 1.2 mm 
ZB 
o E. 
20m 2.4 mm 
1.7mm 
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O: Find the volume of these solids, e your answers to three decimal places where necessary. 


LEENA, 
7m 
va | 


7 cm 


" e 


E "i 
pe —— >| 


12cm 


PROBLEM-SOLVING 7,8 


7 How many containers holding 1000 cm? (1 L) of water are 
needed to fill 1 m3? 


8 How many litres of water are required to fill a rectangular fish 
tank that is 1.2 m long, 80 cm wide and 50 cm high? 


Examples. 9 Find the volume of these composite objects, rounding to two decimal places where necessary. 


1.6m 
m 
2.3m 
f 4cm 
He 
Cx 
XA 
9cm 
6cm 
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10 Find the exact volume of a cube if its surface area is: 
a 54cm? b 18 m2. 


11 Use the rule V = zr7A to find the height of a cylinder, to one decimal place, with radius 6 cm and 
volume 62 cm?. 


12 A fellow student says the volume of this prism is given by V 2 4 x 3 x 5. m J 
Explain his error. 
5 
3 
4 
13 Find a formula for the volume of a cylindrical portion with angle 0, —————7À 
radius r and height h, as shown. 
r 
V h 
14 Decide whether there is enough information in this diagram of a 
triangular prism to find its volume. If so, find the volume, correct to 
one decimal place. A 


ENRICHMENT: Concrete poles 


15 A concrete support structure for a building is made up of a cylindrical base — i 
and a square-based prism as the main column. The cylindrical base is 1 m 
in diameter and 1 m high, and the square prism is 10 m long and sits on the 


ee 10m 
cylindrical base as shown. 
a Find the exact side length of the square base of the prism. 
b Find the volume of the entire support structure, correct to one decimal 
place. 
lm 
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6G Volume of pyramids and cones 10a 


Learning intentions 

e To understand that the volume of a pyramid or cone is a fraction of the volume of the prism or cylinder with 
the same base area 

e To know the formulas for the volume of pyramids and cones 

e To be able to find the volume of pyramids and cones 


The volume of a cone or pyramid is a certain fraction of the volume of a prism with the same base area. 


This particular fraction is the same for both cones and pyramids and will be explored in this section. 


When applying fertiliser, farmers use a container called a spreader, made in a pyramid 
or cone shape. Agricultural equipment engineers calculate a spreader’s volume using 
pyramid or cone formulas. 


ESR USE Is a pyramid half the volume of a prism? 


Here is a cube and a square pyramid with equal base side lengths and equal heights. 


e Discuss whether or not you think the pyramid is half the volume of the cube. 
e Now consider this diagram of the cube with the pyramid inside. 


The cube is black. 
The pyramid is green. 
The triangular prism is blue. 


Compared to the cube, what is the volume of the triangular prism (blue)? Give reasons. 


Is the volume of the pyramid (green) more or less than the volume of the triangular prism (blue)? 
e Do you know what the volume of the pyramid is as a fraction of the volume of the cube? 
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KEY IDEAS 


E For pyramids and cones the volume is given by V = Ah, 


where A is the area of the base and A is the perpendicular height. 


right square pyramid right cone oblique cone 
h 
h 
X 
EG 
vob y= la y-las 

3 3 

2 1 1 
= xh = -arh = <ar-h 


BUILDING UNDERSTANDING 


@ A cylinder has volume 12 cm?. What will be the volume of a cone with the same base area and 


perpendicular height? 


® A pyramid has volume 5 m?. What will be the volume of a prism with the same base area and 


perpendicular height? 


© State the volume of these solids with the given base areas. 


a b 


Tenes 


Fo Example 17 

Find the volume of this rectangular-based pyramid and cone. Give the answer for part b, correct to 
two decimal places. 
a b 23mm 

1.3m j i 

29 mm 
1.4m 
12m 
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SOLUTION 
a V= 
3 


= 50x) xh 


= HE x12)x13 


= 0.728 n? 


hay 
3 


= Ln 
3 


- rns? x 29 


— 4016.26 mm? (to 2 d.p.) 


Now you try 


EXPLANATION 


The pyramid has a rectangular base with area 
lx w. 


Substitute / = 1.4, w = 1.2 and h = 1.3. 
The cone has a circular base of area zr. 


Substitute r — = = Ib eine! /n e 29), 


Find the volume of this rectangular-based pyramid and cone. Give the answer for part b, correct to two 


decimal places. 


a 
33m 


3.5 m 


Exercise 6G 


b 


15 mm 


1, 2-3 (1/2) 2-3(1/2) 2-3(1/3) 


Example17 1 Find the volume of this rectangular-based pyramid and cone. Give the answer for part b, correct to two 


decimal places. 
a 


7m 
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b 17mm 
He 
21 mm 
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Examplet7a 2 Find the volume of the following pyramids. For the oblique pyramids (i.e. parts d, e, f) use the given 


perpendicular height. 
b 


3 cm 
18 m 
15m 
2 cm 
13 m 
NS 12 km 
Perpendicular 
5km height = 2 cm 
e 4cm f 1.4 mm 

y END.-- 

Perpendicular Perpendicular 

height = 4 cm height = 1.2 mm 


Example» 3 Find the volume of the following cones, correct to two decimal places. 


a b 1.6 mm c 


d e 0.6 m f 20 cm 
k [—— — — —| 
eu 
5cm 
1.3m 
2m 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


PROBLEM-SOLVING 4, 5(1/2) 4, b(1/2) 5(t/2), 6 


4 A medicine cup is in the shape of a cone with base radius 3 cm and height 5 cm. Find its capacity in 
millilitres, correct to the nearest millilitre. 


5 Find the volume of these composite objects, rounding to two decimal places where necessary. 


5cm 


e r f 10m 
Hell 
2.6 m 
3.96 m 
—__;}| 
2.8m 7.1m 
Y 


6 The volume of ice-cream in the cone is half the volume of the cone. The cone has a 3 cm radius and 
6 cm height. What is the depth of the ice-cream, correct to two decimal places? 


3cm 
Kk 
6cm 
depth of 
ice-cream 
Y 
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| REASONING = | | i 7,8 8,9 


7 A wooden cylinder is carved to form a cone that has the same base area and the same height as the 


original cylinder. What fraction of the wooden cylinder is wasted? Give a reason. 


co 


A square-based pyramid and a cone are such that the diameter of the cone is equal to the length of the 
side of the square base of the pyramid. They also have the same height. 
a Using x as the side length of the pyramid and A as its height, write a rule for: 

i the volume of the pyramid in terms of x and h 

ii the volume of the cone in terms of x and h. 


h Express the volume of the cone as a fraction of the volume of the pyramid. Give an exact answer. 


9 a Usethe rule V = yank to find the base radius of a cone, to one decimal place, with height 23 cm 


and volume 336 cm?. 


b Rearrange the rule V = ph to write: 


i hin terms of V andr il rin terms of V and h. 
ENRICHMENT: Truncated cones = = 10 


10 A truncated cone is a cone that has its apex cut off by an intersecting plane. In this example, the top 
has radius r», the base has radius r, and the two circular ends are parallel. 


n hy 
a Give reasons why — = —. 
r2 hy 

b Find arule for the volume of a truncated cone. 


c Find the volume, to one decimal place, of a truncated cone when r; = 2 cm, hy = 5 cm and 


hy equals: 
sod i 2 
| =h; il Lh 
2 3 
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6H Surface area and volume of spheres 10a 


Learning intentions 

e To know the shape of a sphere and a hemisphere 

e To know the formulas for the surface area and volume of a sphere and be able to use them 

e To be able to use the formulas to find the volume and surface area of composite solids and spherical 
portions 


Planets are spherical in shape due to the 
effects of gravity. This means that we can 
describe a planet's size using only one 
measurement — its diameter or radius. Mars, 
for example, has a diameter of about half 
that of the Earth, which is about 12756 km. 
The Earth's volume is about 9 times that of 
Mars and this is because the volume of a 
sphere varies with the cube of the radius. 
The surface area of the Earth is about 

3.5 times that of Mars because the surface 


area of a sphere varies with the square of Spherical tanks store compressed or liquid gases for the petroleum 


the radius. and chemical industries. The spherical shape uses the smallest land 
area for the storage volume and distributes pressure evenly over the 
sphere's surface area. 


| LESSON STARTER | iu: What percentage of a cube is a sphere? 


A sphere of radius 1 unit just fits inside a cube. 


* First, guess the percentage of space occupied by the sphere. 
* Draw a diagram showing the sphere inside the cube. 


* Calculate the volume of the cube and the sphere. For the sphere, use the formula V — zar. 


e Now calculate the percentage of space occupied by the sphere. How close was your guess? 


KEY IDEAS 


E The surface area of a sphere depends on its radius, r, and is given by: 
Surface area = 47r? 


E The volume of a sphere depends on its radius, r, and is given by: 


Volume = ear 
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BUILDING UNDERSTANDING 


[1] Evaluate and round your answer to two decimal places. 
2 
a Axzx5 b axax (4) C Fx nx 2.83 


o9 Rearrange 12 = 4zr to write r as the subject. 
© Rearrange 8 = Sa to write r as the subject. 


(4) What fraction of a sphere is shown in these diagrams? 


Ať P 


Find the surface area and volume of a sphere of radius 7 cm, correct to two decimal places. 


SOLUTION EXPLANATION 
TSA = 47r? Write the rule for the surface area of a sphere and 
5 An(7)2 substitute r = 7. 
= 615.75 cm? (to 2 d.p.) Evaluate and round the answer. 
Vs aa Write the rule for the volume of a sphere and 
4 substitute r — 7. 
= aT? 
3m ) 
= 1436.76 cm? (to 2 d.p.) Evaluate and round the answer. 
Now you try 


Find the surface area and volume of a sphere of radius 5 cm, correct to two decimal places. 


Find the radius of a sphere with volume 10 mô, correct to two decimal places. 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


SOLUTION EXPLANATION 


y= 4 m Substitute V — 10 into the formula for the volume of a 
sphere. 
10 = tard 
3 
30 = 4ar° Solve for r? by multiplying both sides by 3 and then 
15 ES dividing both sides by 4z. Simplify 20 = ae 
2m 4n 2m 
3 
p= V Take the cube root of both sides to make r the subject 
m 


and evaluate. 
— 1.34 (to 2 d.p.) 


<. The radius is 1.34 m. 


Now you try 


Find the radius of a sphere with volume 6 m3, correct to two decimal places. 


see 


‘oO Example 20 
This composite object includes a hemisphere and cone, as shown. 
a Find the surface area, rounding to two decimal places. as 
b Find the volume, rounding to two decimal places. 
7cm 
SOLUTION EXPLANATION 
a Radiusr=7-—5=2 First find the radius, r cm, of 
7 2cm 
s* = 52 + 22 the hemisphere. 
s? = 29 Calculate the slant height, s, of the 
s = V29 cone using Pythagoras’ theorem. Sem scm 
TSA = il Oe ee Write the rules for the surface area 
2 of each component and note that the 
zu x An(2)2 + 2(2)(V29) top shape is a hemisphere (i.e. half sphere: 
2 Only the curved surface of the cone is required. 
= 8z + 2V29n Substitute r= 2 and A — 5. 
= 58.97 cm? (to 2 d.p.) Simplify and then evaluate, rounding as required. 
Continued on next page 
Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


484 Chapter6 


n Ws i x jar + jah Volume (object) — ;Volume (sphere) + Volume (cone) 
i|. d a, ll 2 " 
= 3 x Ba + 20 (5) Substitute r= 2 and A = 5. 
16 20 
= s ur a Simplify and then evaluate, rounding as required. 
_ 36 
3 
= le 


= 37.70 cm? (to 2 d.p.) 


Now you try 


This composite object includes a hemisphere and cone, as shown. 


Ly 


10 cm 


Y 


a Find the surface area, rounding to two decimal places. 
b Find the volume, rounding to two decimal places. 


Exercise 6H 


1, 2-3(1/2) 2-A(1/2) 2-A(1/s) | 


Examples. 1 Find the surface area and volume of a sphere of radius 4 cm, correct to two decimal places. 


Examplei8 2 Find the surface area and volume of the following spheres, correct to two decimal places. 
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3 Find the total surface area and volume of a sphere with the given dimensions. Give the answer correct 
to two decimal places. 
a radius 3 cm b radius 4m € radius 7.4m 
d diameter V5 mm e diameter V7 m Í diameter 2.2 km 


Examplei9 4 à Pind the radius of these spheres Wah the given volumes, correct to two decimal places. 


o 9 


V= 15 cm? = 180 cm? V = 0.52 km? 
b Find the radius of these spheres wate dus given surface area, correct to two decimal places. 


9 9 9 


S = 10 m? = 120 cm? S = 0.43 mm? 


PROBLEM-SOLVING 5-7 8-10, 11(1/2) 11-12(1/2), 13, 14 


o 5 A box with dimensions 30 cm long, 30 cm wide and 30 cm high 
holds 50 tennis balls of radius 3 cm. Find: 
a the volume of one tennis ball, correct to two decimal places 
b the volume of 50 tennis balls, correct to one decimal place 
€ the volume of the box not taken up by the tennis balls, correct to 


one decimal place. 
o 6 An expanding spherical storage bag has 800 cm? of water pumped into it. Find the diameter of the bag, 
correct to one decimal place, after all the water has been pumped in. 
7 Asphere just fits inside a cube. What is the surface area of the sphere as a percentage of the surface 
area of the cube? Round your answer to the nearest whole percentage. 


8 Find the volume of these portions of a sphere, correct to two decimal places. 


a 5cm b 4cm C 
| 


rc 


9 Two sports balls have radii 10 cm and 15 cm. Find the difference in their total surface areas, correct to 


one decimal place. 


Example 20) 10 A monolithic structure has a cylindrical base of radius 4 m and 
height 2 m and a hemispherical top. 
a What is the radius of the hemispherical top? 
b Find the total volume of the entire monolithic structure, 2m 
correct to one decimal place. 
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Example202 11 Find the total surface area for these solids, correct to two decimal places. 


L= l dia 
1.3cm 


v2 cm 


Exmple20b 12 Find the volume of the following composite objects, correct to two decimal places. 


a b C 
2cm 
Ix 
e 
2m 


» 

19m 
d f 
peH] 
20 cm : / 2m 
H——————» lcm 

2m 
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13 A spherical party balloon is blown up to help decorate a room. 
a Find the volume of air, correct to two decimal places, needed for the balloon to be: 


Australian Curriculum Year 10 & 10A 3ed 


i 10cm wide ii 20cm wide iii 30 cm wide. 
b If the balloon pops when the volume of air reaches 120000 cm’, find the diameter of the balloon at 
that point, correct to one decimal place. 


14 A hemisphere sits on a cone and two height measurements are given 
as shown. Find: 


the radius of the hemisphere 


15cm 


b the exact slant height of the cone in surd form 
C 


10 cm 
the total surface area of the solid, correct to one decimal place. 


15 15, 16 16-18 


15 a Finda rule for the radius of a sphere with surface area S. 
b Find a rule for the radius of a sphere with volume V. 


16 A ball's radius is doubled. 
a By how much does its surface area change? 
b By how much does its volume change? 


17 Show that the volume of a sphere is given by V — end 3, where d is the diameter. 


18 A cylinder and a sphere have the same radius, r, and volume, V. Find a rule for the height of the 


cylinder in terms of r. 


ENRICHMENT: Comparing surface areas 


19 Imagine a cube and a sphere that have the same volume. 
a If the sphere has volume 1 unit?, find: 
i the exact radius of the sphere 
ii the exact surface area of the sphere 
iii the value of x (i.e. the side length of the cube) 


iv the surface area of the cube 
V the surface area of the sphere as a percentage of the surface area of the cube, correct to one 
decimal place. 
b Now take the radius of the sphere to be r units. Write: 
i the rule for the surface area of the sphere 
ii the rule for x in terms of r, given the volumes are equal 
iii the surface area of the cube in terms of r. 
€ Now write the surface area of the sphere as a fraction of the surface area of the cube, using your 
results from part b. 


3 
Simplify to show that the result is n ; 


d Compare your answers from part a V with that of part C (i.e. as a percentage). 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


Athletics stagger 


1 An athletics 400 m track is made up of two straight sections 


of equal length and two semicircular bends. The first two 


: back straight 
lanes of the eight lanes of the track are shown. 


International regulations state that the radius of the front straight 


semicircle to the inside edge of the track is 36.500 m. 


' finish line/ 
A coach is interested in the length of each lane of the running lane 1 start line 


track and how a staggered start is used to ensure that each 
runner has the same distance to cover. 


a The 400 m distance for lane 1 is measured for the running line of that lane. The running line is 
taken at 300 mm in from the lane's inside edge. By first finding the radius for the lane 1 running 
line, calculate the length of the straight sections, correct to three decimal places. 


Each lane is 1.22 m wide, with the running line for each lane after lane 1 considered to be 200 mm in 
from the lane's inside edge. 


b If the competitor from lane 2 started from the lane 1 start line, how far would they be required to 
run, based on the running lines, to complete one lap? Round to two decimal places. 


To ensure everyone runs 400 m, competitors need a staggered start. 


€ From your answer to part b, what should be the stagger for the lane 2 competitor on their running 
line, correct to two decimal places? 

d Calculate the stagger for each of the competitors in lanes 3 to 8, correct to two decimal places. 

e Determine a rule for the stagger, s m, of lane number / on the running line. 


Perfume volume 


2 The different containers shown below are used as perfume bottles for a brand of perfume. 


The cylinder, sphere and 
cone each have a radius 
of 5 cm. The cube has a 
side length of 10 cm. The 
heights of the cylinder and 


the cone are both 10 cm. 


A perfume company wishes to compare the volume of each of the container types and the amount of 
glass used to make each one. They will also consider adjusting the dimensions of the containers so 
that they have the same capacity. 
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a Determine the volume of each container, rounding to two decimal places 
where necessary. 

b If the same amount of money is being charged for each bottle, rank them 
in order from best to worst value. 

€ The company is looking to improve the value of the cone-shaped container. 
Determine what height the cone would need to have so that it has the same 
volume as the sphere if they kept the radius of 5 cm. 

d Consider a cylinder and cone such that their height is equal to twice their 


radius, r cm. 
i Give the ratios of the volume of the cylinder to the volume of a sphere and the volume of the 
cone to the volume of a sphere, if they all have the same radius, r cm. 
ii Determine what factor the height of the cylinder and the height of the cone need to be multiplied 
by so that they have the same volume as the sphere. 
e The bottles are made of glass. Give the ratio of their surface areas, sphere : cone : cylinder, if they 
have the same volume and same radius r. Which container uses the most glass? 
f What height would a square-based pyramid, with side length equal to a sphere's diameter, need to be 
if it has the same volume as the sphere? Answer in terms of r. 


Drifting log 


3 A cylindrical Huon pine log of length 3 m and radius 20 cm is floating horizontally in the water. 


A timber engineer wants to investigate the amount of pine wood that sits above water level. They 
consider a cross-section of the log, including an angle at the centre and the vertical 
distance between the top of the log and the water level. 


a A cross-section of a smaller cylindrical log is as shown, with radius 6 cm. 
Find the area of the shaded region of the cross-section correct to two decimal 


places. Recall the formula Lab sin C for the area of a triangle. 


b Hence, determine a rule for the shaded region shown below right in terms of 
r and ð. 
€ The Huon pine log floating in the water (length 3 m, radius 20 cm) is such that 
the top of the log is 5 cm above the water. 
i Draw a diagram to represent this, labelling all known lengths. 
ii Use trigonometry to find the required angle 0 for the rule in part b. Answer 
correct to three decimal places. 


iii Find the area of the end of the log that is above water, correct to three 
decimal places. 
iv Hence, find the volume of the log that is not under water, correct to the 
nearest cubic centimetre. 
d Find the volume of the log in part ¢ not under water if the top of the log is 25 cm above the water. 
Round to the nearest cubic centimetre. 
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Chapter 6 


6! Limits of accuracy — extenoina 


Learning intentions 
e To understand the difficulty in obtaining exact measurements 
e To know how to find the upper and lower boundaries (limits of accuracy) for the true measurement 


Humans and machines measure many different 
things, such as the time taken to swim a race, 
the length of timber needed for a building and 
the volume of cement needed to lay a concrete 
path around a swimming pool. The degree or 
level of accuracy required usually depends on 
the intended purpose of the measurement. 


All measurements are approximate. Errors can 
happen as a result of the equipment being used 
or the person using the measuring device. 


Accuracy is a measure of how close a recorded Major track events are electronically timed to the millisecond and 


measurement is to the exact measurement. rounded to hundredths. An electronic beep has replaced the pistol 
sound that took 0.15 s to reach the farthest athlete. A camera scans 


Precision is the ability to obtain the same the finish line 2000 times/s and signals the timer as athletes finish. 


result over and over again. 


| LESSON STARTER | Noua Rounding a decimal 


e A piece of timber is measured to be 86 cm, correct to the nearest centimetre. 
a What is the smallest measurement possible that rounds to 86 cm when rounded to the nearest cm? 
b What is the largest measurement possible that rounds to 86 when rounded to the nearest cm? 


e [fa measurement is recorded as 6.0 cm, correct to the nearest millimetre, then: 
a What units were used when measuring? 
b What is the smallest decimal that could be rounded to this value? 
Cc What is the largest decimal that would have resulted in 6.0 cm? 


e Consider a square with side length 7.8941 cm. 
a What is the perimeter of the square if the side length is: 
i used with the four decimal places? 
ii rounded to one decimal place? 
iii truncated at one decimal place (i.e. 7.8)? 
b What is the difference between the perimeters if the decimal is rounded to two decimal places or 
truncated at two decimal places or written with two significant figures? 
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KEY IDEAS 


Bi The limits of accuracy tell you what the upper and lower boundaries are for the true measurement. 


e Usually, itis € 0.5 x the smallest unit of measurement. 
For example, when measuring to the nearest centimetre, 86 cm has limits from 85.5 cm up to 
(but not including) 86.5 cm. 


85.5 86.5 


l E .— 1 1L 
85 86.0 87 


* When measuring to the nearest millimetre, the limits of accuracy for 86.0 cm are 85.95 cm to 
86.05 cm. 


5595 86.05 
85.8 85.9 86.0 86.1 86.2 


BUILDING UNDERSTANDING 
Q State a decimal that gives 3.4 when rounded from two decimal places. 


o State a measurement of 3467 mm, correct to the nearest: 
a centimetre D metre. 


e What is the smallest decimal that could result in an answer of 6.7 when rounded to one decimal 


place? 


Give the limits of accuracy for these measurements. 


a 72cm b 86.6 mm 

SOLUTION EXPLANATION 

c 3.35015 x il em Smallest unit of measurement is one whole cm. 
= 72 — 0.5 cm to 72 + 0.5 cm «Irrom-0 55] Gm 
= Js cin tie 7225 cim This error is subtracted and added to the given 


measurement to find the limits of accuracy. 


b 86.6+0.5 x 0.1 mm Smallest unit of measurement is 0.1 mm. 
= 86.6 + 0.05 mm Error = 0.5 x 0.1 mm = 0.05 mm 
= 86.6 — 0.05 mm to 86.6 + 0.05 mm This error is subtracted and added to the given 
= 86.55 mm to 86.65 mm measurement to find the limits of accuracy. 
Now you try 
Give the limits of accuracy for these measurements. 
a 45cm b 15.7 mm 
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Janis measures each side of a square as 6 cm. Find: 

a the upper and lower limits for the sides of the square 

b the upper and lower limits for the perimeter of the square 
€ the upper and lower limits for the square’s area. 


SOLUTION EXPLANATION 
& @ ae 0S X Il eam Smallest unit of measurement is one whole cm. 
= 6 — 0.5 cm to 6 + 0.5 cm Error = 0.5x 1 cm 


= 5.5 cm to 6.5 cm 


b Lower limit P = 4 x 5.5 The lower limit for the perimeter uses the lower limit for 
= 22 enm the measurement taken and the upper limit for the perimeter 
Upper limit P = 4 x 6.5 uses the upper limit of 6.5 cm. 
= 26cm 
€ Lower limit = 5.52 The lower limit for the area is 5.52, whereas the upper limit 
= 30.25 eme will be 6.57. 
Upper limit = 6.52 
= 42.25 cm 
Now you try 


Janis measures each side of a square as 9 cm. Find: 

a the upper and lower limits for the sides of the square 

b the upper and lower limits for the perimeter of the square 
€ the upper and lower limits for the square's area. 


Exercise 6l 


1, 2-3(1/2), 4 2-3(1h2), 4, 5(1/2),6 — 2-3(1/5), 4, 5(1/2), 6 


1 Give the limits of accuracy for these measurements. 
Example 21a a i 55cm ii 32cm 


Example 21b b i 323mm ii 108.4 mm 
Example21. 2 For each of the following: 


i Give the smallest unit of measurement (e.g. 0.1 cm is the smallest unit in 43.4 cm). 
ii Give the limits of accuracy. 


a 45cm b 6.8mm c 12m d 15.6kg 
e 568g f 10m g 673h h 9.84m 
i 12.34 km j 0.987 km k 1.65L | 9.03 mL 
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3 Give the limits of accuracy for the following measurements. 


a 5m b 8cm c 78mm 
d 5mL e 2km f 342cm 
g 39kg h 194kg i 4579L 
j 18.65m k 7.88 km | 5.05 s 


4 What are the limits of accuracy for the amount $4500 when it is written: 
a to two significant figures? 
b to three significant figures? 
€ to four significant figures? 


5 Write the following as a measurement, given that the lower and upper limits of these measurements are 


as follows. 

a 295mto30.5m b 1l45gto15.5g 

€ 4.55 km to 4.65 km d 8.95 km to 9.05 km 
e 985 gto 995 g f 989.5 g to 990.5 g 


6 Martha writes down the length of her fabric as 150 cm. As Martha does not give her level of accuracy, 
give the limits of accuracy of her fabric if it was measured correct to the nearest: 
a centimetre b 10 centimetres c millimetre. 


PROBLEM-SOLVING q.i) 7,8 8,9 


7 A length of copper pipe is given as 25 cm, correct to the nearest centimetre. 
a What are the limits of accuracy for this measurement? 
b If 10 pieces of copper, each with a given length of 25 cm, are joined end to end, what is the 
minimum length that it could be? 
c What is the maximum length for the 10 pieces of pipe in part b? 
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Example22 8 The side of a square is recorded as 9.2 cm, correct to two significant figures. 
a What is the minimum length that the side of this square could be? 

b What is the maximum length that the side of this square could be? 

c Find the upper and lower boundaries for this square's perimeter. 

d Find the upper and lower limits for the area of this square. 


The side of a square is recorded as 9.20 cm, correct to three significant figures. 
a What is the minimum length that the side of this square could be? 

What is the maximum length that the side of this square could be? 

Find the upper and lower boundaries for this square’s perimeter. 

Find the upper and lower limits for the area of this square. 


© 2 o c 


How has changing the level of accuracy from 9.2 cm (see Question 8) to 9.20 cm affected the 
calculation of the square's perimeter and area? 


10 10 w 
10 Cody measures the mass of an object to be 6 kg. Jacinta says the same object is 5.8 kg and Luke gives 
his answer as 5.85 kg. 
a Explain how all three people could have different answers for the same measurement. 


b Write down the level of accuracy being used by each person. 
€ Are all their answers correct? Discuss. 


Ti Write down a sentence explaining the need to accurately measure items in our everyday lives and the 
accuracy required for each of your examples. Give three examples of items that need to be measured 
correct to the nearest: 

a kilometre 

b millimetre 
c millilitre 
d litre. 


ENRICHMENT: Percentage error = = 12 (1/5) 


12 To calculate the percentage error of any measurement, the error (i.e. + the smallest unit of 
measurement) is compared to the given or recorded measurement and then converted to a percentage. 
For example: 5.6 cm 
Error = +0.5 x 0.1 = £0.05 


+0.05 x 100% 


Percentage error = 


= +0.89% (to two significant figures) 


Find the percentage error for each of the following. Round to two significant figures. 


a 28m b 9km c 89km d 8.90km 
e 178mm f $8.96 g 425m h 701 mL 
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Cylindrical park seats 


A local council is designing a simple but artistic set of cylindrical park seats, 
each with a volume of 0.75 m? and made from poured concrete. The top and END 


curved surface areas are then to be painted. The council wants each cylinder to 


be least 30 cm high and is keen to also minimise the amount of paint needed. height 


Present a report for the following tasks and ensure that you show clear = 
mathematical workings and explanations where appropriate. [1] 


diameter 


Preliminary task 


a Ifthe diameter of the cylinder is 90 cm, find the height given that the volume must be 0.75 m?. 
Round to the nearest cm. 

b Find the surface area to be painted for the cylinder found in part a. Round to the nearest cm?. 

C If the height of the cylinder is 70 cm, find the diameter given that the volume must be 0.75 m?. 
Round to the nearest cm. Does this cylinder meet the council's conditions? 

d Find the surface area to be painted for the cylinder found in part c. Round to the nearest cm?. 


Modelling task 


a The problem is to find suitable dimensions for the cylindrical seats which meet the council's 
conditions. Write down all the relevant information that will help solve this problem with the aid of a 
diagram. 

b Use the rule for the volume of a cylinder (V = zr?h) with V = 0.75 m? and determine a rule for: 

i hin terms of r 


il rin terms of h. 


€ For two chosen values of r determine: 
i the height of the cylindrical seats 
ii the surface area to be painted. 

d For two chosen values of h determine: 
i the diameter of the cylindrical seats 
ii the surface area to be painted. 


e Compare your choices of r and h and decide which choice gives the least surface area. Evaluate 
and 


f Investigate other possible choices of r and h and try to minimise the surface area. verity 


g Summarise your results and describe any key findings. 


Extension question 
a Derive a rule for the surface area of the cylinder in terms of r only. Use a graph to find the 
dimensions of the cylinder which gives the minimum surface area. (Use technology where 
appropriate.) 
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Density 


Density is defined as the mass of a substance per cubic unit of volume. 


£c 
=) : : 
F Density = mass or Mass = density X volume 
= volume 
æ TAS 
— Finding mass 
N 
o Find the total mass of these objects with the given densities, correct to one decimal place where necessary. 
= a b 1m c P< 6 cm 
4 
m 1m 2m 
2m 
: 3 10 cm 
Density = 50 kg per m 
Density = 100 kg per m? ini 
ensity — er m 
y elt Density = 0.05 kg per cm? 
Finding density 

a Find the density of a compound with the given mass and volume measurements, rounding to two 
decimal places where necessary. 
i mass 30 kg, volume 0.4 m? 
ji mass 10 g, volume 2 cm? 
jii mass 550 kg, volume 1.8 m? 

b The density of a solid depends somewhat on how its molecules are packed together. Molecules 
represented as spheres are tightly packed if they are arranged in a triangular form. The following 
relates to this packing arrangement. 

1 
We 
i Find, the length AC for three circles, each of radius 1 cm, as shown. 
Use exact values. 
ii Find the total height of four spheres, each of radius 1 cm, if they are 
packed to form a triangular-based pyramid. Use exact values. 
First, note that AB — 2BC for an equilateral triangle (shown at right). 
Pythagoras’ theorem can be used to prove this, but this is trickier. 
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1 Acube has a surface area that has the same value 
as its volume. What is the side length of this 


cube? 


2 The wheels of a truck travelling at 60 km/h make 
4 revolutions per second. What is the diameter of 
each wheel in metres, correct to one decimal place? 


3 A sphere fits exactly inside a cylinder, and just touches the top, bottom and curved surface. 


a Show that the surface area of the sphere equals the curved surface area of the cylinder. 
b What percentage of the volume of the cylinder is taken up by the sphere? Round your 


Up for a challenge? If you get stuck 
on a question, check out the ‘Working 
with unfamiliar problems' poster at 
the end of the book to help you. 


safiuaj|eua pue suia[qo4d © 


answer to the nearest whole percentage. 


4 A sphere and cone with the same radius, r, have the same volume. Find the height of the cone in 


terms of r. 


9 Four of the same circular coins of radius r are placed such that they are just touching, as shown. What 


is the area of the shaded region enclosed by the coins in terms of r? 


D 


6 Find the exact ratio of the equator to the distance around the Earth at latitude 45° north. (Assume that 
the Earth is a perfect sphere.) 
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Area 
Units of area 
x1000? x100? x10? 
gaia a~n aS 


e 2 


km m 


Sa eee EN E m 
-1000? +100? +107 
Formulas 
circle square rectangle triangle 


©) Et Lb ZA 


A- ar? aye fe l tbh 
kite 


sector rhombus parallelogram Edo Tom 


Measurement 


Surface area 


For prisms and pyramids draw the 
net and add the areas of all the faces. 


PES 


TSA = 4 x triangles + square base 


Cylinder 
r 


TSA=2arh + 2ar? 
curved , base 
surface ends 


Limits of accuracy (Ext) 
Usually 0.5 x the smallest 


unit of measurement 
e.g. 72 cm is 71.5 cm to 72.5 cm. 


TSA- ars + mr? 
curved + base 


Sphere 
TSA = 4x? 
(10A) (3 aired 


For composite solids consider 
which surfaces are exposed. 
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Pythagoras’ theorem 


AS Coan le 


Can pom in 3D shapes 


ve 


Length 
Units of length 
x1000  x100 
DR eee 


km mm 
— 
+1000 +100 +10 


Perimeter is the distance around 
the outside of a closed shape. 


Circumference of a circle 
C-2nr- xd 


Perimeter of a sector 


(x art = 27r 


Volume 
Units of volume 
x10008 x100? x10 
ET Eg c uU E 
km? m? cm? mm? 
IV EN CU MEN E 
-1000? +100° 10? 
Units of capacity 
x1000 . x1000  x1000 


ATON 
megalitres — kilolitres litres millilitres 
(Mx — MK). (mL) 
+1000 +1000 +1000 


1cm?-1mL 


For right and oblique prisms and cylinders 
V= Ah, where A is the area of the base 
and his the perpendicular height. 


rectangular prism cylinder 
ZA s 
h 
w 
l r 
V= Iwh V- nr?h 
For pyramids and cones: (10A) 


= + Ah, where A is the area of the base. 
Cone: y— i ar?h 


Sphere: V= inr (10A) 


Cambridge University Press 


1. | can find the perimeter of a polygon. 72cm [em] 
e.g. Find the value of x when the perimeter is 26.6 cm. T -— 
£9 
o5 
eo 
SS em — 
2. | can use the formula for the circumference of a circle. 1 
e.g. A circle has a radius of r cm, if its circumference is 12 cm, find r correct to two decimal places. cp 
c 
a 3. Ican find the perimeter of a sector. M cm x 
e.g. Find the exact perimeter of this sector. o 
pee 
4. | can find a side length using Pythagoras’ theorem. 14m 
e.g. Find the length of the unknown side correct to two decimal xm 
places. 
12m 
5. | can use Pythagoras’ theorem in 3D. H G 
e.g. For the rectangular prism shown find BE in exact form and pu QUI 4 
find BH correct to two decimal places. D P. F 
S 
A 10 B 
6. | can convert between units of area. 
e.g. Convert 1200 cm? to m?. 
7. | can work with area formulas. 3 cm 
e.g. Find the area of these shapes. 
12m 
7 cm 
e 8. Ican find the area of composite shapes involving 7] 
sectors. 
e.g. Find the area of this composite shape. Give your T 2.3 m 
answer as an exact value and as a decimal correct to = 
two decimal places. | 
9. | can find the surface area of a cylinder. 
e.g. Find total surface area of the cylinder shown 
correct to two decimal places. 
en | 10. | can find the surface area of composite solids. 
e.g. A composite solid consists of a rectangular prism and a cube as 
shown. Find the total surface area of the object. 
11. I can find the surface area of a cone. 
e.g. Find the total surface area of a cone with radius 4 cm and slant height 10 cm. 
Round to two decimal places. 
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500 Chapter 6 


12. | can find the surface area of a pyramid. 
e.g. Find the total surface area of the square based pyramid 20 cm 
shown. 
15cm 
13. I can find the slant height or vertical height of a cone. 
e.g. A cone has radius 5 cm and a curved surface area of 120 cm?. Find the vertical 


height of the cone correct to one decimal place. 


14. | can find the volume of a cylinder or prism. 
e.g. Find the volume of a cylinder with height 10 cm and radius 2 cm. Round to two decimal places. 


15. I can find the volume of an oblique prism. 


e.g. Find the volume of this oblique prism. 22cm 


16. I can find the volume of a composite solid. 
e.g. Find the volume of the composite solid correct to one 


decimal place. 
17. can find the volume of a pyramid. A 
e.g. Find the volume of this rectangular based pyramid. 18 (m) 
om 
2.1m 
14m 
o 18. | can find the volume of a cone. 
e.g. Find the volume of this cone correct to two decimal places. 18cm (m) 
12cm 
19. I can find the surface area and volume of a sphere. 
e.g. Find the volume and surface area of a sphere of radius 3 cm, correct to two (m) 
decimal places. 
20. | can find the radius of a sphere. 
e.g. Find the radius of a sphere with volume 12 m?, correct to two decimal places. 
21. | can work with composite solids with spherical portions. 
e.g. Find the surface area and volume of this cone and hemisphere correct oe 
to two decimal places. 8 cm 


22. | can find limits of accuracy. 
e.g. Give the limits of accuracy for 85 cm. 


23. I can work with limits of accuracy. 
e.g. Each side of a square is measured as 10 cm. Find the upper and lower limits for the 
perimeter of the square. 
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Short-answer questions 


1 Convert the given measurements to the units in the brackets. 
0.23 m (cm) b 270 mm? (cm? c 2.6 m? (cm?) 
d 8.372 litres (mL) e 638250 mm? (n2) f 0.0003 km? (cm?) 


6A/C/F 


C9 2 Find the perimeter of these shapes, correct to one decimal place where necessary. 
(Note: Pythagoras' theorem may be required in part b.) 


CD 
| s 
i>) 
8m 9m 6cm = 
80? co 
4m (7 z 
8m 7m 


3 A floral clock at the Botanic Gardens is in the shape of a circle and has a circumference 
of 14 m. 

a Find the radius of the clock, in exact form. 

b Hence, find the area occupied by the clock. Answer to two decimal places. 


6A/C 


C3 4 For the rectangular prism with dimensions as shown, 
use Pythagoras’ theorem to find: 
a AF, leaving your answer in exact form 
b AG, to two decimal places. 


c3 5 Find the area of these shapes. Round to two decimal places where necessary. 
b C 
firs fon K 
18m 
5.2m 
d e f 13m 
2 7 
10 cm m m 
9.8 m 
C3 6 A backyard deck, as shown, has an area of 34.8 m?. 


im PESE 
9.2m 
a 
a Find the width, w metres, of the deck. 
b Calculate the perimeter of the deck, correct to two decimal places. n 


Pythagoras’ theorem will be required to calculate the missing length. 53m 
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7 For each of these solids find, correct to two decimal places where necessary: 


i the total surface area ii the volume. 
a b 
4cm oon 

e VN - 

2 6cm "e 

= 

a 

S OL 

à 

e. @) 12cm 13 cm 

e 
dem 
© 


10cm 


OL (OL 10 cm 


a 
— Dem 13 cm 


8 A cone has a radius of 6 cm and a curved surface area of 350 cm?. 
a Find the slant height of the cone, in exact form. 
b Find the height of the cone, correct to one decimal place. 


9 A papier máché model of a square-based pyramid with base length 30 cm has volume 5400 cm?. 
a What is the height of the pyramid? 

b Use Pythagoras’ theorem to find the exact height of the triangular faces. 

t€ Hence, find the total surface area of the model, correct to one decimal place. 


6E/G 


10 A cylinder and a cone each have a base radius of 1 m. The cylinder has a height of 4 m. 


6F/G 
Determine the height of the cone if the cone and cylinder have the same volume. 
"m 1i For each of the following composite solids find, correct to two decimal places where necessary: 
i the total surface area ii the volume. 
| 
A 0.9 mm 
2.5 mm 1.6 mm 
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i the total surface area ii 


MO » 


b 39cm 


c 


Co 12 For each of the following composite solids find, correct to two decimal places where necessary: 
i ii the volume. 
C 
= 
e 
T 
=r 


2 cm 
5 cm D 
-— 
-— 
cD 
13 A water buoy is in the shi hi Find: E 
6G/H water buoy is in the shape shown. Find: co 
im 39 cm | = 
51 cm 
a the volume of air inside the buoy, in exact form 
b the surface area of the buoy, in exact form. 
14 Give the limits of accuracy for these measurements. 
a 8m b 10.3 kg c 475L 
Multiple-choice questions 
C9 1 Ifthe perimeter of this shape is 30.3 cm, then the value of x is: 
A 12.8 xcm 
B 6.5 
: T 7.] cm 
di 10.4 em 
E 3.6 
C9 2 The perimeter of the sector shown, rounded to one decimal place, is: 
A 87m 
B 227m 
C 187m 
D 567m 1009 
E 327m 
C9 3 The value of x in this triangle is closest to: 
A 49 
B 3.5 7 km xkm 
C 50 
D 42 
E 39 
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4 The exact shaded (purple) area in square units is: 
A 32-722 

120 — 36z 

32 + 6z 

120 — 18z 

48 + 18z 


m ca c dg 


0.128 m? is equivalent to: 
A 12.8 cm? B 128 mm? C 1280 cm? D 0.00128cm? E 1280mm? 


= 
2 
2 
@ 
íi 
íi 
@ 
— 
=} 
e 
t= 
e 


Gey" 
Lo 
o’ 


A cube has a total surface area of 1350 cm2. The side length of the cube is: 
A 15cm B 11cm C 18cm D 12cm E 21cm 


A cylindrical tin of canned food has a paper label glued around its curved surface. If the can is 
14 cm high and has a radius of 4 cm, the area of the label is closest to: 
A 452 cm? B 352 cm? C 126 cm? D 704 cm? E 235 cm? 


The exact surface area of a cone of diameter 24 cm and slant height 16 cm is: 
A 2162 cm? B 9607 cm? C 528z cm? D 3362 cm? E 3842 cm? 


co 


C9 9 cone has a radius of 7 m and a slant height of 12 m. The cone's exact height, in metres, is: 
7m 


A 
A 
B vna [s 
C 
D 12 
E 


m 


10 The volume of the hemisphere shown, correct to the nearest cubic centimetre, is: 

1257 cm? 10cm 
628 cm? 

2094 cm? 

1571 cm? 

4189 cm? 


moon D 


ee 
Ca fi The volume of this oblique square-based prism is: 

72 cm? [LZ 
48 cm? 
176 cn? 
144 cm? 
120 cm3 4cm 


monom D 
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Extended-response questions 


1 A waterski ramp consists of a rectangular flotation CD 
container and a triangular angled section, as shown. 1m = 

a What volume of air is contained within the entire q 2 

$ 


C) 12 The volume of air in a sphere is 100 cm?. The radius of the sphere, correct to two decimal 
places, is: 
A 1.67cm B 10.00cm C 2.82cm D 23.87cm E 2.88cm 
IT. 
= 
e 
T 
e 


b Find the length of the angled ramp (c metres), in e bn 
exact surd form. 
The entire structure is to be painted with a waterproof paint costing $20 per litre. One litre of 
paint covers 25 square metres. 
€ Find the total surface area of the ramp, correct to one decimal place. 
d Find the number of litres and the cost of paint required for the job. Assume you can purchase 
only 1 litre tins of paint. 


2 Acircular school oval of radius 50 metres is marked with spray paint to form a 
square pitch, as shown. 
a State the diagonal length of the square. 


b Use Pythagoras’ theorem to find the side length of the square, in exact surd 
form. 

€ Find the area of the square pitch. 
Find the percentage area of the oval that is not part of the square pitch. Round your answer 
to the nearest whole percentage. 

Two athletes challenge each other to a one-lap race around the oval. Athlete A runs around the 

outside of the oval at an average rate of 10 metres per second. Athlete B runs around the outside 

of the square at an average rate of 9 metres per second. Athlete B's average running speed is 

less because of the need to slow down at each corner. 

e Find who comes first and the difference in times, correct to the nearest hundredth of a 
second. 
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The graph of a quadratic equation forms a shape 
called a parabola. Imagine a parabola rotated 
horizontally about its central axis of symmetry (e.g. 
the y-axis) forming a parabolic ‘dish’. When parallel 
beams of energy enter a parabolic reflective dish, 
they focus at a single point on the central axis called 
the focal point. Conversely, light or radio waves can 
be transmitted from the focal point outwards to the 
parabolic dish which then reflects a parallel beam of 
this energy into space. 


A parabolic antenna uses a parabolic dish to focus 
faint incoming radio waves into a more intense 
beam which can be transmitted from the focal point 
of the dish to computers for analysis. Satellites 
communicate using their own parabolic antennae 
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and these faint signals are received on Earth using 
quite large parabolic antennae. 


NASA's Deep Space Tracking Station located at 
Tidbinbilla, Canberra, has four parabolic dish 
antennae. The largest is 70 m in diameter, weighs 
3000 tonnes and is made of 1272 aluminium 


reflector panels with a total surface area of 4180 m?. 


The Tidbinbilla antennae receive incoming 

signals from many of NASA's space exploration 
missions including the Mars Reconnaissance 
Orbiter spacecraft which in 2015 for the first time 
confirmed the existence of flowing water on Mars, 
and the Voyager spacecraft which was launched in 
1977 and is now in interstellar space beyond our 
solar system. 
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Online resources (d 


A host of additional online resources are included as part of 
your Interactive Textbook, including HOTmaths content, video 
demonstrations of all worked examples, auto-marked quizzes 
and much more. 


In this chapter 


7A Exploring parabolas 

7B Sketching parabolas using transformations 

7C Sketching parabolas using factorisation 

7D Sketching parabolas by completing the square 
TE Sketching parabolas using the quadratic formula 
TF Applications of parabolas 

7G Intersection of lines and parabolas 

7H Graphs of circles 

74 Graphs of hyperbolas 

7J Further transformations of graphs 


Australian Curriculum 


NUMBER AND ALGEBRA 
Patterns and algebra 


Factorise algebraic expressions by taking out a common 
algebraic factor (ACMNA230) 


Expand binomial products and factorise monic quadratic 
expressions using a variety of strategies (ACMNA233) 


Substitute values into formulas to determine an unknown 
(ACMNA234) 


—* Linear and non-linear relationships 

| e EN 2e SAN ess S : *'» Explore the connection between algebraic and graphical 

* SOON, ERN INCUN MS CECI representations of relations such as simple quadratics, circles 
MM NIU e E > Ta A 67 and exponentials using digital technology as appropriate 

Mi pue (ACMNA239) 


Solve simple quadratic equations using a range of strategies 
(ACMNA241) 


Describe, interpret and sketch parabolas, hyperbolas, 
circles and exponential functions and their transformations 
(ACMNA267) 


Factorise monic and non-monic quadratic expressions and 
solve a wide range of quadratic equations derived from a variety 
of contexts (ACMNA269) 


: © ACARA 
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Chapter 7 


7A Exploring parabolas 


Learning intentions 

e To know the shape and symmetry of the basic parabola y= x? 
e To be able to identify the key features of a parabola from a graph 
* To be able to observe the impact of transformations of y = x? 


One of the simplest and most important 
non-linear graphs is the parabola. When a ball is 
thrown or water streams up and out from a garden 
hose, the path followed has a parabolic shape. 
The parabola is the graph of a quadratic relation 
with the basic rule y — x2. Quadratic rules, such 
as y = (x — 132, y = 2x? — x — 3 and 


L 


y = (x + 4)? — 7, also give graphs that are 


Parabola-cutting plane 


parabolas and are transformations of the graph parallel to side of cone, Circle and ellipse Hyperbolas 


of y= a Intersecting a cone with a plane forms curves called the conic 
sections. Greek scholars analysed the conics using geometry. 
From the 17th century, Descartes' newly discovered Cartesian 
geometry enabled a more powerful algebraic analysis. 


WEE EAD UIS To what effect? 
2 


To see how different quadratic rules compare to the graph of y = x^, 
complete this table and plot the graph of each equation on the same 


set of axes. 


KEKE 
ES 


For all the graphs, find such features as the: 


- turning point 


- axis of symmetry 


y-intercept 


- x-intercepts. 


Discuss how each of the graphs of y2, y3 and y4 compare to the graph 


of y = x?. Compare the rule with the position of the graph. 


| 
l 
l 
bbb bed peetpeves 
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EY IDEAS TE | 


W A parabola is the graph of a quadratic relation. The basic 


parabola has the rule y = x?. À 


E Simple transformations of the graph of y = x? include: 


The vertex (or turning point) is (0, 0). 


Itis a minimum turning point. 


Axis of symmetry is x = 0. 


x-intercept is 0. 


dilation 


9 
8 
E 
6 
y-intercept is 0. 5 
44 
3 
2 
B 


reflection * translation 


= (x43 


BUILDING UNDERSTANDING 


@ Complete the features of this graph. 


onan c 


The parabola has a (maximum or minimum). (-2, 4) A 
The coordinates of the turning point are 
The y-intercept is 

The x-intercepts are and 
The axis of symmetry is 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


510 Chapter7 


e Complete the features of this graph. 


a The parabola has a (maximum or 
minimum). 

D The coordinates of the turning point are 

C The y-intercept is 

d The x-intercepts are and 

e The axis of symmetry is 


Exo x 
"zzz 


Determine the following key features of each of the given graphs. 
i turning point and whether it is a maximum or minimum 
ii axis of symmetry 
iii x-intercepts 
iv y-intercept 


NU s) 
SOLUTION EXPLANATION 
a i Turning point is a minimum at (1, —4). Lowest point of graph is at (1, —4). 
ii Axis of symmetry is x = 1. Line of symmetry is through the x-coordinate 
of the turning point. 
iii x-intercepts are —1 and 3. x-intercepts lie on the x-axis (y — 0) and the 
iv y-intercept is —3. y-intercept on the y-axis (x — 0). 
b i Turning point is a maximum at (—2, 0). Graph has a highest point at (—2, 0). 
ii Axis of symmetry is x = —2. Line of symmetry is through the x-coordinate of 
the turning point. 
iii, x-intercept is —2. Turning point is also the one x-intercept. 


iv y-intercept is — 4. 
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Now you try 


Determine the following key features of each of the given graphs. 
i turning point and whether it is a maximum or minimum 


ii axis of symmetry iii x-intercepts iv y-intercepts 
a y b y 
A A 
E ài 
(0) 
X 
EL) 
Y Y 


ALII 


®© 
Copy and complete the table for the following graphs. 
b y=@+2? y : 
a |y-4x? 
b | y= (x+ 2)? 
c |y-2-x?43 
SOLUTION EXPLANATION 
Read features 
from graphs and 
consider the effect 
a | y= 4x2 minimum no (0, 0) 4 narrower of each change in 
b | y=(x+2)2 | minimum no (-2, 0) 9 same equation on the 
c |y=—x2+3] maximum yes (0, 3) 2 same graph. 
Continued on next page 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


512 Chapter 7 


Now you try 


Copy and complete the table for the following graphs. 


Exercise 7A 
FLUENCY 


Example1 1 Determine these key features of the following graphs. 
i turning point and whether it is a maximum or minimum 


ii axis of symmetry iii! x-intercepts iv y-intercept 
a b y C y 
x 
Oo 4 6 
14 
x 
O 
d y e 
4 
x 
E O 
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Example22 2 Copy and complete the table below for the following graphs. 


a b 


y 
A 
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514 Chapter 7 


Example2b 3 Copy and complete the table below for the following graphs. 
a y b y 


a | y= (x43)? 
b | y=(x-1)? 
c |y= (x- 2)? 
d |y= (x4)? 


Example2ze 4 Copy and complete the table below for the following graphs. 
a y 


a|y2x?43 
b |y=x2-1 
c |y=x242 
d |y=x2-4 
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PROBLEM-SOLVING 5—7(1/2) 5-7 (‘/2), 8 


5 Write down the equation of the axis of symmetry for the graphs of these rules. 


a y=x b y=x?+7 e y= -2x 

d y = -3x e y=x-4 f y= (x — 2)? 
g y=(@+4+1)? h y=-(«+3)? i y-2-2-3 
j y= 42 k y=x*- 16 | y=-(r+ 4)? 


6 Write down the coordinates of the turning point for the graphs of the equations in Question 5. 


7 Find the y-intercept (i.e. when x = 0) for the graphs of the equations in Question 5. 


8 Match each of the following equations to one of the graphs below. 


a y-2x2 b y=x*-6 c y=(x+2)? d y= —5x? 
e y= (x-3)? f yaa? g y-x-«4 h y=(«-2)74+3 
A y B y C y 
A 
9 
4Y (1, 5) x 
-—— ——— > + 
a (1, -5) 
D x = 
3 Y 
D y E y F y 
À 
[0] 
j 7 
(1:8) (2, 1) d 
x x 
Y O O 
G y H y 
A 
4 
2] f(1, 2) 
x x 
2 8 O 
Y Y 
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9-11 9-11 9-11, 12 


9 a Using technology, plot the following pairs of graphs on the same set of axes for —5 < x < 5 and 
compare their tables of values. 


i y= xand y = 4x? ii y= wand y= 2x? ili y = x? and y = 6x2 


iv y=Pandy = 20 v y=x and y = 7x* vi y=Pand y= 50 


b Suggest how the constant a in y = ax? transforms the graph of y = x?. 


El 10 a Using technology, plot the following sets of graphs on the same set of axes for —5 < x < 5 and 
compare the turning point of each. 
i y=x y= (x+ 1), y= + 2)%, y= œ + 3)? 
i y=r,y=@- 1, y=@-2),y= œ- 3) 
b Explain how the constant h in y = (x + h)? transforms the graph of y = x?. 


E 11 a Using technology, plot the following sets of graphs on the same set of axes for —5 < x < 5 and 
compare the turning point of each. 
| y=x,y=x2 +l, y =x +2, yax243 
li y2xLy2x-Ly2x-3,y2x-5 
b Explain how the constant k in y = x? + k transforms the graph of y = x?. 


12 Write down an example of a quadratic equation whose graph has: 
a two x-intercepts b one x-intercept € no x-intercepts. 


ENRICHMENT: Finding the rule = = 13(1/), 14 


13 Find a quadratic rule that satisfies the following information. 
a turning point (0, 2) and another point (1, 3) 

turning point (0, 2) and another point (1, 1) 

turning point (—1, 0) and y-intercept 1 

turning point (2, 0) and y-intercept 4 

turning point (0, 0) and another point (2, 8) 

turning point (0, 0) and another point (—1, —3) 

turning point (—1, 2) and y-intercept 3 


Sse c^ 00 c c c 


turning point (4, —2) and y-intercept 0 
14 Plot a graph of the parabola x = y? for —3 < y < 3 and describe its features. 


This parabolic solar 
power collecting array 
is such that a fluid is 
heated by the sun and 
its heat is converted 
into electricity. 
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7B Sketching parabolas using transformations 


Learning intentions 

e To know the types of transformations: dilation, reflection and translation 

e To understand the effect of these transformations on the graph of y = x? 

e To know how to determine the turning point of a quadratic rule from turning point form 
e To be able to sketch a quadratic from turning point form 

* To be able to find the rule of a quadratic graph given the turning point and another point 


Previously we have explored simple transformations of the graph of y — x? and plotted these on a number 


plane. We will now formalise these transformations and sketch graphs showing key features without the 


need to plot every point. 


Parabolic flight 

paths occur in 

athletic jumping and 
throwing events. 

Using photography 
and parabola 
transformations, sports 
scientists can find 
quadratic equations for 
specific trajectories. 
Comparing actual 

and ideal parabolas 
may reveal areas for 
technique improvement. 


| LESSON STARTER | uU So where is the turning point? 


Consider the quadratic rule y = —(x — 3)? + 7. 


Australian Curriculum Year 10 & 10A 3ed 


2 


compared with y = x?. 


Discuss the effect of the negative sign in y 2 —x 
Discuss the effect of —3 in y = (x — 3)? compared with y = x?. 
Discuss the effect of +7 in y = x? + 7 compared with y = x?. 

Now for y = —(x — 3)? + 7, find: 

- the coordinates of the turning point 

- the axis of symmetry 

- the y-intercept. 

What would be the coordinates of the turning point in these quadratics? 
- y=(x-h?+k 

- y--(x-hP?-ck 
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KEY IDEAS TH | 


Bi To sketch a parabola, draw a parabolic curve and label key features including: 
e turning point 
e axis of symmetry 
e  y-intercept (substitute x = 0) 
E For y = ax’, a dilates the graph of y = x2. 
* Turning point is (0, 0). 
e  y-intercept and x-intercept are both 0. 
e Axis of symmetry is x = 0. 
e When a > 0, the parabola is upright. 
e When a < 0, the parabola is inverted. 
E For y= (x — h)?, h translates the graph of y = x? horizontally. y 
e When h > 0, the graph is translated h units to the right. 


y=(x-3) 
e When h < 0, the graph is translated h units to the left. 
ze 
Ale 

E For y= x? + k, k translates the graph of y = x? vertically. y 

e When k > 0, the graph is translated k units up. 

e When k < 0, the graph is translated k units down. " 
E The turning point form of a quadratic is y = a(x — h)? + k. yup 

. E p 
e The turning point is (h, K). x 


e The axis of symmetry is x = h. 


BUILDING UNDERSTANDING 


@ Give the coordinates of the turning point for the graphs of these rules. 
a y= x2 b y= x +3 
d y=(«- 2) e y=(x+5)? 


Substitute x = 0 to find the y-intercept of the graphs with these equations. 
a y=x +5 b y=-x -3 € y= (x42? d y=(41)?+1 


Choose the word: left, right, up or down to suit. 

Compared with the graph of y = x2, the graph of y = x2 + 3 is translated 
Compared with the graph of y = x?, the graph of y = (x — 3)? is translated 
Compared with the graph of y = x2, the graph of y = (x + 1)? is translated 


Compared with the graph of y = x?, the graph of y = x? — 6 is translated 


Compared with the graph of y = —32, the graph of y = —32 — 2 is translated 
Compared with the graph of y = —x?, the graph of y = —(x + 3)? is translated 
Compared with the graph of y = —3?, the graph of y = —(x — 2)? is translated 


Sse c^ 00 c c c co 


Compared with the graph of y = —x?, the graph of y = —x? + 4 is translated 
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Sketch graphs of the following quadratic relations, labelling the turning point and the y-intercept. 


a y= 3x 
b y=-x*+4 
c y= (x — 2)? 
SOLUTION 
a y 
A 
(53) 
O 
Y 
b 


EXPLANATION 


y = 3x? is upright and narrower than y = x. The 
turning point and y-intercept are at the origin (0, 0). 
Substitute x — 1 to label a second point. 


v= —x2 + 4 is inverted (i.e. has a maximum) and is 
translated 4 units up compared with y = —x?. The 
turning point is at (0, 4) and the y-intercept (1.e. when 
x= 0)is 4. 


y = (x — 2)? is upright (i.e. has a minimum) and is 
translated 2 units right compared with y = x?. Thus, 
the turning point is at (2, 0). 
Substitute x = 0 for the y-intercept: y = (0 — 2)? 
- (C9 
=4 


Sketch graphs of the following quadratic relations, labelling the turning point and the y-intercept. 


C y 

4 

A E: 
Now you try 
a y=2 
b y=-x +3 


€ y=(x+1)? 
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520 Chapter 7 


Sketch the graphs of the following, labelling the turning point and the y-intercept. 


a y-(x-3?-2 b y=-(@t+1)24+4 
SOLUTION EXPLANATION 
a y In y = a(x — h)? + k, h = 3 and k = —2, so the vertex 
is (3, —2). 
7 Substitute x = 0 to find the y-intercept: 
y=(0-3)2-2 
=O=2 
= 7] 


The graph is inverted since a = —1. 
h = —1 and k = 4, so the vertex is (—1, 4). 
Whenx-0: y=-(0 + 1? 44 
=-14+4 
=3 


Now you try 


Sketch the graphs of the following, labelling the turning point and the y-intercept. 
a y-(x-1?-2 b y=-(x-2)?4+3 


Find a rule for this parabola with turning point (0, 1) and another y 
point (1, 2). 
(1, 2) 
1 
at 
O 
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SOLUTION EXPLANATION 


y-cax-41 In y = a(x — h)? + k, h = 0 and k = 1 so the rule is 
When x = 1, y = 2 so: y- ax? 4 1. 
2-2a(1?41 We need y = 2 whenx = 1,s0a - 1. 
EMI 
Soy 2 x? 4 1. 
Now you try 
Find a rule for this parabola with turning point (0, —1) and y 
another point (1, 1). A 
(i, 1) 
< D » X 
dl 
Y 
Exercise 7B 
1, 2-4(1/2) 2—4(1/2) 2—4(1/3) 
Exampe3 1 Sketch graphs of the following quadratic relations, labelling the turning point and the y-intercept. 
a y= 4x2 
b y=-x +2 
€ y= (x-— 4) 
Example3 2 Sketch graphs of the following quadratics, labelling the turning point and the y-intercept. If the turning 

point is on the y-axis, also label the point where x = 1 
a y-2x b y= -3x C yas? 
d yc e y=x +2 f y=x -4 
g y=-x +1 h y=-x*-3 i y=(@+4+3) 
j y=@-1? k y=-(@ +2)? | y=-(@- 3)? 

3 State the coordinates of the turning point for the graphs of these rules. 
a y=(x+3)7+1 b y=(«4+2)?-4 € y-(x-1? «3 
d y=(x-4)?-2 e y-(x—-3?-5 f y2(x-2)? 42 
g y--«c-3?-43 h y--«c-2)?-46 i ys-(x-1?-4 
j y=-@-2)?-5 k ys-G-1?-1 | y=-(@-4)?- 10 
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522 Chapter7 


fxamples 4 Sketch graphs of the following quadratics, labelling the turning point and the y-intercept. 


a y=(x+1)?4+1 b y=(@+2)?-1 C y=(x+3)2?4+2 
d y=(x-1)?+2 e y=(x-4)*+1 f y=(-1)?-4 
g y--G-1?«43 h y=-@-2)?41 i y=-@43)2-2 
j y=-@-2)?+1 k y=-@-4)?-2 | y=-@+2)?+2 
PROBLEM-SOLVING 6(*/2) 5—6('/2) 6(1/2), 7 


5 Write the rule for each graph when y = x? is transformed by the following. 
a reflected in the x-axis 

translated 2 units to the left 

translated 5 units down 

translated 4 units up 

translated 1 unit to the right 

reflected in the x-axis and translated 2 units up 

reflected in the x-axis and translated 3 units left 

translated 5 units left and 3 units down 


— 7I a c^ 0 — c c 


translated 6 units right and 1 unit up 


Examples 6 Determine the rule for the following parabolas. 


a y b y c y 

A 

9 
(1, 6) 
1 
à ad, 5) 

Y Y 

d e y f y 
x (1, 1) 
1 ? i 
(1, 5) 
Ó x 
g h y i y 
A 
O X 
x 1 
<= x 
O 1 (1,-7) 
Y 
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7 The path of a basketball is given by y = —(x — 5)? + 25, 
where y metres is the height and x metres is the 
horizontal distance. 

Is the turning point a maximum or a minimum? 

What are the coordinates of the turning point? 


What is the y-intercept? 

What is the maximum height of the ball? 

What is the height of the ball at these horizontal 
distances? 

i 
ii x=7 
iii x= 10 


x=3 


8(1/2) 8—9(1/2) 


9(1/2), 10 


8 Recall that y = (x — h)? + k and y = a(x — h)? + k both have the same turning point coordinates. 
State the coordinates of the turning point for the graphs of these rules. 


a y-2(x- 1»? b y=3@+4+2)? 
e y=—A(x + 3)2 d y=3x -4 
e y=5x7-2 f y=-2x +5 
g y=6(x+4)?-1 h y=2(x+2)243 
i y=3@-5)*+4 j y5-4«-2)? 43 
k y=-2(x+3) -5 | y=-5(x — 3)? -3 
9 Describe the transformations that take y = x? to: 
a y= (x-3) b y=(+4+2) 
c y=x-3 d y=x +7 
e y=- f y=(x+2?-4 
g y=@œ-5?+8 h y=-( +3) 
i y=-x +6 
10 For y = a(x — h)? + k, write: 
a the coordinates of the turning point b the y-intercept. 


ENRICHMENT: Sketching with many transformations 


110/2) 


1i Sketch the graph of the following, showing the turning point and y-intercept. 


a yz2(x-3)? 44 

€ y--2&-3?« 

e yel c8 4d 
2 

g y-4-» 

i y=5— 2x 

k y=1-—2@+42)? 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


b y=3(¢42)74+5 


4 d y=-2(x + 3)?-4 
f yaapa 
2 
h y--3-2 


1 
-224-(x-1? 

y 2 ) 

y =3 — 4(x — 2)? 
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Using calculators to sketch parabolas (CAS) 


1 Sketch the graph of the family y = x? + k, using k = (—3, —1,0, 1,3}. 
2 Sketch a graph of y = x2 — 4x — 12 and show the x-intercepts and the turning point. 


Using the TI-Nspire: Using the ClassPad: 

1 Ina Graphs page, type the rule in f1(x) using the 1 Inthe Graph&Table application enter the rule 
given symbol (I) which is accessed using (ct) (=). yl = x? + (—3, —1,0, 1,3) followed by EXE. 
fi(x) = x?4 k|k= {-8, -1,0, 1, 3} Tap 4p- to see the graph. 


[Sheatt [Sheet2 |Sheat3 Sheet4 [Sheets] - 
My1=x24(-3,-1,0,1,3) —0 


2 Enter the rule f1(x) = x? — 4x — 12. Change 2 Enter the rule y1 = x? — 4x — 12. Tap (and 
the scale using the window settings. Use set an appropriate scale. Tap Analysis, G-Solve, 
>Trace>Graph Trace and scroll along the graph to root to locate the x-intercepts. Tap Analysis, 
show significant points. G-Solve, Min to locate the turning point. 


© Edit Zoom Analysis € 


Sheet |Sheat2 |Sheet3 |Sheet4 |Sheet5 | 
Wy1=x2~4.x-12 —B 
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Using calculators to sketch parabolas (non-CAS) 


1 Sketch the graph of the family y = x? + k, using k = (—3, —1, 0, 1, 3}. 
2 Sketch a graph of y = x? — 4x — 12 and show the x-intercepts and the turning point. 


Using the TI-Nspire CX non-CAS: Using the Casio: 

1 Ina Graphs page, type the rule in f1(x) using the 1 Inthe Graph application enter the rule 
given symbol (I) which is accessed using (=). Y1 = x? + (—3, —1,0, 1,3} followed by EXE. 
AG) = x? k|k= (-3, —1,0,1,3] Select F6 (DRAW) to see the graph. To adjust the 


viewing window, select SHIFT F3 (V-Window), and 
enter appropriate values for Xmin, Xmax, Xscale, 
Ymin, Ymax, and Yscale and select EXE. 


raph Func "y= 


¥is x $,-1,0,1, 321 


-6.1 I 
iew ndow 
scale: 1 
“ae pogo tees 
‘ae 25 a 
SAATE V-MEMJSOUAR, 
2 Enter the rule f1(x) = x? — 4x — 12. Change 2 Inthe Graph application enter the rule 
the scale using the window settings. Use Y1 = x? — 4x — 12 followed by EXE. Select 
2 Trace» Graph Trace and scroll along the graph to F6 (DRAW) to see the graph. To adjust the 
show significant points. viewing window, select SHIFT F3 (V-Window), 


and enter appropriate values for Xmin, Xmax, 
Xscale, Ymin, Ymax, and Yscale and select EXE. 
Select F5 (G-Solv) and F1 (ROOT) to show the 
x-intercepts, and use the arrow keys to 
navigate between the two. Select F5 (G-Solv) 
and F3 (MIN) to show the turning point. 


Yigx? sae "12 f] 
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Chapter 7 


7C Sketching parabolas using factorisation 


Learning intentions 


e To know the steps for sketching a quadratic graph in the form y = x24 bxc 


e To understand that quadratic graphs can have 0, 1 or 2 x-intercepts 


e To know how to use factorisation to determine the x-intercepts of a quadratic graph 
e To know how to use symmetry to locate the turning point once the x-intercepts are known 


A quadratic relation written in the form y = x? + bx + c differs 


from that of turning point form, y = a(x — h)? + k, and so the 


transformations of the graph of y = x? to give y = x? + bx + c are less 


obvious. To address this, we have a number of options. We can first try 
to factorise to find the x-intercepts and then use symmetry to find the 


turning point or, alternatively, we can complete the square and express 
the quadratic relation in turning point form. The second of these 


methods will be studied in the next section. 


coordinates (1, —4)? 


e  Factorise y = x? — 2x — 3. 

* Hence, find the x-intercepts. 

e Discuss how symmetry can be used to locate the turning point. 
* Hence, confirm the coordinates of the turning point. 
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Engineers can 
develop equations 

of parabolic shapes, 
such as the St Louis 
archway, by reversing 
the factorisation 
procedure. A sketch 
is labelled with 
measurements, the 
x-intercepts form the 
factors and expanding 
the brackets gives 

the basic quadratic 
equation. 


SSNS GIGI Why does the turning point of y = x? — 2x — 3 have 
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KEY IDEAS 


Bi To sketch a graph of y = x2 + bx + c: 
e Find the y-intercept by substituting x = 0. 


e Find the x-intercept(s) by substituting y = 0. Factorise where possible and use the Null 
Factor Law (if a x b = 0, then a = 0 or b = 0). 


E Once the x-intercepts are known, the turning point can be found using symmetry. 
e The axis of symmetry (also the x-coordinate of the turning point) lies halfway between the 
x-intercepts: for example, if the x-coordinates are | and 3, the x-coordinate of the turning 


point is given by: x = =e 3s 


y 


E 
E 


e Substitute this x-coordinate into the rule to find the y-coordinate of the turning point. 


BUILDING UNDERSTANDING 


& Use the Null Factor Law to find the x-intercepts (y — 0) for these factorised quadratics. 
a y=(x+1)&-2) b y=x(x- 3) C y= —3x(x + 2) 


(2) Factorise these quadratics. 
a y=x — 4x b y=x+2x-8 € y=x—8x+16 d y=x -25 


© Find the y-intercept for the quadratics in Question @. 


4) Use the given rule and x-intercepts to find the coordinates of the turning point. 
a y=x* — 8x + 12, x-intercepts: 2 and 6 b y= =x? — 2x + 8, x-intercepts: —4 and 2 


Sketch the graph of the following quadratics by using the x-intercepts to help determine the 
coordinates of the turning point. 


a y=x— 2x b y2x-6x45 
SOLUTION EXPLANATION 
a y-interceptatx 20: y=0 Identify key features of the graph: y-intercept 
x-intercepts at y = 0: 0 =x? — 2x (when x = 0), x-intercepts (when y = 0), then 
0 = x(x — 2) factorise by noting the common factor and solve 
x=Oorr—-2=0 by applying the Null Factor Law. Recall that if 
x= 0,x=2 a X b = 0, then a = O or b = 0. 


x-intercepts are 0 and 2. 


Continued on next page 
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528 Chapter 7 


Turning point at x = M = Il; 
y = 1?- 2(1) 
=-1 


Turning point is a minimum at (1, —1). 


>< 


X 


O 2 
(1, -1) 


Y 


b y-intercept at x = 0: 
x-intercepts at y — 0: 


ye 0 
022-6x45 
(0) e (65 — Syr — ID 
r= 3 £0] Ie 
Sp BSS, = Il 
x-intercepts are 1 and 5. 


Turning point at x — LL = 3), 
y= (3)? -6x (3) +5 
=9-18+5 
= —4 


Turning point is a minimum at (3, —4). 


E 


y 675 


Now you try 


Using symmetry the x-coordinate of the turning 
point is halfway between the x-intercepts. 
Substitute x — 1 into y — x? — 2x to find the 
y-coordinate of the turning point. 

Itis a minimum turning point since the 
coefficient of x? is positive. 


Label key features on the graph and join points 
in the shape of a parabola. 


Identify key features of the graph: y-intercept 
and x-intercepts by factorising and applying the 
Null Factor Law. 


Using symmetry the x-coordinate of the turning 
point is halfway between the x-intercepts. 
Substitute x = 3 into y = x? — 6x + 5 to find 
the y-coordinate of the turning point. 

Itis a minimum turning point since the 
coefficient of x? is positive. 


Label key features on the graph and join points 
in the shape of a parabola. 


Sketch the graph of the following quadratics by using the x-intercepts to help determine the 


coordinates of the turning point. 
a yzx?—6x 
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Sketch the graph of the quadratic y = x? + 6x + 9. 


SOLUTION EXPLANATION 
y-intercept at x = 0:y = 9 For y-intercept substitute x = 0. 
x-intercepts aty 2 0: 0 — 3? 4+ 6x 9 For x-intercepts substitute y = 0 and factorise: 
02 (x + 3)? (x + 3)(x + 3) = (x + 3)?. Apply the Null 
Bao = 0) Factor Law to solve for x. 
dore =) 
x-intercept is —3. As there is only one x-intercept, it is also the 
Turning point is at (—3, 0). turning point. 
y 


Label key features on the graph. 


Now you try 


Sketch the graph of y = x2 + 8x + 16. 


The equation of this graph is of the form y = (x + a) (x + b). Use the x-intercepts to find the values 
of a and b, then find the coordinates of the turning point. 


Continued on next page 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


530 Chapter 7 


SOLUTION EXPLANATION 

a=3andb=-1. Using the Null Factor Law, 

y= (Ge sb SG = 1D) acri (x + 3)(x — 1) = 0 gives x = —3and x = 1, 
-34 


x-coordinate of the turning point is e e. soa — 3and b — —1. 
Find the average of the two x-intercepts to 


find the x-coordinate of the turning point. 


y-coordinate is (—1 + 3)(—1 — 1) = 2 x (-2) = -4. Substitute x = —1 into the rule to find the 
Turning point is (—1, —4). y-value of the turning point. 


Now you try 


The equation of this graph is of the form y = (x + a) (x + D). Use the x-intercepts to find the values 
of a and b, then find the coordinates of the turning point. 


Exercise 7C 
1, 2-5(1/2) 2—6(1/2) 2—6(1/3) 


Example6 1 Sketch the graph of the following quadratics by using the x-intercepts to help determine the 
coordinates of the turning point. 


a yzx- 8x b yzx-4x43 

Example6a 2 Sketch by first finding x-intercepts. 
a yzx-2x b y=x* + 6x € y=x*- 4x 
d y=x?- 5x e y=x* + 3x f y=x*4+ 7x 


Examplesb 3 Sketch the graphs of the following quadratics. 


a y=x*- 6x48 b y=x?-8x+ 12 
C y-x^- 8x4 15 d yzx?—6x- 16 
e y-x2—2x-8 f y2x-4x-21 
g y-x-8x47 h yzax?- 12x 4-20 


4 Sketch graphs of the following quadratics. 


a y-x2—9x 420 b y=x*—5x+6 € y=x*-13x4+12 d y=x2+11x+30 

e y=x+5x+4 f y=x+13x+12 g y=x -— 4x- 12 h yzx?-x-2 

i y=x2-5x- 14 j y=x2+3x-4 k y=x2 + 7x —- 30 | y=x24+9x— 22 
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Example7 9 Sketch graphs of the following perfect squares. 
a y=x*t+4x4+4 b y=x2+8x+ 16 
C y=x2- 10x + 25 d y=x* + 20x + 100 
6 Sketch graphs of the following quadratics that include a difference of perfect squares. 
a y=x-9 b y=x*- 16 € y=x -4 
PROBLEM-SOLVING 7(1/2),8 7('/2), 8, 9 8, 10, 11 
7 Determine the turning points of the following quadratics. 
a y=2(x2 — 7x + 10) b y=3(x? — 7x + 10) C y= 3324 18x + 24 
d y= 4x? + 24x + 32 e y-4(x? — 49) f y=-4(2 — 49) 
g y=3x-6x4+3 h y=5x2- 10x+5 i y=2x2-4x+4 10 
Example8 8 The equations of these graphs are of the form y = (x + a)(x + b). Use the x-intercepts to find the 
values of a and b, and then find the coordinates of the turning point. 
a y b y c 
< X 
U|. NA 
Y 
9 State the x-intercepts and turning point for these quadratics. 
a y-x-2 b y=x?-11 C y=x*-50 
10 Sketch a graph of these quadratics. 
a y-9-2 b y=1-x c y-4Ax- xà 
d y3x-x e y=—x*+2x+8 f ys-x-8x49 
Ti Ifthe graph of y = a(x + 2)(x — 4) passes through the point (2, 16), determine the value of a and the 
coordinates of the turning point for this parabola. 
12 12, 18 13-15 
12 Explain why y = (x — 3)(x — 5) and y = 2(x — 3)(x — 5) both have the same x-intercepts. 
13 a Explain why y = x? — 2x + 1 has only one x-intercept. 
b Explain why y = x? + 2 has zero x-intercepts. 
14 Consider the quadratics y = x? — 2x — 8 and y = —x? + 2x + 8. 
a Show that both quadratics have the same x-intercepts. 
b Find the coordinates of the turning points for both quadratics. 
€ Compare the positions of the turning points. 
15 A quadratic has the rule y = x? + bx. Give: 
a the y-intercept 
D the x-intercepts 
€ the coordinates of the turning point. 
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532 Chapter 7 


ENRICHMENT: More rules from graphs = = 16(1/2) 


16 Determine the equation of each of these graphs in factorised form; for example, y = 2(x — 3)(x + 2). 


a y b y C 
A 
O a O à » 
(1, -1) 
(2, —4) Y 
d 
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7D Sketching parabolas by completing the square 


Learning intentions 

e To know that completing the square can be used to express any quadratic in turning point form 
e To be able to find any x-intercepts from the turning point form of a quadratic 

e To be able to sketch a quadratic equation in turning point form, labelling key features 


We have learnt previously that the turning point of a parabola can be read directly from a rule in the 
form y = a(x — h)? + k. This form of quadratic rule can be obtained by completing the square. 


| LESSON STARTER | Noui; al | forgot how to complete the square! 


To make x? + 6x a perfect square we need to add 9 (from 
2 
($) ) since x? + 6x + 9 = (x + 3). So to complete the 


square for x? + 6x + 2 we write 


6^ (6V 
«e ($) -(& -£22(x4-3)-7. 


* Discuss the rules for completing the square and explain how 
x? + 6x + 2 becomes (x + 3)? - 7. 


Businesses use mathematical modelling to 
e What does the turning point form of Xx? + 6x + 2 tell us about analyse profits. A quadratic equation can be 
its graph? used to model revenue vs selling price and 
its graph is an inverted parabola. With rising 
prices, revenue grows until the turning 
help find the x-intercepts of y = x2 + 6x + 2? point, then it decreases due to declining 
sales. 


* How can you use the turning point form of x? + 6x + 2 to 


KEY IDEAS / 


B By completing the square, all quadratics in the form y = ax? + bx + c can be expressed in 
turning point form; i.e. y = a(x — A)? + k. 


Bi To sketch a quadratic in the form y = a(x — h)? + k, follow these steps. 
e Determine the coordinates of the turning point (h, k). 
- Whena is positive, the parabola has a minimum turning point. 
- Whena is negative, the parabola has a maximum turning point. 
* Determine the y-intercept by substituting x = 0. 
* Determine the x-intercepts, if any, by substituting y = 0 and solving the equation. 


E To solve x? = a, a > 0, take the square root of both sides: x — +Va. 
For any perfect square, say (x + 1)? = 16, take the square root of both sides: 


sede Il = ard! 
x=-12+4 
ape 3 gre 
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BUILDING UNDERSTANDING 


L1) By completing the square, state the coordinates of the turning point (TP). 


a y-x42x—-5 
x 42x = 


= (__)*- __ 
TP=(__,__) 


b y= x7-6x+10 
x — 6x + 


IR= oe 


e Solve these equations for x, giving exact answers. 


a x229 b 223 


For y = —4(x = 1)? + 16: 


€ (x—1)?216 d (x4-4?22 


a Determine the coordinates of its turning point and state whether it is a maximum or minimum. 


b Determine the y-intercept. 
€ Determine the x-intercepts (if any). 


SOLUTION 


a Turning point is a maximum at (1, 16). 


b y-intercept at x = 0: 
y = —4(0 — 1? + 16 
— —4 4 16 
= i2 
-. y-intercept is 12. 


€ x-intercepts at y = 0: 
0 = —4(x — 1)? + 16 


0=(@-1)?-4 
(x — 1)? =4 
x-1=+2 
iy jl ae? 
sce I3 


` x-intercepts are —1 and 3. 
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EXPLANATION 


For y = a(x — h)? + k the turning point is at 
(h, k). As a = —4 is negative, the parabola has a 
maximum turning point. 


Substitute x = 0 to find the y-intercept. Recall 
that (0 - 1)? = (-1? = 1. 


Substitute y = 0 for x-intercepts. 

Divide both sides by —4. 

Add 4 to both sides, and take the square root of 
both sides. 

We must include +2, since 22 = 4 and 

(—2)2 = 4. 

1 — 2 = —1 and 1 + 2 = 3 are the x-intercepts. 
(Note: Check that the x-intercepts are evenly 
spaced either side of the turning point.) 
Alternatively, use DOPS to write in factorised 
form: 

(x — 1)? -27=0 
(«-—1-2)@-—1+4+2)=0 

and apply the Null Factor Law to solve for x. 
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Now you try 


For y = -2(x + n. 


a Determine the coordinates of its turning point and state whether it is a maximum or minimum. 


b Determine the y-intercept. 
€ Determine the x-intercepts (if any). 


e Example 10 


Sketch these graphs by completing the square, giving the x-intercepts in exact form. 


a y=x*+ 6x4 15 
b y=x?-3x-1 


SOLUTION 
a Turning point form: 
y= x? + 6x + 15 


2 2 
=x + 6x + B = (5) ap IS 
2 2 


= (x + 3)? +6 


Turning point is a minimum at (—3, 6). 


y-intercept at x = 0: 

y = (0)? + 6(0) + 15 
3l 

-. y-intercept is 15. 


x-intercepts at y — 0: 
02 («+ 3)? +6 
There is no solution and there are no 
x-intercepts. 
Di 


15 


(3, 6) 
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EXPLANATION 


To change the equation into turning point form, 
complete the square by adding and subtracting 


(J 


Read off the turning point, which is a 
minimum, as a = | is positive. 


For the y-intercept, substitute x = 0 into the 
original equation. 


For the x-intercepts, substitute y = 0 into the 
turning point form. 

This cannot be solved as (x + 3)? cannot equal 
—6, hence there are no x-intercepts. Note also 
that the turning point is a minimum with a 
lowest y-coordinate of 6, telling us there are no 
x-intercepts. 

Sketch the graph, showing the key points. 


Continued on next page 
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b Turning point form: 


y=x*-3x-1 Complete the square to write in turning point 
2 2 2 
E seen 2 tomarse sequere sS 
= i c HE (3) (3) 1 orm: G 7 an " "E Te 
IN ig 
i e — — 
2) 4 
Turning point is a minimum at E = al 
y-intercept at x = 0: Substitute x = 0 to find the y-intercept. 
y = (0)? - 3) -1 
=—-1 


-. y-intercept is —1. 
x-intercepts at y — 0: Substitute y = 0 to find the x-intercepts. 


Add Bs to both sides and take the square root. 


4 
ee 
A 3 2 

3 


x= 2 ae up can also be expressed as 
Lr GENE 
3. 


Label key features on the graph, using exact 


values. 


Now you try 


Sketch these graphs by completing the square, giving the x-intercepts in exact form. 
a y=x 2? 
b y=x?-5x4+1 
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Exercise 7D 


1, 2-6(1/2) 2-7(1/2) 2-7(1/3) 


Example9 1 For y = —3(x — 2)? +3: 
a Determine the coordinates of its turning point and state whether it is a maximum or minimum. 
b Determine the y-intercept. 
€ Determine the x-intercepts (if any). 


Exmpe9a 2 State whether the turning points of the following are a maximum or a minimum and give the coordinates. 
a y-2(x-3?45 b y=-2(x- 1)? +3 
c y=-4(x+ 1)?-2 d y=6(x4+2)?-5 
e y=3(x+5)24+ 10 f y=-4(~-7)?+2 
g y=—5(x— 3)7+8 h y=2(—-3)?-7 


Example9» 3 Determine the y-intercept of each of the following. 


a y=(x+1)?4+5 b y-2cc-27-6 € y-(x-37-2 

d y-x-4?-7 e y-2-(x45?49 f y=-(-7)*-6 

g ysx-6x43 h y2x-5x41 i y-x-7x-5 

j y5x3i-x-8 k yzx*- 5x 13 | yzx-12x-5 
Example9s 4 Determine the x-intercepts (if any) of the following. 

a y=(x-3)?-4 b y=(x+4)2-9 y= (x - 3)? - 36 

d y=2(x+2)%-10 y= -3(x- 1)? + 30 ys(x-5?-3 


g y=(@-4) 
| y2-2«-3? -4 


e 
hy-Gcr6? 
k y--(x-2045 


C 
f 
i 
I 


y = 2(x — 7)? + 18 
y=-(« - 3)? + 10 


9 Determine the x-intercepts (if any) by first completing the square and rewriting the equation in turning 


point form. Give exact answers. 


a y=x+6x45 
d y=x*+2x-6 


6 Sketch the graphs of the following. Label the turning point and intercepts. 


a y-(x-2)7—4 
d y=(x-3)?-4 
g y=(«-2)?4+1 
j y=-@+4?-9 


b y=x*+6x+2 
e y-x?- Ax - 14 


b y=(+4)?-9 
e y- (x4 8) 416 
h y=(-3)7+6 
k y=-(x4 9)? 4 25 


C 
f 


C 
f 
i 
| 


yor? +8x-—5 
ysxl-12x-5 


y-(x-4?-1 
y=(x+7)* +2 
y=-(-5)*-4 
y= -(x — 2)24+4 


Example10a 7 Sketch these graphs by completing the square. Label the turning point and intercepts. 


a y=xX +4x+3 b y=x*-2x-3 C y-xc6x49 

d y-x?— 8x 4 16 e y-x?-2x-8 f y2x-2x-15 

g y=x2+8x+7 h y2x-6x45 | y=x + 12x 
PROBLEM-SOLVING 8(*/2) 8-9(1/2) 8-10(1/s) 


Example10h 8 Sketch these graphs by completing the square. Label the turning point and intercepts with exact values. 


a yo=x*t+4x+1 
d y2x2-— 8x - 20 
g y=x+5x4+2 
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b y-x^-6x-5 
e y-x?-4x-4 
h y=x*-x-2 


C 
f 
i 
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y=x*- 3x41 
y=x2 3x43 
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9 Complete the square and decide if the graphs of the following quadratics will have zero, one or two 
x-intercepts. 


a y=x*- 4x42 b y=x?-4r 44 C y=x+6x4+9 

d y=x+2x+6 e y=x27- 3x44 f y=x*—5x4+5 
10 Take out a common factor and complete the square to find the x-intercepts for these quadratics. 

a y=2x + 4x-— 10 b y=3x*-12x+9 C y=2x*-12x- 14 

d y=4x2 + 16x — 24 e y= 5x2 + 20x - 35 f y22x2- 6x42 


11(1/2) 11(1/2), 12 11(1/3), 12, 13 


11 To sketch a graph of the form y = —x? + bx + c we can complete the square by taking out a factor of — 1. 
Here is an example. 
ys-x?—-2x45 
= —(x? + 2x — 5) 


2 2 
(ere a 
2 2 
= —((x + 1)? - 6) 
=-(@+ 1)? +6 


So the turning point is a maximum at (—1, 6). 
Sketch the graph of these quadratics using the technique above. 


a y-—-4x43 b y-2—-2x42 C y=- +6x-4 
d y=-x*+ 8-8 e y2—?-3x-5 f ys-x-5x42 
12 For what values of k will the graph of y = (x — h)? + k have: 
a Zero x-intercepts? b one x-intercept? € two x-intercepts? 
2 D 
13 Show hata? + br +e = (x+ 2) =? De 
ENRICHMENT: Completing the square with non-monics = » 14(1/2) 


14 This example shows how to complete the square with non-monic quadratics of the form 
y 2 ax? t bx * c. 


yz3xX- 6x41 Key features: 

1 The turning point is (—1, —2). 

=3 pe + 2x + ) y-intercept is 1. 
2 2 x-intercepts: 

= 3( x? + 24+ (2) - (2) +1) 023i 05-2 

2 41222 
-s(e« 02-2) f£ 

x-ti--1 

= 3(x+ 1)? -2 3 


Use this technique to sketch the graphs of these non-monic quadratics. 


a y-4A 4+ 8x43 b y= 3x? — 12x + 10 C y=2x+12x+1 
d y=2x*+x-3 e y22x2 7x 43 f y=4? -— 8x - 20 
g y-62-5x49 hy-252-3x47 | y= 5x + 12x 
j y=7x2 + 10x k y2-32-9x42 | y=—4x2 + 10x - 1 
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Australian Curriculum Year 10 & 10A 3ed 


7E Sketching parabolas using the quadratic formula 


Learning intentions 


e To know the quadratic formula and how it can be used to find the solutions of a quadratic equation 

e To be able to use the quadratic formula to determine the x-intercepts of a quadratic graph 

e To understand how the discriminant can be used to determine the number of x-intercepts of a quadratic graph 
e To be able to use the axis of symmetry rule to locate the turning point of a quadratic graph 


So far we have found x-intercepts for parabolas by factorising (and using the Null Factor Law) and 


by completing the square. An alternative method is to use the quadratic formula, which states that if 


ax? + bx +c = 0, then x = 


RU -Au 


The discriminant A = b? — 4ac determines the number of solutions to the equation. 


If A 20, ie. b? — 4ac = 0. 


The solution to the equation 


becomes x — LH 
2a 


There is one solution and one 
x-intercept. 


y 


O 


x-intercept 


If A > 0, i.e. b? — 4ac > 0. 


The solution to the equation 


—b + VD? — 4ac 
becomes x= — zg 
a 


There are two solutions and 
two x-intercepts. 


y 


x-inter¢epts 


| LESSON STARTER | uude No working required 


Three students set to work to find the x-intercepts for y = x? — 2x + 3: 


Student A finds the intercepts by factorising. 


Student B finds the intercepts by completing the square. 


Student C uses the discriminant in the quadratic formula. 


e Try the method for student A. What do you notice? 
e Try the method for student B. What do you notice? 
e What is the value of the discriminant for student C? What does this tell them about the number of 


x-intercepts for the quadratic? 


e What advice would student C give students A and B? 
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If A < 0, ie. b? — 4ac < 0. 


Square roots exist for positive 
numbers only. 
There are no solutions or 


x-intercepts. 


y 
A 
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KEY IDEAS 


E To sketch the graph of y = ax? + bx + c, find the following points. 
e yintercept at x = 0: y = a(0) + b(0) +c =c 
e x-intercepts when y = 0: 


For 0 = ax? + bx + c, use the quadratic formula: 


- -b — Vb? — 4ac a —b + Vb? — 4ac 


à 
2a 2a 
—b + Vb? — 4ac 


Alternatively, x — 
2a 


* Turning point: The x-coordinate lies halfway 


: b 
between the x-intercepts, so x — BR 
a 


The y-coordinate is found by substituting the 


x-coordinate into the original equation. 


a = - is the axis of symmetry. 
a 


Bi To determine if there are zero, one or two solutions 


x-intercepts, use the discriminant A = b? — 4ac. 
If A < 0 > no x-intercepts. 

If A = 0 = one x-intercept. 

If A > 0 > two x-intercepts. 


BUILDING UNDERSTANDING 


@ A graph has the rule y = ax? + bx + c. Determine the number of x-intercepts it will have if: 
a b —4ac»0 b 5 -4ac <0 C b?-4ac- 0. 
—bz* = 
e Give the exact value of ae when: 
a 
aa=1,b=2,c=-1 b a=-2,b=3,c=5 C a=-2,b=-l1,c=2. 


e For the following graphs, state whether the discriminant of these quadratics would be zero, 


positive or negative. 


a y 
A 
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Consider the parabola given by the quadratic equation y = 3x2 — 6x + 5. 


a Determine the number of x-intercepts. 
b Determine the y-intercept. 


CEU CES ES to determine the turning point. 
a 


SOLUTION EXPLANATION 
a A—P?— 4ac Use the discriminant A = b? — 4ac to find the 
= (—6)? — 4(3)(5) number of x-intercepts. In 332 — 6x + 5, a = 3, 
= —24 b = —6 and c = 5. 
A < 0, so there are no x-intercepts. Interpret the result. 
b y-intercept is 5. Substitute x = 0 for the y-intercept. 
c x= -t For the x-coordinate of the turning point use 
a 
(—6) e -7 with a = 3 and b = —6, as above. 
penises a 
2(3) 


Substitute the x-coordinate into y = 3x? — 6x + 5 


- pee 
y= X DE to find the corresponding y-coordinate of the 


=2 


F ie turning point. 
.. Turning point is at (1, 2). 


Now you try 


Consider the parabola given by the quadratic equation y = 2x? — 4x + 1. 
a Determine the number of x-intercepts. 
b Determine the y-intercept. 


c Usex= - to determine the turning point. 
a 
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Sketch the graph of the quadratic y = 2x? + 4x — 3, labelling all significant points. Round the 
x-intercepts to two decimal places. 


SOLUTION EXPLANATION 
y-intercept is —3. Identify key features; i.e. x- and y-intercepts and the 
turning point. Substitute x = O for the y-intercept. 
x-intercepts (y = 0): Use the quadratic formula to find the x-intercepts. 
2x? +4x-3=0 For y = 2x? + 4x — 3,a = 2, b = 4 and c = —3. 
RERSOESSVPDMIESIUTC 
2a 
As VEL -AQ)C3) 
7 2(2) 
| —4 € N40 
a Simplify V40 = V4 x 10 = V4 x VIO = 2V10, 
= a then cancel the common factor of 2. 
4 
22 -V 10 
p Use a calculator to round to two decimal places. 


è 


= 0.58, —2.58 (to 2 d.p.) 
-. x-intercepts are 0.58, —2.58. 


Turning point is at x — - 
2a 
ZU 
2(2) 
sÍ 
and ~. y = 2(-1)? + 4(-1) — 3 = —5. Substitute x = —1 into y = 2x? + 4x — 3 to find the 
-. Turning point is at (—1, —5). y-coordinate of the turning point. 


Label the key features on the graph and sketch 


y 
A 
~< » X 
—2.58 0.58 
=1,-5 
( ) Y 
Now you try 


Sketch the graph of the quadratic y = 3x? — 6x + 1, labelling all significant points. Round the 
x-intercepts to two decimal places. 
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Example 11 


Example tla 


Example tib 


Example tic 


Example 12 


Exercise 7E 
FLUENCY 1, 2-4(1/2) 2-b(1/2) 


1 Consider the parabola given by the quadratic equation y = 2x? — 8x + 9. 


a Determine the number of x-intercepts. 
b Determine the y-intercept. 


c Usex= - to determine the turning point. 
a 


2 Usethe discriminant to determine the number of x-intercepts for the parabolas given by the following 


quadratics. 
a y=x*4+ 4x44 b y-x-3x45 € y--Or-4x 2 
d y232-4x-2 e y=2x7-x+2 f y=2x — 12x - 18 
g y=3x2 -2x h y= 3x2 + 5x | y= —3x2 — 2x 
j y53245 k y-42-2 | y=-5x +x 

3 Determine the y-intercept for the parabolas given by the following quadratics. 
a y=x2 42x43 b y-x-4x45 C y=4x24+3x-2 
d y=5x*-—2x-4 e y=—2x*-5x+8 f y2-2x2 4 7x — 10 
g y=3x + 8x h y= -4x — 3x i y=5x*-7 


4 Usex= ES to determine the coordinates of the turning points for the parabolas defined by the 
a 


following quadratics. 

a y=x*+2x4+4 

d y=-x?+2x-6 
g y222-43x-4 

j y2-482 42x-3 


y=x +4x-1 € y-x—4x 43 
y= —x* — 3x44 ys-x-7x-7 
2 y=—4x2 -9 
y=—5x7 +2 


y = 4x4 — 3x 


Coi a -o oc 


f 
i 
y = —3x2 — 2x l 


5 Sketch the graph of these quadratics, labelling all significant points. Round the x-intercepts to two 
decimal places. 


a y=2x*+8x-—5 b y=3x*+6x-2 € y-4x2—2x -3 
d y2232- 4x- 9 e y-2x32- 8x- 11 f y=3x2+9x- 10 
g y=—3x* + 6x48 h y--22-4x47 i y=—4x2 + 8x43 
j »2-22-x412 k y2-32-2x | y=—5x? — 10x — 4 
PROBLEM-SOLVING 7(*/2) 6-7 (1/2) 6-7(1/s), 8 


6 Sketch the graphs of these quadratics. 
a y=4x24+12x4+9 
€ y= —4x? — 20x — 25 
e y--2xz2-8x- 1M 
g y-4g--4x43 


y= 9x7 - 6x + 1 
y = —9x? + 30x — 25 
y = —3x* + 12x — 16 
y= 3x7 + 4x42 


zr 7 RE g 


7 Give the exact x-intercepts of the graphs of these parabolas. Simplify any surds. 


a y-32-6x-1 b y2-2x- Ax 3 € y--Ax? 8x46 
d y22:24-6x—3 e y-22- 8x45 f y=5x2-10x-1 
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8 Finda rule in the form y = ax? + bx + c that matches this graph. 


y 
A 


~ O » X 
-1 -V6 EET 


c1,-6) ¥ 


9 9, 10 10, 11 


9 Write down two rules in the form y = ax? + bx + c that have: 
a two x-intercepts b one x-intercept C no x-intercepts. 


10 Explain why the quadratic formula gives only one solution when the discriminant 5? — 4ac = 0. 


11 Write down the quadratic formula for monic quadratic equations (i.e. where a = 1). 


ENRICHMENT: Some proof - - 12, 13 


12 Substitute x = ES into y = ax? + bx + c to find the general rule for the y-coordinate of the turning 
a 


point in terms of a, b and c. 


—bk pe 
13 Prove the formula x — eee by solving ax? + bx +c = 0. 
a 


(Hint: Divide both sides by a and complete the square.) 


One of the most important applications of quadratic equations is in modelling acceleration, first 
formulated by Galileo in the early 1600s, and shown in action here in the present day. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


7F Applications of parabolas 


Learning intentions 

e To be able to set up a quadratic model to solve a word problem 

e To know how to apply the processes of quadratics to identify key features of a graph and relate them to 
real-life contexts 

* To be able to identify the possible values of a variable in a given context 


Quadratic equations and their graphs can be used to solve 
a range of practical problems. These could involve, for 

example, the path of a projectile or the shape of a bridge’s 
arch. We can relate quantities with quadratic rules and use 


their graphs to illustrate key features. For example, 
x-intercepts show where one quantity (y) is equal to 


Engineers could design a suspension bridge by 
Zero, and the turning point is where a quantity is a placing the road on the x-axis and a pylon on the 
y-axis. The support cable forms a parabola and its 
quadratic equation is used to find the heights of the 
evenly spaced, vertical supports. 


maximum or minimum. 


| LESSON STARTER | Sea The civil engineer 


Michael, a civil engineer, designs a model for the curved cable of a 6 m suspension bridge using the 
equation h = (d — 3)? + 2, where h metres is the height of the hanging cables above the road for a 
distance d metres from the left pillar. 


e What are the possible values for d? 

e Sketch the graph of h = (d — 3)? + 2 for appropriate values of d. 
What is the height of the pillars above the road? 

What is the minimum height of the cable above the road? 


Discuss how key features of the graph have helped to road 


i <—6ő6m 
answer the questions above. 


KEY IDEAS "ni 


B Applying quadratics to solve problems may involve: 
e defining variables 
* forming equations 
* solving equations 
* deciding on a suitable range of values for the variables 
e sketching graphs showing key features 
* finding the maximum or minimum turning point. 
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BUILDING UNDERSTANDING 


(1) A ball is thrown upwards from ground level and reaches a height of h metres after t seconds, 
given by the formula h = 20t — 57. 
Sketch a graph of the rule for 0 < t < 4 by finding the t-intercepts (x-intercepts) and the 
coordinates of the turning point. 
What maximum height does the ball reach (refer to the turning point)? 
How long does it take the ball to return to ground level (A = 0)? 


e The path of a javelin thrown by Jo is given by the formula h = -4a — 10)? + 9, where h metres 


is the height of the javelin above the ground and d metres is the horizontal distance travelled. 
Sketch the graph of the rule for 0 < d < 22 by finding the intercepts and the coordinates 
of the turning point. 
What is the maximum height the javelin reaches (refer to the turning point)? 


What horizontal distance does the javelin travel (i.e. when is ^ = 0)? 


A piece of wire measuring 100 cm in length is bent into the shape of a rectangle. Let x cm be the 
width of the rectangle. 

Use the perimeter to write an expression for the length of the rectangle in terms of x. 

Write an equation for the area of the rectangle (A cm?) in terms of x. 

Decide on the suitable values of x. 

Sketch the graph of A versus x for suitable values of x. 

Use the graph to determine the maximum area that can be formed. 


- (D c oo c o 


What will be the dimensions of the rectangle to achieve its maximum area? 


SOLUTION EXPLANATION 

a 2x length + 2x = 100 
2-x Jensthy— 100 = 2% P= 10cm xem 
.. Length = 50 — x 


100 cm of wire will form the perimeter. 
Length is half of (100 — 2 x width). 


b A=x(50 — x) Area of a rectangle = length x width. 


€ Length and width must be positive, so we require: Require each dimension to be positive, 
x»0and50—- x20 solve for x. 
Le. x > 0 and 50 > x 
ies W << 38 << fü) 
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~« » X 
© 50 


Y 


e The maximum area that can be formed is 625 cm2. 


f Maximum occurs when width x = 25 cm, so 
Length = 50 — 25 


Sketch the graph, labelling the intercepts 


and turning point, which has x-coordinate 
halfway between the x-intercepts; 

ie. x = 25. Substitute x = 25 into the 
area formula to find the maximum area: 

A = 25(50 — 25) = 625. (Note: Open 
circles at x = 0 and x = 50 as these points 
are not included in the range of x-values.) 


Read from the graph. The maximum area 
is the y-coordinate of the turning point. 


From turning point, x — 25 gives the 
maximum area. Substitute to find the 


= 5 gn 
Dimensions that give maximum area are 25 cm by 


corresponding length. Length — 50 — x. 


25 cm, which is, in fact, a square. 


Now you try 


A piece of wire measuring 80 cm in length is bent into the shape of a rectangle. Let x cm be the width 


of the rectangle. 


a 
b 
C 
d 
e 
f 


Use the perimeter to write an expression for the length of the rectangle in terms of x. 
Write an equation for the area of the rectangle (A cm?) in terms of x. 

Decide on the suitable values of x. 

Sketch the graph of A versus x for suitable values of x. 

Use the graph to determine the maximum area that can be formed. 

What will be the dimensions of the rectangle to achieve its maximum area? 


Exercise 7F 


Example 13 1 


a 
b 
C 
d 
e 
f 


158 1-4 


A 20 cm piece of wire is bent to form a rectangle. Let x cm be the width of the rectangle. 


Use the perimeter to write an expression for the length of the rectangle in terms of x. 
Write an equation for the area of the rectangle (A cm?) in terms of x. 

Decide on suitable values of x. 

Sketch the graph of A versus x for suitable values of x. 

Use the graph to determine the maximum area that can be formed. 

What will be the dimensions of the rectangle to achieve its maximum area? 


2 A wood turner carves out a bowl according to the formula d = P — 27, where d cm is the depth of 


the bowl and x cm is the distance from the centre of the bowl. 


a 
b 
C 
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Sketch a graph for —9 < x < 9, showing x-intercepts and the turning point. 
What is the width of the bowl? 
What is the maximum depth of the bowl? 
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548 Chapter 7 


3 The equation for the arch of a particular bridge is given by 
h= Fatt — 100)2 + 20, where h m is the height above the 


base of the bridge and x m is the distance from the left side. 
a Determine the coordinates of the turning point of the 


graph. 
b Determine the x-intercepts of the graph. 
€ Sketch the graph of the arch for appropriate values of x. 
d What is the span of the arch? Richmond Bridge, Tasmania, is the oldest 
e What is the maximum height of the arch? bridge in Australia that is still in use. 
4 Afarmer fas ” m of bd. to form a testangubar pU E Ss 
paddock with a river on one side (that does not require Node Ss >= 


fencing), as shown. 
a Use the perimeter to write an expression for the length of 


the paddock in terms of the width, x metres. n 
b Write an equation for the area of the paddock (A m?) in 
terms of x. 
€ Decide on suitable values of x. 
d Sketch the graph of A versus x for suitable values of x. 
e Use the graph to determine the maximum paddock area that can be formed. 
f What will be the dimensions of the paddock to achieve its maximum area? 
5 The sum of two positive numbers is 20 and x is the smaller number. 
a Write the second number in terms of x. 
b Write a rule for the product, P, of the two numbers in terms of x. 
€ Sketch a graph of P vs x. 
d Find the values of x when: 
i P=0 ii Pisa maximum. 
e What is the maximum value of P? 
PROBLEM-SOLVING 6 6,7 7,8 


6 The equation for a support span is given by h = -50 — 20), where h m is the distance below the 


base of a bridge and x m is the distance from the left side. 

a Determine the coordinates of the turning point of the graph. 
b Sketch a graph of the equation using 0 < x < 40. 

¢ What is the width of the support span? 

d What is the maximum height of the support span? 


7 Jordie throws a rock from the top of a 30 metre high cliff and its height (h metres) above the sea is 
given by h = 30 — 572, where t is in seconds. 
a Find the exact time it takes for the rock to hit the water. 
b Sketch a graph of h vs t for appropriate values of f. 
C What is the exact time it takes for the rock to fall to a height of 20 metres? 
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8 A bird dives into the water to catch a fish. It follows a path given by h = £ — 8t + 7, where h is the 


height in metres above sea level and ż is the time in seconds. 
a Sketch a graph of h vs t, showing intercepts and the turning point. 
b Find the time when the bird: 
i enters the water ii exits the water 
iii reaches a maximum depth. 
€ What is the maximum depth to which the bird dives? 
d At what times is the bird at a depth of 8 metres? 


REASONING 


9 The height, h metres, of a flying kite is given by the rule h = 1? — 6t + 10 for t seconds. 


a Find the minimum height of the kite during this time. 
b Does the kite ever hit the ground during this time? Give reasons. 


10 The sum of two numbers is 64. Show that their product has a maximum of 1024. 


Ti A rectangular framed picture has a total length and width of 20 cm 


and 10 cm, respectively. The frame has width x cm. mE 

a Find the rule for the area (A cm2) of the picture inside. | 10cm 
What are the minimum and maximum values of x? 
Sketch a graph of A vs x using suitable values of x. 20 cm 


Explain why there is no turning point for your graph, using suitable values of x. 
Find the width of the frame if the area of the picture is 144 cm?. 


© 2 cc c 


12 A dolphin jumping out of the water follows a path described by h = -50 — 10x + 16), where h is 


the vertical height, in metres, and x metres is the horizontal distance travelled. 
a How far horizontally does the dolphin travel out of the water? 
b Does the dolphin ever reach a height of 5 metres above water level? Give reasons. 


ENRICHMENT: The highway and the river and the lobbed ball = = 13, 14 


13 The path of a river is given by the rule y = Qe — 100) and all units are given in metres. A highway 
is to be built near or over the river on the line y = c. 


a Sketch a graph of the path of the river, showing key features. 
b For the highway with equation y = c, decide how many bridges will need to be built if: 
i c=0 ii c = —300. 


€ Locate the coordinates of the bridge, correct to one decimal place, if: 


14 A tennis ball is lobbed from ground level and 


Australian Curriculum Year 10 & 10A 3ed 


i c= —200 ii c= —10. 
d Describe the situation when c = —250. 


must cover a horizontal distance of 22 m if it 
is to land just inside the opposite end of the 
court. If the opponent is standing 4 m from 
the baseline and he can hit any ball less than 


3m high, what is the lowest maximum height 4m 


the lob must reach to win the point? 22m 
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1 Sketch graphs of the following quadratic relations, labelling the turning point and the 


y-intercept. (Note: The x-intercepts are not required.) 


a y=2 b y=-x +3 € y= (x-3) dvo 
N 
‘Ss TAB 2 Find a rule for this parabola with turning point (0, 2) and another point (1, 5). 
© y 
N A 
a (1, 5) 
a 
c 
c3 
= 2 
a- 
-—— —— —- X 
ay 
3 Sketch graphs of the following quadratics, label the x- and y-intercepts and determine the 
coordinates of the turning point, using symmetry. 
a y=x oy b y=x?—-4x+4 
4 The equation of this graph is of the form y = (x + a)(x + b). Use the 
x-intercepts to find the values of a and b, then find the coordinates of 
the turning point. 
5 For y = —2(x — 3)? + 8 determine the: 
a coordinates of the turning point and state whether it is a maximum or minimum 
b y-intercept € x-intercepts (if any). 
6 Sketch these graphs by completing the square to write the equation in turning point form. 
Label the exact x- and y-intercepts and turning point on the graph. 
a y-2x?—4x 43 b y=x*-2x-6 
7 Forthe parabolas given by the following quadratic equations: 
i Use the discriminant to determine the number of x-intercepts. 
ii Determine the y-intercept. 
ili Use x = u to determine the turning point. 
a 
a y=x?—4x+5 a= 6.7 C y= -x* - 8x — 16 
8 Sketch the graph of the quadratic y = 2x? — 8x + 5, labelling all significant points. Give 
the x-intercepts, rounded to two decimal places. 
9 A farmer has 44 metres of fencing to build three sides of a rectangular animal pen with the 
wall of the farm shed forming the other side. The width of the pen is x metres. 
a Write an equation for the area of the pen (A m?) in terms of x. 
b Sketch the graph of A versus x for suitable values of x. 
€ Determine the maximum area that can be formed and state the dimensions. 
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7G 


TG Intersection of lines and parabolas 10a 


Learning intentions 

e To understand how a line can intersect a parabola at 0, 1 or 2 points 

* To be able to find the points of intersection of a line and a parabola using substitution 

e To know that the discriminant can be used to determine the number of points of intersection of a line and a parabola 


We have seen previously when simultaneously solving a pair of linear equations that there is one solution 
provided that the graphs of these linear equations are not parallel. Graphically, this represents the point of 
intersection for the two straight lines. 


For the intersection of a parabola and a line we can have either zero, one or two points of intersection. As 
we have done for linear simultaneous equations, we can use the method of substitution to solve a linear 
equation and a non-linear equation simultaneously. 


| LESSON STARTER | ihv: How many times does a line cut a parabola? 


e Use computer graphing software to plot a graph of y = x?. 


e By plotting lines of the form x = h, determine how many points of 
intersection a vertical line will have with the parabola. 


By plotting lines of the form y = c, determine how many points of 


intersection a horizontal line could have with the parabola. 


This image shows why the Infinity 
By plotting straight lines of the form y = 2x + k for various values of Bridge, England, is named after the 
symbol oo. Architects develop and 
solve equations in three dimensions 
a parabola. to determine the intersection 


* State some values of k for which the line above intersects the parabola: points of lines (support cables) and 
parabolic curves (the arches). 


k, determine the number of possible intersections between a line and 


— twice — never. 


e Can you find the value of k for which the line intersects the parabola exactly once? 


KEY IDEAS 


Bi When solving a pair of simultaneous equations involving a parabola and a line, we may obtain 


Zero, one or two solutions. Graphically, this represents zero, one or two points of intersection 
between the parabola and the line. 

* Aline that intersects a curve twice is called a secant. 

* Aline that intersects a curve in exactly one place is called a tangent. 


yy i y. 
m » x < » x < » X 
O O (0) 
zero points of intersection one point of intersection two points of intersection 
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552 Chapter7 


Bi The method of substitution is used to solve the equations simultaneously. 
e Substitute one equation into the other. 
e Rearrange the resulting equation into the form ax? + bx + c = 0. 
e Solve for x by factorising and applying the Null Factor Law or use the quadratic formula 
TE -b + Vb? — 4ac 
2a 
e Substitute the x-values into one of the original equations to find the corresponding y-value. 


E After substituting the equations and rearranging, we arrive at an equation of the form 
ax? + bx + c = 0. Hence, the discriminant, b? — 4ac, can be used to determine the number of 
solutions (i.e points of intersection) of the two equations. 


M » y 
À À A 
=< O > X X » x < > X 
O O 
Y Y Y 
zero solutions one solution two solutions 
b? — 4ac <0 b? — 4ac = 0 b? — 4ac > 0 


BUILDING UNDERSTANDING 


Find the coordinates of the point where the vertical line x = 2 intersects the parabola 
y = 2x2 + 5x — 6. 

Find the coordinates of the point where the vertical line x = —1 intersects the parabola 
y-i-3x-1. 


o9 Rearrange the following into the form ax? + bx + c = 0, where a > 0. 
a x°+5x=2x-6 b x- 3x+4=2x+1 C xX +x-7=-2x+5 


© What do we know about the discriminant, b? — 4ac, of the resulting equation from solving the 
equations which correspond to these graphs simultaneously? 


a y b y 


y 
A 
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Find any points of intersection of these parabolas and lines. 
b y=x*+2x4+4 
y==2 


am = 3y 


y=4 
SOLUTION 
a By substitution 
x? — 3x 24 
x2 -3x-4=0 


(x—4)x-1)20 
x—-4=0orx+1=0 
x=4orx=-1 
.. The points of intersection are at (4, 4) and 
(—1, 4). 


b By substitution: 
x +2x+4= -2 
x +2x+6=0 
E —b + Vb? — 4ac 
2a 
= VO =- 4(1)(6) 


.. There are no points of intersection. 


Now you try 


EXPLANATION 


Substitute y = 4 from the second equation into 
the first equation. 

Write in the form ax? + bx + c = 0 by 
subtracting 4 from both sides. 

Factorise and apply the Null Factor Law to 
solve for x. 

As the points are on the line y = 4, the 
y-coordinate of the points of intersection is 4. 


Substitute y = —2 into the first equation. 


Apply the quadratic formula to solve 
x2 2x + 6 = 0, where a = 1, b = 2 and 


(€ e 6, 
Y —20 has no real solutions. 


The parabola y = x? + 2x + 4 and the line 
y — —2 do not intersect. 


Find any points of intersection of these parabolas and lines. 


a peg 


y=2 


E 
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Chapter 7 


Solve the following equations simultaneously. 


a yar b y=-4x7-x+6 e y=x2 +1 
y= 2x y=3x+7 2x — 3y = —4 
SOLUTION EXPLANATION 
a By substitution: Substitute y = 2x into y = x’. 
x* = 2x 
x —2x=0 Rearrange the equation so that it is equal to 0. 
x(x — 2) =0 Factorise by removing the common factor x. 


x=O0orx-—2=0 

aem gem 
Whenx20,y 22 x (0) = 0. 
Winen = 9255 1—92 54 (2) S 


.. The solutions are x = 0, y = 0 and 
ape yd 


b By substitution: 
-4x -x+ 6=3x+7 
FO a T 
6-4 +4x+7 
0= 4x7 + 4x 1 
J. (2x + 1)Qx+ 1) =0 


2x+1=0 

1 

ra= 

2 

1 

h = —— y = ES 
When x y 3 x ( 3530 

E St 

2 2 


-. The only solution is x = E y= E 
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Apply the Null Factor Law to solve for x. 


Substitute the x-values into y = 2x to obtain 
the corresponding y-value. Alternatively, the 
equation y — x? can be used to find the y-values 
or it can be used to check the y-values. 

The points (0, 0) and (2, 4) lie on both the line 
y = 2x and the parabola y = x?. 


Substitute y = 3x + 7 into the first equation. 
When rearranging the equation equal to 0, 
gather the terms on the side that makes the 
coefficient of x? positive, as this will make the 
factorising easier. Hence, add 4x? to both sides, 
then add x to both sides and subtract 6 from 
both sides. Factorise and solve for x. 


Substitute the x-value into y = 3x + 7 
(or y = —4x? — x + 6 but y= 3x + 7 isa 
simpler equation). 


Finding only one solution indicates that this 
line is a tangent to the parabola. 
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t By substitution: 
2x- 307+ 1)=-4 
2x — = 3= —4 
p — 3 = 3x2 — 4 
2x = 3x? — 1 


3x2- 2x -1=0 
Bx+ Dx-120 
3x+ 1=O0orx-—1=0 


Replace y in 2x — 3y = —4 with x? + 1, 
making sure you include brackets. 


Expand the brackets and then rearrange into the 
form ax? + bx +c = 0. 


Factorise and solve for x. 


x= A ore MIT 
3 
When x = — 1 y= (= 5) +1 Substitute the x-values into one of the two 
i original equations to solve for y. 
9 
MU 
9 
Whenx = l,y= (Gy +1 
= 
.. The solutions are x = — T y= and The line and parabola intersect in two places. 
se = dle 2. 
Now you try 
Solve the following equations simultaneously. 
a y= b y=—x? + 6x+7 c y=x-1 
y=4x y=4x+8 3x + 2y=0 


Solve the equations y = x? + 5x — 5 and y = 2x simultaneously. Round your values to two decimal 


places. 


SOLUTION 

By substitution: 
x + 5x—5=2x 
x* + 3x-5=0 
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EXPLANATION 


Rearrange into standard form. 
x? + 3x — 5 does not factorise with whole 
numbers. 


Continued on next page 
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Using the quadratic formula: Quadratic formula: If ax? + bx + c = 0, then 
_ 34 Y) = 405) OBRA 
2(1) 7 2a l 
=3 m WO sp 20 
ED Herea = lia e 3) anal ce —5), 
ERE: v29 Use a calculator to evaluate een and 
2 


1.19258... or —4.19258... . Recall that if the number under the 


2354/29 
D 


square root is negative, then there will be no 
real solutions. 


In exact form, y = 2x 


-3 + V29 l . 
=2x I Substitute exact x-values into y = 2x. 
= —3 + V29 
. The solutions are x = 1.19, y = 2.39 Round your values to two decimal places, as 
and x = — 4.19, y = —8.39 (to 2 d.p.). required. 


Now you try 


Solve the equations y = x? + 2x — 1 and y = 3x simultaneously. Round your values to two decimal 
places. 


Determine the number of solutions (points of intersection) of the following pairs of equations. 


a y-x-3x-1 b y2232-3x48 
y-x-2 y=5— 2x 
SOLUTION EXPLANATION 
a By substitution: Start as if solving the equations simultaneously. 
vespere Once the equation is in the form 
xb-L2x4120 ax? + bx + c = 0, the discriminant 
Using the discriminant: b* — 4ac can be used to determine the 
b? — 4ac = (2)? — 4(1)(1) number of solutions. Here, a = 1, b = 2 
=4-4 andc = 1. 
=0 
.. There is one solution to the pair of Recall: b? — 4ac > 0 means two solutions. 
equations. b? — 4ac = 0 means one solution. 


b? — 4ac < 0 means no solutions. 
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Example 14 


Example 14 


Example 15a,b 


Example 15c 
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b By substitution: 
2x2 — 3x+8=5-2x 
2x* —x+3=0 
Using the discriminant: 
b* — 4ac = (-1)? — 4(2)(3) 
=1-24 
= —23 <0 


Substitute and rearrange into the form 
ax? + bx +c — 0. 


Calculate the discriminant. Here, a = 2, b = —1 


ande = 3), 


b? — 4ac < 0 means no solutions. 


-. There is no solution to the pair of 


equations. 


Now you try 


Determine the number of solutions (points of intersection) of the following pairs of equations. 


a y=x24+7x-4 
y=x-1 


Exercise 7G 


b y=3x*-x+6 
pe»: 


1, 2-4(1/2), 5 2-A(1/2), 5, 6(1/2) —  2-4(1s), 5, 6(1/3) 
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1 Find the points of intersection of these parabolas and horizontal lines. 
a y=x = 2x b y=x?+5x41 
y=8 y=-7 
2 Find the points of intersection of these parabolas and horizontal lines. 
a y=xX +x b y=x -— 4x y=x +3x+6 
y=6 y=12 y=1 
d y=2x*+ 7x41 e y-42- 12x49 y-23X 2x49 
y2-2 y=0 y=5 
3 Solve these simultaneous equations using substitution. 
a yor b y=x yex 
y = 3x yum y=3x+ 18 
d yx-2x45 e y=—x*-1lx+4 y=xrt3x-1 
y=x+5 y=-3x+ 16 y=4x+5 
g y=x-2x-4 h y=—x*+3x—-—5 y 2 2x2 + 4x + 10 
y= 2x — 5 y=3x-1 y=l-7x 
| y=3 -2x—-20 k yz—x2-4x 43 y=x +x+2 
y-22x-5 y 2x4 12 y=1-x 
4 Solve these simultaneous equations by first substituting. 
a yer b y=x* yex 
2x+y=8 xy 2x + 3y=1 
d y2x43 e y-x?-2x y=- +9 
5x + 2y = 4 2x — 3y = —4 6x=y=7 
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Parabolas and other graphs 


Examplets © Solve the following simultaneous equations, making use of the quadratic formula. 
a Give your answers to one decimal place where necessary. 


i y=2x27+3x+6 ii y=x* +1 
y=xt+4 y=2x+3 

iii y= 232 +2443 iv y= 2x7 4+ 4x45 
y=3x+2 y=3-2x 

b Give your answers in exact surd form. 

i y2x-2x-5 ii y2x2-x-1 
yx y= 2x 

ili y = —x2 — 3x +3 iV y2x?-3x-3 
y = -2x y-2x41 


Example17 6 Determine the number of solutions to the following simultaneous equations. 


a y-x-2x-3 b y22x «x € y-232-7x43 
y=xt+4 y=3x-1 =] — 2x 
d y=x?+5x+1 e y=-x2 f y=-x* 42% 
y= 2x —-3 y=2x+1 y=3x-1 
7, 8(1/2) 7, 8(1/2) 8,9 


7 Ben, a member of an indoor cricket team, playing a match in a gymnasium, hits a ball that follows 
a path given by y = —0.1x? + 2x + 1, where y is the height above ground, in metres, and x is the 
horizontal distance travelled by the ball, in metres. 


The ceiling of the gymnasium is 10.6 metres high. Will this ball hit the roof? Explain. 
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8 Solve the following equations simultaneously. 


a y=x2+2x-1 b y=x@-4) 
x-3 1 
= —— —5 
M 2 y 2* 
E. 
e y=(x-2)2+7 d yao 
y=9-x 
y=2(x- 1) 


9 A train track is to be constructed over a section of a lake. On a map, the edge of the lake that the train 

track will pass over is modelled by the equation y = 6 — 2x. The segment of train track is modelled 

by the equation y = x + 5. 

The section of track to be constructed will start and end at the points at which this track meets the lake. 

a Determine the location (i.e. coordinates) of the points on the map where the framework for the 
track will start and end. 

b If 1 unit represents 100 metres, determine the length of track that must be built over the lake, 

correct to the nearest metre. 


10 10, 11 Vil, WZ 


10 Consider the parabola with equation y = x? — 6x + 5. 
a Use any suitable method to determine the coordinates of the turning point of this parabola. 
b Hence, state for which values of c the line y = c will intersect the parabola: 
i twice 
ii once 
iii not at all. 
11 Consider the parabola with equation y = x? and the family of lines y = x + k. 
a Determine the discriminant, in terms of k, obtained when solving these equations simultaneously. 
b Hence, determine for which values of k the line will intersect the parabola: 
i twice 
ii once 
iii not at all. 
12 a Use the discriminant to show that the line y = 2x + 1 does not intersect the parabola y = x2 + 3. 
b Determine for which values of k the line y = 2x + k does intersect the parabola y = x? + 3. 


ENRICHMENT: Multiple tangents? = = 13 


13 The line y = mx is a tangent to the parabola y = x? — 2x + 4 (i.e the line touches the parabola at 
just one point). 
a Find the possible values of m. 
b Can you explain why there are two possible values of m? (Hint: A diagram may help.) 
€ Ifthe value of m is changed so that the line now intersects the parabola in two places, what is 
the set of possible values for m? 
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560 Chapter 7 


Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


Designer jeans 


1 A popular pair of designer jeans sells for $300. A franchise sells 1200 pairs a month. The company 
carried out some research and discovered that for every $10 decrease in price it can sell 100 more pairs 
a month. 


The franchise is interested in maximising profit based on possible changes to the price of the jeans. 


a If the jeans are sold for $290 one month: 
Ì how many sales are expected? 
ii how much is made in sales (revenue)? How does this compare to the revenue in a month when 
the jeans are sold for $300? 
b Complete a table like the one shown below, to look at the revenue as the price of jeans is decreased. 


Number of $10 price decreases | Price of jeans ($) | Number of sales Revenue ($) 
0 300 1200 300 x 1200 = 360000 
1 290 
2 
3 


€ Use your table to help establish a rule for the revenue, R dollars, based on the number of $10 price 
decreases, x. 

d Use your rule to determine the price to sell the jeans for to maximise the revenue and state this 
maximum revenue. 


Stained-glass windows 


2 Many objects, such as windows, are composite shapes. The stained-glass window shown, for example, 
is made up of a rectangle and semicircle. 
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A window company is interested in exploring the relationship between the perimeter of the window 


and its area. It also wants to look at maximising the area for a fixed perimeter. 


a If the perimeter of the window is fixed at 6 m, find: 
i an expression for the height of the rectangular section, y m, in terms of r 
ii a rule for the area, A m?, of the window in the form A = ar? + br where a and b are constants 
iii the dimensions of the window that maximise its area and the maximum area. 

b Repeat part à for a perimeter of P m. Confirm your result by checking your answer to part à iii 
with P — 6. 

€ Investigate a second stained-glass window, as shown, with an equilateral triangle 
top section. Compare its maximum area with part a, for the same perimeter of 6 m. 


On the lake 


3 The parabolic curve can be used to model many shapes in the natural world. A certain 


lake is represented on a Cartesian plane by the region bound by the curves y — d — 4x and 
1 
= 3x — x2. 
z 2 
You will investigate the use of the parabola to model the boundary of the lake and a path of a boat. You 
will calculate distances on the lake and find minimum distances between objects on or beside the lake. 


a_i Sketch the region represented by the lake including the points of intersection. 
ii At x = 2, determine the vertical distance across the lake. 
iii Find a rule in terms of x for the vertical distance (y direction) across the lake. 
iv Hence, find the maximum vertical distance across the lake. 

b A speed boat on the lake is following a path as shown on the right. D 
A spectator stands on the sidelines at (4, 0) with 1 unit representing 10 m. 
The rule for the speedboat's path is given by y — Vx. 
i Find the direct distance, in metres, from the spectator to the speedboat 


when the speedboat is at (1, 1). (4, 0) 
ii Find arule in terms of x for the distance between (4, 0) and a point (x, y) on the speed boat path. 
(Hint: y = Vx.) 


iii As x increases, explain what happens to the value of Vx. 
iv Complete the table below by using the minimums of the quadratics in | and lll to infer the 
minimum of their square root graph. 


Ri 
| y=xX +2 


Il y=Vx +2 
Ill y= x? - 4x4 7 


IV y2 Vx? - Ax 7 


v Hence, if the minimum value of a quadratic rule y is n at x = m, give the minimum value of vy 


and for which x-value it occurs. 
vi Use the ideas above and your rule from ii to determine the coordinates on the speedboat’s path, 
y= Vx, where it will be closest to the spectator. What is this minimum distance? 
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Chapter 7 


7H Graphs of circles 


We know of the circle as a common shape in geometry, 
but we can also describe a circle using an equation and 
as a graph on the Cartesian plane. 


LESSON STARTER Plotting the circle 


Learning intentions 

e To know the form of the Cartesian equation of a circle centred at the origin with radius r 

e To be able to sketch a graph of a circle centred at the origin, using the radius to label intercepts 
e To know how to find the points of intersection of a line and a circle 


A graph has the rule x2 + y? = 9, Programs that manipulate a robot’s arm include circle 
equations. Working in 2D: with the lower arm secured at 
When x = 0, what are the two values of y? its base, the joint can move in a semicircle; each point on 
this semicircle can be the centre of a circular path that the 
When x = 1, what are the two values of y? Iri Gam allan, 


When x = 4, are there any values of y? Discuss. 
Complete this table of values. 


Now plot all your points on a number plane and join them to form a smooth curve. 
What shape have you drawn and what are its features? 
How does the radius of your circle relate to the equation? 


KEY IDEAS 


E The Cartesian equation of a circle with centre (0, 0) and radius r is given by x? + y? = 7°. 
B Making x or y the subject: 
O ye Vr? — x? 


O =E r — y? 


E To find the intersection points of a circle and a 


line, use the method of substitution. 


Using Pythagoras’ theorem, a? + b2 = c? 
gives x? + y? = r°. 
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BUILDING UNDERSTANDING 


@ Draw a circle on the Cartesian plane with centre (0, 0) and radius 2. 


e Solve these equations for the unknown variable. There are two solutions for each. 


a x-22-9 


b 2432225 


c 5242-36 


e A circle has equation x? + y? = r?. Complete these sentences. 


4 Thecentre of the circle is 


D The radius of the circle is 


For the equation x? + y? = 4, complete the following. 


a State the coordinates of the centre. 
c Find the values of y when x = 1. 


e Sketch a graph showing intercepts. 


SOLUTION 
a (0,0) 
0 pm» 
c x+y = 4 
124.3224 
yz 
o y= V3 
2 
d 2+ (3) =4 
2 
qe m 
4 
pels 
4 
26 = ar D 
4 
me 
2 
e y 
2 Å 
E » x 
-2 p 
-2 
y 
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b State the radius. 


d Find the values of x when y = L. 


EXPLANATION 
(0, 0) is the centre for all circles xc y =r 


x +y =r sor = 4. 
Substitute x = 1 and solve for y. 


Recall that (V3)? and (-V3)? both equal 3. 


Substitute y — T 
"pe Eee MM 
4 4 4 4 


Draw a circle with centre (0, 0) and radius 2. 
Label intercepts. 


Continued on next page 
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Chapter 7 


Now you try 

For the equation x? + y? = 16, complete the following. 

a State the coordinates of the centre. D State the radius. 

c Find the values of y when x = 1. d Find the values of x when y = T 


e Sketch a graph showing intercepts. 


Example 19 


®© 
Find the coordinates of the points where x? + y? = 4 intersects y = 2x. Sketch a graph showing the 
exact intersection points. 
SOLUTION EXPLANATION 
xy? =4 and y = 2x Substitute y = 2x into x? + y? = 4 and solve for x. 
x2 + (2x)? = 4 Recall that (2x)? = 2x x 2x = 4x2. 
paca 4 
5x2 = 4 
~ 
5 
4 V 2 
eS me = ae E 
5 SGI 
xe p 
v5 
Tit y= 2; Substitute both values of x into y = 2x to find the 
2 2 4 y-coordinate. 
x = — gives y = 2 x — = — 
v5 V5 v5 
DX ( 2 ) 4 
= ===] GNSS we 2 & [| === |] = == 
v5 v5 v5 
7 For x7 +y =4,r=2. 
À ] 4 Mark the intersection points and sketch y = 2x. 
3) 
at 
C 2 
?Y 
Now you try 
Find the coordinates of the points where x? + y? = 25 intersects y = x. Sketch a graph showing the 
exact intersection points. 
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Example 18 


Example 18 


Example 19 
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Exercise 7H 


1, 8-5(1/5) 2, 3-6(1/2) 2, 3-6(1/5) 


1 Acircle has equation x? + y* = 9. Complete the following. 
a State the coordinates of the centre. 
b State the radius. 
c Find the values of y when x = 2. 


d Find the values of x when y = 2. 
e Sketch a graph showing intercepts. 


2 For the equation x? + y? = 25 complete the following. 
a State the coordinates of the centre. 
b State the radius. 


c Find the values of y when x = 2. 


d Find the values of x when y = 4. 
e Sketch a graph showing intercepts. 


3 Give the radius of the circles with these equations. 


a x+y = 36 b x+y =81 c x? +y = 144 

d x+y =5 e x+y =14 f x? +y =20 
4 Write the equation of a circle with centre (0, 0) and the given radius. 

a 2 b 7 c 100 d 51 

e v6 f v10 g 11 h 0.5 
5 For the circle with equation x? + y? = 4 find the exact coordinates where: 

a x=1 b x=-l € x= T 

i 2 
d y-2-—— e y=-2 f =0 
y 2 y 34 

6 Without showing any working steps, write down the x- and y-intercepts of these circles. 

a x245-1 b 2452-216 c x245-3 d x24-5-11 

PROBLEM-SOLVING 7(12), 8 7(*/), 8-10 7 (1/2), 9-12 
7 Write down the radius of these circles. 

a x3-y-8z0 b x*-4=-y? ec y*=9- x 

d 10-y*-+=0 e 34¢x7+y?=15 f 17-y=x-3 


8 Find the coordinates of the points where x? + y? = 9 intersects y = x. Sketch a graph showing the 
intersection points. 


9 Find the coordinates of the points where x? + y? = 10 intersects y = 3x. Sketch a graph showing the 


intersection points. 


10 Find the coordinates of the points where x? + y? = 6 intersects y = E Sketch a graph showing the 
intersection points. 


566 Chapter 7 


11 Determine the exact length of the chord formed by the intersection of y = x — 1 and x? + y? = 5. 
Sketch a graph showing the intersection points and the chord. 


12 For the circle x? + y? = 4 and the line y = mx + 4, determine the exact values of the gradient, m, so 
that the line: 
a isatangent to the circle 
b intersects the circle in two places 
€ does not intersect the circle. 


13 13, 14 14, 15 


13 Match equations a-f with graphs A-F. 


a x+y = b y=x-1 
d y=x -1 e y=-x(x + 2) 
A y B y 
3A 
x 
£a 
Pp 
-3 
-3% 
D E y F y 
\7A 
2 
A) x 
< » x 5 x 
N7 43 1 
-Vy 


14 a Write x? + y? = 16 in the form y = £V? — x?. 
b Write x? + y? = 3 in the form x = £v7? — y?. 


15 a Explain why the graphs of y = 3 and x? + y? = 4 do not intersect. 
b Explain why the graphs of x = —2 and x? + y? = 1 do not intersect. 
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ENRICHMENT: Half circles 


16-17 (1/2) 


16 When we write x? + y? = 9 in the form y = +V9 — x2, we define two circle halves. 


y M 


y=V9- x2 y=-V9 — x2 
Sketch the graphs of these half circles. 
ay=v4—-x b y=v25-x 
d y=-V10— x? e y- vV16—- x? 
g x--v7-y h x2v5-y* 
17 Write the rules for these half circles. 
a y b 
5 


d e 
g y h 
Vi0 22 
x 
g -2N2 
~V10 Be 
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568 Chapter 7 


Using calculators to graph circles and other graphs (CAS) 


1 Sketch a graph of x? + y? = r2 using r = {1,3}. 


2 Sketch a graph of y = Land ye -1 + 3 on the same set of axes. 


Using the TI-Nspire: Using the ClassPad: 

1 Ina Graphs page, use >Graph Entry/ 1 Inthe Graph&Table application enter the rule 
Edit>Equation>Circle>centre form and enter y1 = p({1,3}2 — x?) followed by EXE. Enter the rule 
(x— 0)? + (y — 0)? = 3? for r= 3. y2 = -p((1, 3)? — x2) followed by EXE. Tap [4 to 


see the graph. Select Zoom, Square. 


© Edit Zoom Analysis € x 
BMRB D 
[Sheet [Sheet2 |Sheet3 |Sheet4 |Sheet5 | 

Miy17y (1,3)2-x2 — 
Wy2=-/{1,3}2-x2 —u 


[1y3:0 
[]y4:0 
| 1y5:ü 
[1y6:0 


2 Enter the rules as f1(x) and f2(x). Change 2 Enterthe rules as y1 and y2. Change the scale 
the scale using the window setting. by tapping [eg]. Use the Analysis, G-Solve menu to 
Arrow up or down to toggle between graphs. show significant points. Arrow up or down to toggle 
between graphs. 


ESE SG Rh G 


Sheet! |Sheet2 |Sheet3 |Shest4 [Sheets | 


T(0.555 


[B 
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Using calculators to graph circles and other graphs (non-CAS) 


1 Sketch a graph of x? + y? = r? using r = {1,3}. 


2 Sketch a graph of y = Land y= -= + 3 on the same set of axes. 


Using the TI-Nspire CX non-CAS: Using the Casio: 
1 Ina Graphs page, use >Graph Entry/ 1 Inthe Graph application enter the rule 


Edit>Equation>Circle>centre form and enter 
(x — 0? + (y 0)? = 3? for r= 3. 


2 Enter the rules as f1(x) and f2(x). Change 2 


the scale using the window setting. 
Arrow up or down to toggle between graphs. 
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Y12 V(1,3)? — x? followed by EXE. Enter the rule 


Y2 = —V {1,3}? — x? followed by EXE. Select 
F6 (DRAW) to see the graph. Then select SHIFT F2 
(Z00M), followed by F6 (>) and F2 (SQUARE). 


E] Math Rad Norm1) 

Graph Func 

Y18/(1,3)?-x? [=] 
(= ] 
E= 
p=] 

Y5: [—] 

SELECT MODIFY|[DRAW ] 


In the Graph application enter the rule Y1 = 1 followed 
by EXE. Enter the rule Y2 = = + 3 followed by EXE. 


Select F6 (DRAW) to see the graph. Select SHIFT F5 
(G-Solv), followed by F5 (INTSECT) to show the points 
of intersection. 


Ë 
Graph Func 


1 
Y1E- 
e 
Y2&8 "ui [=] 


Y3: E 
VA: == 
SELECT DELETE] TYPE BLOW MODIFY) DRAW) 


B] [EXE]:Show coordinates 
Yi-lax 
Y2--(142x)-3- 


X-0.6666666 
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7| Graphs of hyperbolas 10a 


Learning intentions 
e To know the general equation form of a rectangular hyperbola: y = > 
e To know how to sketch and label the key features of a rectangular hyperbola, including asymptotes 
e To be able to sketch reflections of hyperbolas 


e To be able to find point(s) of intersection of a line and a hyperbola 


A simple rectangular hyperbola is the graph of the equation y = > These types of equations are common 


in many mathematical and practical situations. 


When two stones are thrown into a pond, the resulting concentric ripples intersect at a set of points that together 
form the graph of a hyperbola. In a similar way, when signals are received from two different satellites, a ship’s 
navigator can map the hyperbolic shape of the intersecting signals and help to determine the ship’s position. 


/ e M 
Two signal pulses emitted simultaneously will spread in overlapping concentric circles. All circle intersection 
points with the same difference in distance (or time) from the centres form a hyperbola shape. Using signal time 
differences and hyperbolic charts, navigators can locate a ship's position more reliably than using GPS. 


| LESSON STARTER | Vuze How many asymptotes? 


Consider the rule for the simple hyperbola y = : First, complete 


y 
the table and graph, and then discuss the points below. 8 A 
6 
2 
m » x 
* Discuss the shape of the graph of the hyperbola. -4 -5- -19 1 2 3 4 
e What would the values of y approach as x increases to infinity L4- 
or negative infinity? L6 
e What would the values of y approach as x decreases to zero Lg 
from the left or from the right? í y 
e What are the equations of the asymptotes for y = P 
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KEY IDEAS 


B A hyperbola has two asymptotes. Recall that an 


y 
asymptote is a straight line that a curve approaches ei 
more and more closely but never quite reaches. asymptotes 4 3 k 
As 
y | 1 (1, 1) 
< E: 
Ecke NUR 


(ro 


B A rectangular hyperbola is the graph of the rule y 
=f a40 
y= x . E 2 EE 4 
1 em edem 
€ ym is the basic rectangular hyperbola. tote 1,2) 
? V = l, 1 
e x= 0 (y-axis) and y = 0 (x-axis) are its asymptotes. k 1H ve 
e Fora» 1 the hyperbola will be further out from the Ex 2l D DER: x 
asymptotes. E 2 344 
e  For0 <a « 1 the hyperbola will be closer in to the (er -3 (1, 2 
asymptotes. 
B The graph of y = = is a reflection of the graph of \i 


y= zin the x- (or y-) axis. 


E To find the intersection points of a hyperbola and a line, use the method of substitution. 


BUILDING UNDERSTANDING 


@ Match the rules a, b and € with the graphs A, B and C. 


1 3 2 
a y= F b y= E C y= = 
A y B C 
A i y 
3 
3 
: 2 
2 
1 1 1 
[* O a lis ~« » X x 
2-19 1 2 3 “39-10 1 44 SS To 13 
5 
2 
3 Y 3 i 
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572 Chapter7 


o a Give in ascending order: 1 + 0.1, 1 + 0.001, 1 + 0.01, 1 + 0.00001. 


b For y = —, which of the following x-values will give the largest value of y: 
111 1 
=> 7 7 Or — 7] 
5 102 100 


C Fory= L calculate the difference in the y-values for x = 10 and x = 1000. 


d Fory= E calculate the difference in the y-values for x = at and x = PES 
x 2 1000 


Sketch the graphs of each hyperbola, labelling the points where x = 1 and x = —1. 


1 p 3 
ü y-c b y= = p yc 
SOLUTION EXPLANATION 
a y- L Draw the basic shape of a rectangular hyperbola 
1 
y= x 
Substitute x = 1 and x = —1 to find the two 
points. 
p 2 
b are Hugo = ae 
horse = Il, ys Ss 
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Q ys - ye - is a reflection of y = >in either the 


X- Or y-axis. 
m When x — l y=-2=-3. 
3 
When x = —1, y = -— = 3. 
E 0 » x 
(i =3) 
Now you try 
Sketch the graphs of each hyperbola, labelling the points where x = 1 and x = —1. 
a = 1 b = 3 C = 2 
M x y= 5? m X 


m 
LLL 


© 
Find the coordinates of the points where y = E intersects these lines. 
a yes b y=4x 
SOLUTION EXPLANATION 
5Ó y» 1 and y = 3 Substitute y = 3 into y = Land solve. 
à 
jee 
à 
She = Il 
1 
a 
B 


-. Intersection point is E 3). 


Continued on next page 
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574 ~~ Chapter 7 


b y= L and y = 4x Substitute and solve by multiplying both 
x 
1 sides by x. Note that 1: v1 = T 
ees fl Find the corresponding y-values. 

ue 
4 

x= gl 

2 


1 1 
=4x (=) =2andy=4x(-—) =-2 
ye essen 


.. Intersection points are G 2) 
and (-> 2). 
2 


Now you try 


: : : qp : 
Find the coordinates of the points where y = F intersects these lines. 


a y=4 spe Shs 


Exercise 7| 
1, 2-4(1/2) 2-5 (1/2) 2-5 (1/2) 
example20 1 Sketch the graphs of each hyperbola, labelling the points where x = 1 and x = —1. 
1 4 i 
x 


Exampez0 2 Sketch the graphs of these hyperbolas, labelling the points where x = 1 and x = - 1. 


1 2 3 
Bu a ac Ege 
1 2 3 
d y= ES Bye f y= E 
3 Find the coordinates on the graph of y = E where: 
ax=2 b x=4 € x=-l d x=-6 
4 Find the coordinates on the graph of y = -à where: 
a x=10 b x=-4 € x=-7 d x=9 
5 Find the coordinates on the graph of y = : where: 
a y-3 b y=1 c y=-2 d y=-6 
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PROBLEM-SOLVING 6-7(1/2) 6-7 (1/2) 7-8('/2) 


6 a Decide whether the point (1, 3) lies on the hyperbola y = A 


b Decide whether the point (1, —5) lies on the hyperbola y = -. 


€ Decide whether the point (2, 1) lies on the hyperbola y = -2. 


d Decide whether the point (—3, 6) lies on the hyperbola y = z 
Example 21 7 Find the coordinates of the points where y = intersects these lines. 
a y=2 b y=6 € y=-l d y=-10 
e y=x f y=4x g y=2x h y=5x 


; ; ; 2. , 
8 Find the coordinates of the points where y — E intersects these lines. 


1 1 
a =-3 b =4 C = —— d EN 
y y y 2 y 3 
e y=-2x f y2-8& g y=-% h y=-x 
REASONING 9) 9, 10 9-1: 
9 Match equations a-f with graphs A-F. 
e Ep" 
a b y= = C y=2 
d e x+y =4 f y=3~ 
A B y C y 
(-L1) 
x x 
Q O O 
(L—D 
D y E F y 
A 
(1, 2) (-1, 3) 
1 
O ^ 1 
~<t x 
O 
Y 
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576 Chapter 7 


10 Is it possible for a line on a number plane to not intersect the graph of y = Is If so, give an example. 


Ti Write the missing word (zero or infinity) for these sentences. 


a Fory= L when x approaches infinity, y approaches 
b Fory= E when x approaches negative infinity, y approaches 
c Fory= : when x approaches zero from the right, y approaches 


d Fory= : when x approaches zero from the left, y approaches 


12 Compare the graphs of y — l and y = x Describe the effect of the coefficient of x in y = x 
X x 


ENRICHMENT: To intersect or not! = = 13 
13 The graphs of y = 1 and y = x + | intersect at two points. To find the y 
points we set: 
lo x+l 1 
x 
1 —x(x 1) O T 
0-x-x-1 
—] + + 
Using the quadratic formula, x = a and y = : a 
a Find the exact coordinates of the intersection of y = 1 and these lines. 
i y=x-1 ii y2x-2 iii y=x+2 
b Try to find the coordinates of the intersection of y = : and y = —x + 1. What do you notice? 
What part of the quadratic formula confirms this result? 
€ Write down the equations of the two straight lines (which have gradient —1) that intersect 
y= : only once. 
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7J Further transformations of graphs 10a 


Learning intentions 

e To understand the effect of translations on graphs of circles, exponentials and rectangular hyperbolas 

e To be able to determine the centre of a circle and asymptotes of exponentials and hyperbolas from the 
equation of the transformed graph 

e To be able to sketch graphs using transformations 


Earlier in this chapter we considered a wide range of gg32, AMAA vw 
transformations of parabolas but a limited number of 
transformations of circles, exponentials and hyperbolas. 
We will now look more closely at translations of these 
relations and the key features of their graphs. 


aS EA UIS Translations, 
translations, 
translations 


Use technology to assist in the discussion of these 


questions. Transformation maths is the basis for coding animations 
2 2. in digital games. Translations, reflections and rotations 
e How does the graph of (x — 1)* + (y + 27 —9 will move a figure, object or graph without changing its 
compare with that of e+ y? L9? shape. However, dilations change a shape by shrinking or 
* What is the effect of h, k and r in enleogameni 


œ- h)? +Q- =r 
e How does the graph of y = 2*~? + 1 compare with that of y = 2*? 
e What is the effect of h and k in y = 2*-^ + k? 


* How does the graph of y = — — | compare with that of y — E 
x 


e What is the effect of h and k in y = — +k? 
x— 


KEY IDEAS 


Bi The equation of a circle in standard form is 
(cde — 
e (h,k) is the centre. 
e ris the radius. 


2-9 
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578 Chapter 7 


E For the graph of the exponential equation y = a* ^ + k 


the graph of y = a“ is: 


e translated h units to the right 


* translated k units up. 


The equation of the asymptote is y = k. 


E For the graph of the hyperbola y = c +k 
= 


the graph of y = Lis 


e translated h units to the right 


e translated k units up. 
The asymptotes are x = hand y = k. 


BUILDING UNDERSTANDING 


(1) Choose the word left, right, up or down to complete each sentence. 
The graph of y = 2* — 3 is the translation of the graph of y = 2* by 3 units. 
The graph of y = 2*- ^ is the translation of the graph of y = 2* by 4 units. 
The graph of y = : 2 is the translation of the graph of y — : by 2 units. 
x 
1 


The graph of y = : — 6 is the translation of the graph of y = by 6 units. 


x 
The graph of (x + 3)? + y? = 1 is the translation of the graph of x? + y? = 1 by 3 units. 
The graph of x? + (y — 2)? = 1 is the translation of the graph of x? + y? = 1 by 2 units. 


(2) What is the value of k in the equation of the asymptote y = k for the following? 
a y-2'743 b y237?-1 C y-2-57244 


© What are the values of h and k in the asymptotes x = h and y = k for the following hyperbolas? 


1 


x-3 
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Sketch the graphs of the following relations. Label important features. 


a œ- 2) G4 3) —9 b y=2*t2_3 € y= 


SOLUTION 

a (x—2)2?+(+3)7=9 
Centre (2, —3) 
Radius = 3 
x-intercept is 2. 
y-intercepts at x = 0: 
0- eee 

4+ (yt 3)? =9 


UI =S 
y+3= +v5 
s y= -34V5 
y 
A 


b 
y-intercept is 1. 
Asymptote is y = —3. 
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EXPLANATION 

For (x — h)? + (y — K)? =P’, (h, k) is the 
centre and r is the radius. 

Radius is 3 so, from centre (2, —3), point on 
circle is (2, 0). 

Find the y-intercepts by substituting x — 0 and 
solving for y. 


Label centre and axes intercepts. 


For y = 2*-^ + k, y = k is the equation of the 
asymptote. 

Substitute x = 0 to find the y-intercept. 

(We will leave the x-intercept until we study 
logarithms later.) 

Ate EL tem TE 

(0, 1) in y = 2* is translated 2 units to the left 


and 3 units down to (—2, —2). 


Alternatively, substitute x — 1 to label a second 
point. 


Continued on next page 
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580 Chapter 7 


1 
x+1 


Atx=0,y=++2=3. 


y= +2 For y = —— + k, h = —1 and k = 2, so the 
PS 


asymptotes are x = —1 and y = 2. 


EATUR Substitute to find the x- and y-intercepts. 
7 pe x-intercepts (y = 0): 


: S 
x-intercept 1s E 


Asymptotes: x = —1,y 22 Ey e x ce 
mo 1 
ar Il 
1 
+1=-— 
i 2 
3 
peo 
2) 
Now you try 
Sketch the graphs of the following relations. Label important features. 
a x-1?4(y-2229 hoc dS L-2 
m 
Exercise 7J 
1, 2-4(1/2) 2-4 (1/2) 2-4 (1/3) 
Example22 1 Sketch the graphs of the following relations. Label important features. 
a (x4224(9-10224 b y-251-] um Lo 
x- 


Example22a 2 Sketch the graph of the following circles. Label the coordinates of the centre and find the x- and 


y-intercepts, if any. 


a (x-3)?+ (+1)? =1 b (x+2)?+(-3)?=4 € (x1)? + (y+ 3)? =25 
d (x+3)?+ (- 2)? =25 e @+2?+0-1?=9 f 2+0-4?=36 
g x-10245229 h (x—2)7+ 0- 5) = 64 i (x-3?4(-1225 
Example22) 3 Sketch the graph of these exponentials. Label the asymptote and the y-intercept. 
a y=2*-2 b y=2*+1 C yz2*—5 
d yz2-! e y=2+3 f y=2rtl 
g y22'7!«1 h y=2+2_3 | y=2%73—4 
Example22e 4 Sketch the graph of these hyperbolas. Label the asymptotes and find the x-and y-intercepts. 
1 1 1 
a =—+2 b =—- 1 c = 
z de d x+3 
1 1 1 
d = = 1 f i =3 
"Tre di Pel 
1 1 1 
= +2 = i = +6 
a x—3 á x+4 ý x-5 
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PROBLEM-SOLVING 


5(1/;), 6 5(1/2), 6, 7 5(1/5), 6, 7, 8(1/2) 


5 The graphs of these exponentials involve a number of transformations. Sketch their graphs, labelling 
the y-intercept and the equation of the asymptote. 


à y=-2%+1 b y=-2 -3 C y=-2*+3 
d y2-277? e y2-2*1-] f y=-2t2?4+5 
6 Sketch these hyperbolas, labelling asymptotes and intercepts. 
es | —2 -2 
á x+1 d x+2 a x3 
7 The following hyperbolas are of the form y = l + k. Write the rule for each graph. 
x— 
a y b À y C 
k j A TM 
a 77x. AE 3 
| x | 
Nes O 
as | 
y Vix=2 RR 


8 Find the coordinates of the intersection of the graphs of these equations. 


1 1 
= andy=x+2 b = ——+landy=x+3 
y x+1 pom d x-2 aik 
y= -l ~ Band y= —2x- 1 d (x— D? & y? 2 4and y = 2x 
X 
e G29e60-3^-16ady--6-3 f PG + 1? = 10and y= ir- 1 
9 9, 10 EODD 


9 Acircle has equation (x — 3)? + (y + 2)? = 4. Without sketching a graph, state the minimum and 


maximum values for: 


a x b y 
10 Find a rule for each graph. 
a y b y C y 
(2, 3) < | » x 
m" r -< » X 
-1 
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582 Chapter7 


1i Explain why the graphs of the following pairs of relations do not intersect. 


EV 2. _ 
a ja ied b (x—D^-(y-2^-24andy-1 
x 


1 
€ y=2*-!4+3andy=x-3 d ra- mre 
ENRICHMENT: Circles by completing the square = 5 12(1/2), 13 
12 By expanding brackets of an equation in the standard form of a circle, we can write: 
(x - 1)? + (y 4-2) 24 (1) 
x2- 2x+1+y +4y+4=4 
xX — 2x +y +4y+1=0 (2) 


Note that in equation (2) it is not obvious that the centre is (1, —2) and that the radius is 2. It is 
therefore preferable to write the equation of a circle in standard form (i.e. as in equation (1)). 


If given an equation such as (2), we can complete the square in both x and y to write the equation of 
the circle in standard form. 
xX — 2x +y +4y+1=0 
œ- 1)}-1?+ 0+2?-22+1=0 
&œ&-1)}-1+0+2?-4+1=0 
(x - 1)? + +2)? =4 
The radius is 2 and centre (1, —2). 


Write these equations of circles in standard form. Then state the coordinates of the centre and the 
radius. 

a x-4x-y2-2y-1z20 

c x-6x-y2-4y-3z0 

e x?4- 10x -5?-8y- 1720 
g ó-3x-532-6y-4z20 

i x—x+y*+3y+1=0 


x2 + 8x+y2+ 10y+5=0 
xi-2x-y)-6y-5z0 
x + 6x+y* + 6y =0 

x2 + 5x+y?—-4y-2=0 
x? — 3x+y?-5y-4=0 


e— p con ou 


13 Give reasons why x? + 4x + y? — 6y + 15 = 0 is not the equation of a circle. 
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Designing an aircraft hanger 


As an engineer you are designing a curved parabolic roof 


y 
to house a working space for the building of aircraft. The A 


cross-section of the working space is to be 6 m in height 


and at least 50 m in width. The total width of the hanger Hanger roof 


cannot be more the 100 m. 


Present a report for the following tasks and ensure that 
you show clear mathematical workings and explanations 
where appropriate. 


Working space 


-«— 50m —> 


Preliminary task 


a 
b 


Sketch a graph of y = 0.01x(80 — x) for y > 0, where x and y are in metres. 


Decide if the working space for the planes fits inside the model for the roof defined by the rule in 
part a. Give reasons. 


Repeat parts a and b above for y = 0.002x(100 — x). 


Modelling task 


The problem is to find a model for a hanger roof of minimum height to house the working space. 


Write down all the relevant information that will help solve this problem with the aid of a diagram. 


Choose at least three realistic values of a using the model y = ax(80 — x) which will house the 
aircraft working space, 50 m wide and 6 m high. Justify your choices using graphs. 


Determine a value of a for the model y 2 ax(80 — x) which minimises the height of the hanger. 


Choose your own values of a and b for the model y = ax(b — x) which will: 
* house the aircraft working space, 50 m wide and 6 m high 
* ensure that the total width of the hanger is not more than 100 m. 


Determine the values of a and b for the model y = ax(b — x) which minimises the total height of 
the hanger. 


Compare the height of the hanger for the different models chosen above. 


Explain why your choices for the values of a and b minimise the total height of the hanger. 


Summarise your results and describe any key findings. 


Extension question 


Evaluate 
and 
verify 


a Choosing the model y = 0.01x(80 — x), determine the maximum possible width of the working 
space for a given working space height of 6 m. 
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Chapter 7 


Painting bridges & 


A bridge is 6 m high and has an overall width of 12 m and an archway 


Ss underneath, as shown. 
te We need to determine the actual surface area of the face of the arch so that 
E= we can order paint to refurbish it. The calculation for this area would be: 
=) 
m Bridge area = 12 x 6 — area under arch 
> = 72 — area under parabola 
= 
Consider an archway modelled by the formula h = E — 4? 4 4, i 
where / metres is the height of the arch and d metres is the distance from 4 
the left. To estimate the area under the arch, divide the area into rectangular AK 
regions. If we draw rectangles above the arch and calculate their areas, we r*ro » d 
will have an estimate of the area under the arch even though it is slightly too 2468 
large. Use the rule for h to obtain the height of each rectangle. Y 
Area = (2x 3) + (2x4) - Qx4) + 2x3) 
=6+8+8+6 
= 28 m? 
.. Area is approximately 28 m?. 
We could obtain a more accurate answer by increasing the number of rectangles; i.e. by reducing the 
width of each rectangle (called the strip width). h 
Overestimating the area under the arch 4 A 
a Construct an accurate graph of the parabola and calculate 
the area under it using a strip width of 1. 
b Repeat your calculations using a strip width of 0.5. 
€ Calculate the surface area of the face of the arch using <> »d 
your answer from part b. 1 2 345 7 $ 
y 
Underestimating the area under the arch 
a Estimate the area under the arch by drawing rectangles 
under the graph with a strip width of 1. 
b Repeat the process for a strip width of 0.5. 
€ Calculate the surface area of the face of the arch using 
your answer from part b. 
: m 
Improving accuracy 
a Suggest how the results from parts 1 and 2 could be 
combined to achieve a more accurate result. 
b Explore how a graphics or CAS calculator can give 
accurate results for finding areas under curves. 
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Australian Curriculum Year 10 & 10A 3ed 


1 Solve these inequalities for x. Up fara thallenge?ilt you get stick 
a 6x2+x-2<0 on a question, check out the ‘Working 
b 12x27 4+5x-3>0 with unfamiliar problems’ poster at 
G Th 4920 the end of the book to help you. 
a") 
2 Sketch the region defined by x? — 4x + y? — 6y — 3 <0. m 
© 
3 Prove the following. © 
a The graphs of y = x — 4 and y = x? — x — 2 do not intersect. 3 
b The graphs of y = —3x + 2 and y = 4x? — 7x + 3 touch at one point. N 
C The graphs of y = 3x + 3 and y = x? — 2x + 4 intersect at two points. = 
4 Prove that there are no points (x, y) that satisfy x? — 4x + y? + 6y + 15 = 0. = 
5 For what values of k does the graph of y = kx* — 2x + 3 have: = 
a one x-intercept? = 
b , CD 
two x-intercepts? 3 
€ no x-intercepts? e 
cD 
6 For what values of k does the graph of y = 5x2 + kx + 1 have: a 
4 one x-intercept? 
b two x-intercepts? 
€ no x-intercepts? 
7 Find the rules for these parabolas. 
a y b C 
A 
3 
< D » x 
Y 
8 A graph of y = ax? + bx 4 c passes through the points A(0, —8), B(—1, —3) and C(1, —9). Use your 
knowledge of simultaneous equations to find the values of a, b and c and, hence, find the turning point 
for this parabola, stating the answer using fractions. 
9 Determine the maximum vertical distance between these two parabolas at any given x-value between 
the points where they intersect: 
y= x* + 3x — 2andy = —x? — 5x + 10 
10 Two points, P and Q, are on the graph of y = x* + x — 6. The origin (0, 0) is the midpoint of the line 
segment PQ. Determine the exact length of PQ. 
11 A parabola, y; 2 (x — 1)? + 2, is reflected in the x-axis to become y2. Now y; and y are each 
translated 2 units horizontally but in opposite directions, forming y3 and y4. If y5 = y3 + y4, sketch the 
graphs of the possible equations for ys. 
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586 Chapter 7 


Sketching y = x?+ bx+ c 


eg. y= x? - 4x- 12 

y-intercept: x= 0, yz —12 

x-intercepts: y= 0, x?— 4x- 12-0 
Factorise (x— 6)(x+ 2) = 0 
Null Factor Law 
x-6=0orx+2=0 
X=6 or x=-2 

Turning point: halfway between 

x-intercepts — ,. C3) 

X2——z2 

2 y 
Substitute x = 2: 
y=22— 4(2)-12 < 
=-16 
(2, -16) minimum 


= 
= 
eS 
= 
= 
=) 
on 
pes 
@ 
=) 
ce 
e 
ce 
e 


Quadratic formula 


For y= ax? + bx 4 c, the 
quadratic formula can be used to 
find x-intercepts. 

i.e. if ax? + bx+ c=0 


xD Eb? — ac 


2a 
The discriminant A = b? — 4ac 
tells how many x-intercepts: 
^0 K 


two x-intercepts 
X 
: OT à 


A=0 y 


one x-intercept | | 
X 


0 
M0) y 
no x-intercepts 


Circles 


x? + y? = r° is a circle centred at 
(0, 0) with radius r. 


The circle rule can be rearranged to 
y=tvP—x? or x=tyr?-y? 
Circle with equation (10A) 

(x— A? + (y—kP =? 

is centred at (h, k) with radius r. 
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Sketching y = a(x— h)? + k 
Any quadratic can be written in turning 
point form by completing the square. 
e.g. sketch y = (x— 1)? - 3 
Turning point (1,—3) minimum 
y-intercept: x2 0, yz 1 —3 


x-intercepts: 


+¥3=x-1 
2 x=14N3, 1-N3. 


(alternatively use the Null Factor Law) 


Parabolas 


Lines and parabolas (10A) 
Using substitution we can solve 
simultaneously to find 0, 1 or 2 
intersection points. 
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Transformations and 
turning point form 
y = ax? dilates graph y y= 2x 
compared to Y= x? 
0«a« 1 graph is wider 
a> 1 graph is narrower 


à « 0 graph is inverted 
(reflected in x-axis) 


y= (x—/)? translates y = x? 
h units horizontally 


h> 0 move right 
h< 0 move left 


y=x*+k translates y= x? 
k units vertically 


k» 0 move up 
k« 0 move down 


Jy x23 


Turning point form 
y- a(x— hy +k has turning point at (h, K) 


Key features 
y 


l 
-intercept x-inteicepts 
: (x=0) | (y+ 0) 
X 
minimum 
(h, k) turning 
X-h point 
axis of 
symmetry 
y 


maximum 
turning 
point 


x 


Hyperbolas (10A) 
a 
Vc 


Asymptotes 
x-0 and y=0 


qm -2 (reflect in x- or y-axis) 
= X 
[E-a 
Y 


EE 
ym m +k (10A) 


find asymptotes ———— 
and intercepts 
to sketch 


Cambridge University Press 


Chapter checklist: Success criteria 


^J 


l can identify the key features of a parabola. y 
e.g. For the graph shown determine the turning A 
point (and whether it’s a maximum or a minimum), 104 (2, 9) 
the axis of symmetry, the x-intercepts and the 4 
y-intercept. 
5 
< > xX 
—1/0 5 
Y 


- 
o 


l can sketch a quadratic relation involving a dilation or reflection. 
e.g. Sketch the graph of y= -4x?, labelling the turning point and one other point. 


l can sketch a quadratic relation involving translations. 
e.g. Sketch the graph of y= (x — 1)? + 3, labelling the turning point and y-intercept. 


- 
[rj 


l can use the x-intercepts to find the turning point and sketch a quadratic. 
e.g. Sketch the graph of y= x? — 2x — 3, labelling the intercepts and the turning point. 


- 
[rj 


l can sketch a quadratic graph that is a perfect square. 
e.g. Sketch the graph of y = x? — 4x + 4, labelling the intercepts and turning point. 


. lcan determine the key features of a graph in turning point form. 


e.g. For y= 2(x — 1? — 18 determine the turning point, y-intercept and any x-intercepts. 


-1 
[=] 


l can sketch a quadratic graph by first completing the square. 
e.g. Sketch y = x? + 8x + 20 by first completing the square. 


- 


l can use the discriminant to find the number of x-intercepts of a quadratic graph. 
e.g. Determine the number of x-intercepts of the parabola given by y = 2x? + 3x + 6. 


E] 
m 


10. 


- E - 
o 


I can find the turning point of a quadratic using x = - 
a 
e.g. Determine the turning point coordinates of the parabola given by y = 2x2 + 8x — 5. 


l can sketch a quadratic graph using the quadratic formula. 
e.g. Sketch the graph of the quadratic y — 3x? — 6x - 2, labelling significant points. Round 
the x-intercepts to two decimal places. 


11. 


© 
a 


l can apply quadratic models in word problems. 

e.g. A piece of wire measuring 80 cm in length is bent into the shape of a rectangle. Let x cm 
be the width of the rectangle. 

i Use the perimeter to find an expression for the length of the rectangle in terms of x. 


ii Hence, find a rule for the area of the rectangle, A cm?, in terms of x and sketch its graph 
for suitable values of x. 

iii Use the graph to determine the maximum area that can be formed and the dimensions 
of the rectangle that give this area. 


12. 


I can find the points of intersection of a line and a parabola. 
e.g. Find the points of intersection of y = 2x? — 5 and y 2 x+ 1. 
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. | can determine the number of points of intersection of a line and a parabola. 
e.g. Determine the number of solutions (points of intersection) of the 
equations 4x + y= —4 and y = X? 4 2x 4 5. 


14. | can sketch the graph of a circle by finding its centre and radius. 
e.g. For the equation x? + y? = 16, state the coordinates of its centre, state its radius and 
sketch its graph labelling intercepts. 


15. | can find the points of intersection of a circle and a line. 
e.g. Find the coordinates of the points where x? + y? = 9 intersects y = 2x. 


16. I can sketch the graph of a hyperbola. 
8 2 


e.g. Sketch the graphs of y = x and y= E labelling the points where x = 1 and x 2 —1. 


17.1 can find the intersection of a line and a hyperbola. 
e.g. Find the coordinates of the points where y — z meets the line y = 9x. 


18. | can sketch the graphs of circles, exponentials and hyperbolas with transformations. 
e.g. Sketch the graphs of (x — 1)2 + (y + 2)? = 4and y = L + 1, labelling key features. 
xX = 
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Short-answer questions 
State the following features of the quadratic graph shown. 
IT] 
= 
£5 
T 
e 


a turning point and whether it is a maximum or a minimum 


D axis of symmetry 
€ x-intercepts 
d y-intercept 


CD 
-— 
4 = 
Y (br4 CD 
<, 
7A/B State whether the graphs of the following quadratics have a maximum or a minimum turning cD 
point and give its coordinates. = 
a y-(x-2Y b y=-x +5 
c y=-@+h?-2 d y-26-3?«4 
Sketch the quadratics below by first finding: 
i the y-intercept 
ii the x-intercepts, using factorisation 
iii the turning point. 
a y-x-4 b y=x2?+8x+16 € y-x-2x-8 
Complete the following for each quadratic below. 
i State the coordinates of the turning point and whether it is a maximum or a minimum. 
ii Find the y-intercept. 
iii Find the x-intercepts (if any). 
iv Sketch the graph, labelling the features above. 
a y--(x-1?-3 b y=2(x+ 3)?-8 
Sketch the following quadratics by completing the square. Label all key features with exact 
coordinates. 
a yzx-4x41 b y=x*+3x-2 
State the number of x-intercepts of the following quadratics either by using the discriminant or 
by inspection where applicable. 
a y=(x+4)? b y=(@—2)74+5 
C ysx-2x-5 d y=2x*+3x4+4 
For the following quadratics: 
i Find the y-intercept. 
ii Usex = - to find the coordinates of the turning point. 
a 
iii Use the quadratic formula to find the x-intercepts, rounding to one decimal place. 
iv Sketch the graph. 
a y=2x*- 8x45 b y2—2-c-3x44 
Solve these equations simultaneously. 
a y-x^c4x-2 b y=2x*+5x+9 c y=x +1 
y=10 y=-x+4 2x + 3y=4 
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590 Chapter 7 


9 Use the discriminant to show that the line y = x + 4 intersects the parabola y = x? — x + 5 in 
just one place. 
z 10 Sketch these circles. Label the centre and axes intercepts. 
e a xX +y =25 b 2 +y =7 
=> . . " . . . 2 2 . 
@ 11 Find the exact coordinates of the points of intersection of the circle x^ + y^ = 9 and the line 
= y = 2x. Sketch the graphs, showing the points of intersection. 
aa 
= 12 Sketch these hyperbolas, labelling the points where x = 1 and x = —1. 
© M^ M. 
© 
13 Find the points of intersection of the hyperbola y = 1 and these lines. 
a y=3 b y=2x 
14 Sketch the following graphs, labelling key features with exact coordinates. 
a (x+1)*4+ (y- 2)? =4 b y=2*%-143 ¢ y= €— 
Multiple-choice questions y 
1 The equation of the axis of symmetry of the graph shown is: 
A y=-4 
B x-3 
Z E » x 
C x=-4 O 
D y=3 
E y=3 
Ach 3,-4 
2 Compared to the graph of y = x’, the graph of y = (x — 3)? is: 
A translated 3 units down B translated 3 units left C dilated by a factor of 3 
D translated 3 units right E translated 3 units up 
3 The coordinates and type of turning point of y = —(x + 2)? + 1 is: 
A aminimum at (—2, —1) B amaximum at (2, 1) C aminimum at (2, 1) 
D amaximum at (2, —1) E amaximum at (—2, 1) 
4 The y-intercept of y = 3(x — 1)? + 4 is: 
Al B 4 C i D 7 E 3 
5 The x-intercept(s) of the graph of y = x? + 3x — 10 are: 
A 2,—5 B -10 C 5,-2 D -5,-2 E 52 
6 A quadratic graph has x-intercepts at x = —7 and x = 2. The x-coordinate of the turning 
point is: 
A deed B ere C ns D me E pcc 
2 2 3 2 2 
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7 The quadratic rule y = x? — 4x — 3, when written in turning point form, is: 
A y=(x-2)?-3 B y=(-4)? +1 C y=(x-2)?-7 
D y=(«+4)?- 19 E y=(4+2)?-1 
8 A quadratic graph y = ax? + bx + c has two x-intercepts. This tells us that: o> 
= 
£5 
T 
(a 


7E 

A The graph has a maximum turning point. B ES «0 

a 
C There is no y-intercept. D b*-4ac>0 en 
E b*-4ac=0 = 
-— 

m 9 A toy rocket follows the path given by h = —?? + 4t + 6, where h is the height above ground, in 2 

metres, t seconds after launch. The maximum height reached by the rocket is: © 

A 10 metres B 2 metres C 6 metres D 8 metres E 9 metres z 
7H 10 The equation of a circle centred at the origin with radius 4 units is: 

A y=4x B x+y?=4 C x+y2=8 Dy=4 E x*+y*= 16 
" 11 The graph of y = 4 + 2 has asymptote(s) at: 

x- 


À x=1,y=2 B y=2 C x--I 
D x=2,y=1 E x=-l,y=2 


12 The circle with equation (x + 1)? + 0- 3)? = 16 has centre coordinates and radius r: 
A (1, 23,r-4 B (1,-3),r= 16 C (-1,3),r=4 


D (-1,3),r=16 E (-L-3,r-4 


Extended-response questions 


1 The cable for a suspension bridge is modelled by the equation h = ap — 200)? 4- 30, where 


h metres is the distance above the base of the bridge and x metres is the distance from the left 
side of the bridge. 

Determine the turning point of the graph of the equation. 

If the bridge is symmetrical, determine the suitable values of x. 

Determine the range of values of h. 

Sketch a graph of the equation for the suitable values of x. 

What horizontal distance does the cable span? 

What is the closest distance of the cable from the base of the bridge? 

What is the greatest distance of the cable from the base of the bridge? 


erro c cO cC wv» 


2 200 metres of fencing is to be used to form a rectangular paddock. Let x metres be the width of 
the paddock. 

Write an expression for the length of the paddock in terms of x. 

Write an equation for the area of the paddock (A m?) in terms of x. 

Decide on the suitable values of x. 

Sketch the graph of A versus x for suitable values of x. 

Use the graph to determine the maximum paddock area that can be formed. 


— (D c cO Cr ® 


What will be the dimensions of the paddock to achieve its maximum area? 
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Chance and code breaking = 


A four-digit combination lock has 10 possibilities for 
each number, providing 104 = 10000 combinations. 
So when it is locked, there is a one in ten 

thousand chance of guessing the correct code. To 
methodically test all the possibilities with, say, one 
second per tryout, it would take 10000 seconds, 
which is over 2.5 hours. 


The probability of guessing a computer password 
varies with its length and random nature. The 
probability of cracking a password of 8 lower 
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case letters with one try is 1 in 269, or 1 in 

208 827 064 576. Despite this very low chance for 

a single guess, a powerful computer can tryout 
billions of combinations per second and might crack 
itin minutes. 


During the Second World War, English 
mathematicians and engineers designed various 
machines to break the codes of German encrypted 
messages. Colossus, built in 1943 to decode 

the settings of the German Lorenz machine, was 
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Online resources ($) 


A host of additional online resources are 
included as part of your Interactive Textbook, 
including HOTmaths content, video 
demonstrations of all worked examples, 
auto-marked quizzes and much more. 


1 : 
ty tunning Colossus 


Yourself on: 


In this chapter 


8A Review of probability (CONSOLIDATING) 
8B Unions and intersections 

8C The addition rule 

8D Conditional probability 

8b Two-step experiments using tables 

8F Using tree diagrams 

8G Independent events 


Australian Curriculum 


STATISTICS AND PROBABILITY 
Chance 


Describe the results of two- and three- 
step chance experiments, both with and 
without replacements, assign probabilities 
to outcomes and determine probabilities 
of events. Investigate the concept of 
independence (ACMSP246) 


Use the language of ‘if... then’, ‘given’, ‘of’, 
‘knowing that’ to investigate conditional 
statements and identify common mistakes in 
interpreting such language (ACMSP247) 


© ACARA 


the first electronic, digital, manually programmable 
computer ever built. Colossus weighed 5 tonnes and ; 
filled a room with its 8 racks of glass vaccum tubes and [+ 
resistors all wired together. It processed 5000 entries 
per second and could decode encrypted messages 

in hours rather than the weeks it took for manual 
decoding. Ten Colossus computers were built and their 
success likely shortened the war by two years. 
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Chapter 8 


8A Review of probability  consouipatine 


Learning intentions 

e To review the key terms of probability: trial, sample space, event and outcome 

e To understand the possible values of a probability and how they describe the level of chance 
e To know how to calculate theoretical probabilities for equally likely outcomes 

To be able to calculate and use an experimental probability 


Probability is an area of mathematics concerned with the 
likelihood of particular random events. In some situations, 
such as rolling a die, we can determine theoretical 
probabilities because we know the total number of possible 
outcomes and the number of favourable outcomes. In other 
cases, we can use statistics and experimental results to 
describe the chance that an event will occur. The chance 
that a particular soccer team will win its next match, for 
example, could be estimated using various results from 
preceding games. 


A soccer team could win, lose or draw the next 
match it plays, but these three outcomes do not 
necessarily have the same probability. 


aU EIUS Name the event 


For each number below, describe an event that has that exact or approximate probability. If you think it is 
exact, then give a reason. 


T e 25% e 02 e 0.00001 ee 
2 100 


KEY IDEAS 


B Definitions 
e A trial is a single experiment, such as a single roll of a die. 


* The sample space is the list of all possible outcomes from an experiment. 
For example, when rolling a 6-sided die the sample space is { 1, 2, 3, 4, 5,6]. 
e An outcome is a possible result of an experiment. 
e An event is the collection of favourable outcomes. 
e Equally likely outcomes are outcomes that have the same chance of occurring. 


Bi In the study of probability, a numerical value based on a scale from 0 to 1 is used to describe 
levels of chance. 


0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 


a) 
impossible unlikely even likely certain 
chance 
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Bi The probability of an event in which outcomes are equally likely is calculated as: 
number of favourable outcomes 


Pr(event) — 
total number of outcomes 
B Experimental probability is calculated in the same way as theoretical probability but uses the 
results of an experiment: 


number of favourable outcomes 
Pr(event) — 


total number of trials 
e The long run proportion is the experimental probability for a sufficiently large number 
of trials. 


BUILDING UNDERSTANDING 


[1] A coin is flipped once. 
a How many different outcomes are possible from a single flip of the coin? 
What is the sample space from a single flip of the coin. 
Are the possible outcomes equally likely? 
What is the probability of obtaining a tail? 
What is the probability of not obtaining a tail? 
What is the probability of obtaining a tail or a head? 


o9 For the following spinners, find the probability that the outcome will be a 4. 


| ] 
| v 


P 
E 


© Given a spinner has a probability of i of spinning a 4, estimate how many 4s you could expect in: 


a 12 spins 
b 60 spins 
€ 300 spins. 
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A letter is chosen from the word TELEVISION. Find the probability that the letter is: 


a aV b anE € notanE d anEoraV. 
SOLUTION EXPLANATION 
a Pv) =— (01) Pe) eros 
10 total number of letters 
b Pr(E) = E There are 2 Es in the word TELEVISION. 
= 7 Gow) Simplify the fraction. 

€ Pr(not an E) = Y If there are 2 Es in the word TELEVISION, 

7 which has 10 letters, then there must be 8 letters 

= 5 (= 0.8) that are not E. This is the same as 1 — Pr(E). 

d Pr(anE ora V) = = (= 0.3) The number of letters that are either E or V is 3. 
Now you try 


A letter is chosen from the word CALCULATION. Find the probability that the letter is: 


a b anA € notanA d anAoraT. 


An experiment involves tossing three coins and counting the number of heads. Here are the results 


after running the experiment 100 times. 


0 1 2 3 
11 40 36 13 


Find the experimental probability of obtaining: 


a zero heads 
b two heads 
€ fewer than two heads 
d atleast one head. 
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SOLUTION EXPLANATION 


a) Pr(iheads) = Aut PrOiheads) = number of times 0 heads ame observed 
100 total number of trials 
ell 
[PERCHE ES Bo PHO header number of times 2 heads ame observed 
100 total number of trials 
= 0536 
11 4 40 
€ Pr(fewer than 2 heads) = 100 Fewer than 2 heads means to observe 0 or 1 head. 
i 
100 
= (0.5 
d Pr(at least one head) = Ed At least 1 head means that 1, 2 or 3 heads can be 
sm observed. This is the same as 1 — Pr(no heads). 
~ 100 
= 0.89 


Now you try 


A experiment involves checking second-hand bicycles for faults. Here are the results after checking 


100 bicycles. 
0 1 2 &] 4 
10 32 45 9 4 


Find the experimental probability that a randomly selected bicycle will have: 
a O faults b 3 faults € fewer than 3 faults d atleast one fault. 


Exercise 8A 
1-4 2-5 2-5 (1/2) 


Example1 1 A letter is chosen from the word TEACHER. Find the probability that the letter is: 
a anR b anE € notanE d anRoranE. 


Example1 2 A letter is chosen from the word EXPERIMENT. Find the probability that the letter is: 
a anE b avowel € nota vowel d anXora vowel. 


3 A 10-sided die numbered 1 to 10 is rolled once. Find these probabilities. 


a Pr(8) b Pr(odd) 
€ Pr(even) d Pr(less than 6) 
e Pr(prime) (Remember that 1 is not prime.) f Pr(3 or 8) 
g Pr(8,9 or 10) h Pr(greater than 9) 
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598 Chapter 8 


Example2 4 An experiment involves tossing three coins and counting the number of heads. Here are the results after 
running the experiment 100 times. 


0 1 2 3 
9 38 43 10 


Find the experimental probability of obtaining: 


a zero heads b two heads 
€ fewer than two heads d atleast one head. 


9 An experiment involves rolling two dice and counting the 
number of sixes. Here are the results after running the 
experiment 100 times. 


0 1 2 
62 35 3 


Find the experimental probability of obtaining: 


a zero sixes b two sixes 
€ fewer than two sixes d atleast one six. 
PROBLEM-SOLVING 6,7 7,8 8,9 


6 Thomas is a prizewinner in a competition and will be randomly awarded a single prize chosen from a 
collection of 50 prizes. The type and number of prizes to be handed out are listed below. 


car holiday iPad DVD 
1 4 15 30 


Find the probability that Thomas will be awarded the following. 


a acar b an iPad € a prize that is not a car 


7 Find the probability of choosing a red counter if a counter is chosen from a box that contains the 
following counters. 


a 3redand3 yellow b 3 red and 5 yellow 
€ 1red, yellow and 2 blue d 5 red, 12 green and 7 orange 
e lOredonly f 6blue and 4 green 


8 Many of the 50 cars inspected at an assembly plant contained 
faults. The results of the inspection are as follows. 


0 1 2 3 4 
30 12 4 3 1 


Find the experimental probability that a car selected from the 


assembly plant will have: 


a one fault b four faults 
€ fewer than two faults d one or more faults 
e three or four faults f atleast two faults. 
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9 A quality control inspector examines clothing at a particular factory on a regular basis and records the 


number of faulty items identified each day. After 20 visits to the factory over the course of the year, the 
results are summarised in a table. 


0 1 2 3 4 
14 4 1 0 1 


a Estimate the probability that the inspector will identify the following numbers of faulty items on 
any particular day. 
i 0 ii 1 iii 2 iv 3 v 4 

b If the factory is fined when two or more faulty items are found, estimate the probability that the 
factory will be fined on the next inspection. 


10 10,11 Til; 2 


10 A bag contains red and yellow counters. A counter is drawn from the bag and then replaced. 
This happens 100 times with 41 of the counters drawn being red. 
a How many counters drawn were yellow? 
b Ifthere were 10 counters in the bag, how many do you expect were red? Give a reason. 
€ Ifthere were 20 counters in the bag, how many do you expect were red? Give a reason. 


11 A card is chosen from a standard deck of 52 playing cards that includes 4 aces, 4 kings, 4 queens and 
4 jacks. Find the following probabilities. 


a Pr(heart) b Pr(king) €  Pr(king of hearts) 
d Pr(heart or club) e Pr(king or jack) f Pr(heart or king) 
g Pr(not a king) h Pr(neither a heart nor a king) 


12 The probability of selecting a white chocolate from a box is E and the probability of selecting a dark 
chocolate from the same box is T The other chocolates are milk chocolates. 


a Find the probability of selecting a milk chocolate. 
b How many chocolates in total could be in the box? Give reasons. Is there more than one answer? 


ENRICHMENT: Target probability = = 13 


13 A target board is made up of three rings (A, B and C) that are 
10 cm apart, as shown. 
An experienced archer shoots an arrow at the board and is 
guaranteed to hit it, with an equal chance of doing so at any point. 
Recall that the area of a circle = zr. 


a Calculate the total area of the target and express your answer 
as an exact value (e.g. 107). 

b Calculate, using exact values, the area of the regions labelled: 
i A ii B iii C. 

€ Calculate the probability that the region in which the archer's 


arrow will hit will be: 
i A ii B iii C iv AorB 
v BorC vi AorC vii A, B orC viii not B. 
d Investigate whether changing the width of each ring in the target by the same amount changes the 
answers to part C. 
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Chapter 8 


8B Unions and intersections 


Learning intentions 

e To know the symbols for set notation for union, intersection and complement and what sets they represent 
e To know how to use a Venn diagram or two-way table to display the outcomes of two or more events 

e To be able to use Venn diagrams and two-way tables to find associated probabilities 


When we consider two or more events it is possible that there 
are outcomes that are common to both events. A TV network, 
for example, might be collecting statistics regarding whether 
or not a person watches cricket and/or tennis or neither over 
the Christmas holidays. The estimated probability that a person 
will watch cricket or tennis will therefore depend on how many 
people responded yes to watching both cricket and tennis. 


| LESSON STARTER | STARTER Duplication in cards TV ratings come from the programs viewed 

in 3000 randomly selected homes. Statistical 
analysis gives the proportion of each age group 
who watch specific programs. This information 


deck of 52 playing cards. impacts TV advertising, program development 
and scheduling. 


Imagine that you randomly draw one card from a standard 


e Discuss what a standard deck includes. 

e What is the probability of selecting a heart? 

e What is the probability of selecting a king? 

e Now find the probability that the card is a king and a heart. Is this possible? 


e Find the probability that the card is a king or a heart. Discuss why the probability is not just equal to 
4 13 17 
+ _ — 


5) 52 52 


KEY IDEAS 


E Set notation 


* Asetisa collection or group of elements that can include numbers, letters or other objects. 

e The sample space, denoted by S, Q, U or É, is the set of all possible elements or objects 
considered in a particular situation. This is also called the universal set. 

e A Venn diagram illustrates how all elements in the sample space are distributed among the 
events. 


A A B 


Od - o 
A’ A’ 


e A null or empty set is a set with no elements and is symbolised by { } or Ø. 

e All elements that belong to both A and B make up the intersection: A B. 

e All elements that belong to either events A or B make up the union: AU B. 

* Two sets A and B are mutually exclusive if they have no elements in common, meaning 
AQB = Ø. 
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e For an event A, the complement of A is A’ (or ‘not A’). 

e Pr(A’) = 1 — Pr(A) 

e A only (or A AB’) is defined as all the elements in A but not in any other set. 
e n(A) is the number of elements in set A. 


E Venn diagrams and two-way tables are useful tools when considering two or more events. 
Venn diagram Two-way table 
n(A A B) n(A r^ B^) 
(B only) n(A A B) 


n(A and B) nA OB) 


n(A ^ B^) | AA 
(A only) ( n(B) 
n(B’) 
n(§) 
n(A' à B^) 
(neither A nor B) n(A) n(A’) n(A' A B^) 


BUILDING UNDERSTANDING 
[1] On a Venn diagram like the one shown describe the region represented by each of the following. 


A B 


a A b B 

C ANB d AUB 

e A only f Bonly 

g A’ h neither A nor B 
W 


(2) 


hich symbols U, A, or Ø, would be used to rewrite the following. 
null set 
A and B 
Aor B 


e 


ecide if the events A and B are mutually exclusive. 


a 
b 
C 
d AorBorC 
D 
a 


5,8, 11, 14} 
A} 


= {prime numbers } 
even numbers } 


{ 
{ 
{ 
{ 
{ 
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Consider the given events A and B that involve numbers taken from the first 10 positive integers. 
A e 11,2; A S6 Bes dI 5 775 9) 

a Represent the two events A and B in a Venn diagram, showing the number of elements 
belonging to each region. 

b List the following sets. 
i ANB ii AUB 

€ Ifa number from the first 10 positive integers is randomly selected, find the probability that the 
following events occur. 
i A ii ANB iii AUB 

d Are the events A and B mutually exclusive? Why or why not? 


SOLUTION EXPLANATION 
a A B The two elements 1 and 3 are common to both 
sets A and B, ANB. 
g The two elements 9 and 10 belong to neither 
2) set A nor set B, (A' 1B’). A has 6 elements, with 


2 in the intersection, so A only has 4 elements. 


b i ANB= {1,3} AQB is the intersection of sets A and B. 
D Awe = (i, 2,3,4.5,6, 7, 8) AU B contains elements in either A or B. 
: © 3 3 

e TPA) S 10 = 5 There are 6 elements in A. 
ii Pr(AQNB) = a = i AB contains 2 elements. 
e" SENA 2 
iii Pr(AU B) = 10 = 5 AU B contains 8 elements. 


d The sets A and B are not mutually exclusive The set AM B contains at least 1 element. 
since ANB z Ø. 


Now you try 


Consider the given events A and B that involve numbers taken from the first 10 positive integers. 
A= 12, 9545 5, G, 18); and je 1,2» 3, 7] 

a Represent the two events A and B in a Venn diagram, showing the number of elements 
belonging to each region. 

b List the following sets. 
i ANB ii AUB 

€ Ifanumber from the first 10 positive integers is randomly selected, find the probability that the 
following events occur. 
i A ii ANB iii AUB 


d Are the events A and B mutually exclusive? Why or why not? 
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From a class of 30 students, 12 enjoy cricket (C), 14 enjoy netball (N) and 6 enjoy both cricket and 
netball. 
a Illustrate this information in a Venn diagram. 


b State the number of students who enjoy: 
i netball only 
ii neither cricket nor netball. 
€ Find the probability that a student chosen randomly from the class will enjoy: 


i netball 
ii netball only 
iii both cricket and netball. 
SOLUTION EXPLANATION 
a C N First, write 6 in the intersection (i.e. 6 enjoy cricket and 
netball), then determine the other values according to the 
Gop given information. Cricket only is 12 — 6 = 6. 
10 
The total must be 30. 
b i n(Nonly) = 8 Includes elements in N but not in C. 
ii n(neither C nor N) = 10 These are the elements outside both C and N. 
: ja y 7 
c i BN S= 30 = 15 14 of the 30 students enjoy netball. 
ii Pr(N only) = M E = 8 of the 30 students enjoy netball but not cricket. 
ili Pr(CAN) = M E E 6 students enjoy both cricket and netball. 


Now you try 


From a pack of 20 dogs, 9 enjoy fresh meat (M), 12 enjoy dry food (D) and 7 enjoy both fresh meat 
and dry food. 
a Illustrate this information in a Venn diagram. 
b State the number of dogs who enjoy: 
i fresh meat only 
ii neither fresh meat nor dry food. 
€ Find the probability that a dog chosen at random from the pack will enjoy: 
i fresh meat 
ii dry food only 
iii both fresh meat and dry food. 
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The Venn diagram shows the distribution of elements in two sets, A and B. AB 
3 
a Transfer the information in the Venn diagram to a two-way table. 
b Find: 
i n(AQB) il n(A’OB) ili n(ATNB’) iv n(A’OB’) 
V n(A) vi n(B’) vii n(AUB). 
c Find: 
i Pr(ANB) ii Pr(A’) ili Pr(A AB’). 
SOLUTION EXPLANATION 
a 
6 7 
2 3 5 
3 9 12 
b i n(ANB)=1 n(A r^ B) is the intersection of A and B. 
ii n(A’AB) =6 n(A' OB) is B only. 
ili n(AQB) =2 n(A OB’) is A only. 
iv n(A’OB’) 3 n(A' r^ B^) is neither A nor B. 
V n(A)-3 n(A) = n(ANB’) + n(AnB) 
vi n(B’) =5 n(B’) = n(ANB’) + n(A' OB’) 
vii n(AUB) 29 nN(AUB) =n(ANB) + n(ANB’) + n(A'OB) 
c i Pr(ANB)= 5 When calculating probabilities, you will need 
9 3 to divide the number of elements in each set by 
ii Pr(A’) = DET the number of elements in the sample space, 
2 1 which is 12. 
Qj IA Wee —-—- 
6 
Now you try 
The Venn diagram shows the distribution of elements in two sets, A and B. A B 
1 
a Transfer the information in the Venn diagram to a two-way table. 
b Find: 
i n(AQB) ii n(A’OB) ili n(ATNB’) iv n(A' B^) 
V n(A) vi n(B’) vii n(AUB). 
c Find: 
i Pr(ANB) ii Pr(A’) ili Pr(A AB’). 
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Exercise 8B 


1,3,4 2-5 2, 4-6 


Example3. 1 Consider the given events A and B, which involve numbers taken from the first 10 positive integers. 
A= {1,2,4,5,7, 8, 10} B = {2,3,5,6,8,9} 
a Represent events A and B in a Venn diagram, showing the number of elements belonging to each 
region. 
b List the following sets. 
i AAB ii AUB 
c Ifa number from the first 10 positive integers is randomly selected, find the probability that the 
following events occur. 
i A ii AAB iii AUB 
d Are the events A and B mutually exclusive? Why/why not? 
Example3 2 The elements of the events A and B described below are numbers taken from the first 10 prime 
numbers. 
A= (2,5,7,11,13] B = (2,3,13,17,19,23,29] 
a Represent events A and B in a Venn diagram. 
b List the elements belonging to the following. 
i AandB ii AorB 
€ Find the probability that these events occur. 
i A ii B iii ANB iv AUB 
Example4 3 From a group of 50 adults, 35 enjoy reading fiction (F), 20 enjoy reading non-fiction (N) and 10 enjoy 
reading both fiction and non-fiction. 
a Illustrate the information in a Venn diagram. 
b State the number of people who enjoy reading: 
i fiction only ii neither fiction nor non-fiction. 
€ Find the probability that a person chosen at random will enjoy reading: 
i non-fiction ii non-fiction only 
iii both fiction and non-fiction. 
4 Atashow, 45 children have the choice 
of riding on the Ferris wheel (F) and/or the 
Big Dipper (B). Thirty-five of the children 
wish to ride on the Ferris wheel, 15 children 
want to ride on the Big Dipper and 10 children 
want to ride on both. 
a Illustrate the information in a Venn diagram. 
b Find: 
i n(Fonly) 
ii n(neither F nor B). 
€ For a child chosen at random from the 
group, find the following probabilities. 
i Pr(F) ii Pr(F AB) 
iii Pr(F B) iv Pr(F’) 
V Pr(neither F nor B) 
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Example5 9 The Venn diagram below shows the distribution of elements in two sets, A and B. 


A B 


GD) 


a Transfer the information in the Venn diagram to a two-way table. 


b Find: 
i n(An B) il n(A’OB) ili n(AnmB^) iv n(A' B^) 
V n(A) vi n(B’) vii n(AU B) viii n(é). 

c Find: 
i Pr(AMB) ii Pr(A’) iii Pr(ACB’). 


6 From a total of 10 people, 5 like apples (A), 6 like bananas (B) and 4 like both apples and bananas. 
a Draw a Venn diagram for the 10 people. 
b Draw a two-way table. 


t€ Find: 
i n(A'rB) ii n(A’OB’) ili Pr(A AB) iv Pr(AU B). 
PROBLEM-SOLVING 7,8 7,9 8-10 


7 Decide which of the elements would need to be removed from event A if the two events A and B 
described below are to become mutually exclusive. 


a A= {1,2,3,4} b A= {10,12,14, 16,18} 
B= {4,5,6,7} B = {9,10, 11,12} 

c A= {a,b,c,d, e} d A= {1,3,5,8, 10, 15, 20, 22, 23} 
B= {a,c,e, g} B = {7,9, 14, 16, 19,21, 26} 


8 A letter is chosen at random from the word COMPLEMENTARY and two events, C and D, are as 
follows. 
C: choosing a letter belonging to the word COMPLETE 
D: choosing a letter belonging to the word CEMENT 
a Represent the events C and D in a Venn diagram. Ensure that your Venn diagram includes all the 
letters that make up the word COMPLEMENTARY. 
b Find the probability that the randomly chosen letter will: 
i belong to C ii belong to C and D iii belong to C or D 
iv not belong to C V belong to neither C nor D. 


9 Complete the following two-way tables. 
a 


10 In a group of 12 chefs, all enjoy baking cakes and/or tarts. In fact, 7 enjoy baking cakes and 8 enjoy 
baking tarts. Find out how many chefs enjoy baking both cakes and tarts. 
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11 Wi, V2 12, 13 


Ti Ifevents A and B are mutually exclusive and Pr(A) = a and Pr(B) = b, write expressions for: 
a Pr(not A) b Pr(Aor B) € Pr(A and B). 


12 Use diagrams to show that (AU BY = A'rB'. 


13 Mario and Erin are choosing a colour to 
paint the interior walls of their house. 
They have six colours to choose from: 
white (w), cream (c), navy (n), sky blue 
(s), maroon (m) and violet (v). 


Mario would be happy with white or 
cream and Erin would be happy with 
cream, navy or sky blue. As they can't 
decide, a colour is chosen at random for 
them. 


Let M be the event that Mario will be happy with the colour and let E be the event that Erin will be 
happy with the colour. 
a Represent the events M and £ in a Venn diagram. 
b Find the probability that the following events occur. 
i Mario will be happy with the colour choice; i.e. find Pr(M). 
ii Mario will not be happy with the colour choice. 
iii Both Mario and Erin will be happy with the colour choice. 
iv Mario or Erin will be happy with the colour choice. 
V Neither Mario nor Erin will be happy with the colour choice. 


ENRICHMENT: Triple Venn diagrams = - 14, 15) 


14 Of 15 chosen courier companies, 9 offer a local service (L), 7 offer an interstate 
service (S) and 6 offer an international service (J). Two companies offer all three 
services, 3 offer both local and interstate services, 5 offer only local services and 
1 offers only an international service. 


a Draw a Venn diagram displaying the given information. 


b Find the number of courier companies that offer neither a local, interstate nor international 
service. 


€ Ifa courier is chosen at random from the 15 examined initially, 
find the following probabilities. 
i Pr(L) 
ii Pr(Lonly) 
iii Pr(L or S) 
iv Pr(L and S only) 
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15 Thirty-eight people were interviewed about their travelling experience in the past 12 months. Although 


the interviewer did not write down the details of the interviews, she remembers the following 


information. 


In the past 12 months: 


Two people travelled overseas, interstate and within their own state. 

Two people travelled overseas and within their own state only. 

Seven people travelled interstate only. 

22 people travelled within their own state. 

Three people did not travel at all. 

The number of people who travelled interstate and within their own state only was twice the 
number of people who travelled overseas and interstate only. 

The number of people who travelled overseas was equal to the number of people who travelled 
within their own state only. 


a Usea Venn diagram to represent the information that the interviewer remembers. 


By writing down equations using the 


variables x (the number of people who 
travelled overseas and interstate only) and y 
(the number of people who travelled overseas 
only), solve simultaneously and find: 


€ If one person from the 38 is chosen at 
random, find the probability that the person 
will have travelled to the following places: 


the number of people who travelled 
interstate and overseas only 
the number of people who travelled 


overseas. 


within their own state only 
overseas only 


interstate only 


overseas or interstate or within their own Airlines employ mathematicians to use probability and 
state statistics to predict passenger numbers so they can ensure 
; seats on most flights are filled. 

interstate or overseas. 
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8C The addition rule 


Learning intentions 

e To understand and know the addition rule for finding the probability of the union of two events 
e To be able to apply the addition rule to find unknown probabilities 

e To know the meaning of the term mutually exclusive 


When two events are mutually exclusive we know 
that the probability of the union of the events can be 
found by simply adding the probabilities of each of 
the individual events. If they are not mutually exclusive 
then we need to take the intersection into account. 


If we take 15 people who like apples (A) or bananas (B), 
for example, we could illustrate this with the following 
possible Venn diagram. 


A B Pra) = == 


5 Restaurants improve customer satisfaction and efficiency 
Q 9 by analysing data from orders, loyalty programs, etc. 
Pr(B) = 18 Menus and marketing can use data such as the proportion 


of brunch customers who order the crab omelette or 


. . blueberry pancakes or both. 
Clearly, the probability that a person likes apples 


10, 9 _ 19 


or bananas is not B + 1515 as this is impossible. The intersection needs to be taken into account 


because, in the example above, this has been counted twice. This consideration leads to the addition rule, 
which will be explained in this section. 


| LESSON STARTER | hus Wi Whats the intersection? 


Two events, A and B, are such that Pr(A) = 0.5, Pr(B) = 0.4 and Pr(A UB) = 0.8. 


e Are the events mutually exclusive? Why? 

e [sit possible to find Pr(A A B)? If so, find Pr(A B). 

e Can you write a rule connecting Pr(A UB), Pr(A), Pr(B) and Pr(A r^ B)? 
e Does your rule hold true for mutually exclusive events? 


KEY IDEAS 7 


B6 The addition rule for two events, A and B, is: 
Pr(A UB) = Pr(A) + Pr(B) — Pr(Ar B) 


A B A B A B A B 
AUB A B ANB 
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E If A and B are mutually exclusive then: A B 
e Pr(A B) 0 
e  Pr(AU B) = Pr(A) + Pr(B) 


BUILDING UNDERSTANDING 


© A fair 6-sided die is rolled. 
e Event A is rolling a number greater than 3. 
e Event B is rolling an even number. 
State the sets. 
i A ii B 
ili A or B (i.e. AUB) iv A and B (i.e. ANB) 
Are events A and B mutually exclusive? Give a reason. 
Find Pr(A u B). 


o9 Use the given information and the addition rule to find Pr(A U B). 
a Pr(A) = 0.7, Pr(B) = 0.5, Pr(ANB) = 0.4 
b Pr(A) = 0.65, Pr(B) 2 04, Pr(Ar^ B) = 0.35 


[3] Use the addition rule to find Pr(A A B) if Pr(A U B) = 0.9, Pr(A) = 0.5 and Pr(B) = 0.45. 


A card is selected from a standard deck of 52 playing cards (4 suits, no jokers). Let A be the event 
*the card is a diamond' and B be the event 'the card is a jack". 


a Find: 

i n(A) il n(B) ili n(AA B). 
b Find: 

i Pr(A) ii Pr(A’) ili Pr(A AB). 


€ Use the addition rule to find Pr(A UB). 
d Find the probability that the card is a jack or not a diamond. 


SOLUTION EXPLANATION 
a i n(A)-13 One-quarter of the cards is the diamond suit. 
ii n(B)=4 There is one jack in each suit. 
ili n(AQB) =1 Only one card is both a diamond and a jack. 
DREPA) 3 = 1 13 out of the 52 cards are diamonds. 
ii Pr(A)21— i The complement of A is A'. 
E 
4 
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There is one jack of diamonds out of the 52 cards. 


€ Greenwood et al. 2020 Cambridge University Press 


€ Pr(AUB) Substitute Pr(A), Pr(B) and Pr(A A B) into the 


= Pr(A) + Pr(B) — Pr(AA B) addition rule to find Pr(A UB). 
13:094. 1 

BUD 

. 16 

B 

(4 

43 

d Pr(jack or not a diamond) 

= Pr(BUA’) 

= Pr(B) + Pr(A’) — Pr(Br^A") Use the addition rule. 

= E SP e x = There are 4 jacks and 39 cards that are not 
40 diamonds. 

= 52 There are 3 cards that are both jacks and not 
10 diamonds. 

B 


Now you try 


A card is selected from a standard deck of 52 playing cards (4 suits, no jokers). Let A be the event 
‘the card is a club’ and B be the event ‘the card is a queen’. 


a Find: 

i n(A) il n(B) ili n(AA B). 
b Find: 

i Pr(A) ii Pr(A’) iii Pr(AmB). 


€ Use the addition rule to find Pr(A UB). 
d Find the probability that the card is a queen or not a club. 


Two events, A and B, are such that Pr(A) = 0.4, Pr(B) = 0.8 and Pr(A UB) = 0.85. 


Find: 
a Pr(ANB) b Pr(A’ OB’). 
SOLUTION EXPLANATION 
a Pr(A UB) = Pr(A) + Pr(B) — Pr(A A B) Write the addition rule and substitute the given 

0.85 = 0.4 + 0.8 — Pr(AMB) information. 

0.85 = 1.2 — Pr(A AO B) Simplify and solve for Pr(A A B). 

Ge Et (AlaNB) S 20:85 
= 035 
Continued on next page 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


612 Chapter 8 


b Pr(A’OB’) = 1 — 0.85 A nB = (AUBY 


= O15 Tan 


C0) 


Now you try 

Two events, A and B, are such that Pr(A) = 0.5, Pr(B) = 0.6 and Pr(A UB) = 0.75. 
Find: 

a Pr(ANB) b Pr(A’OB’). 


Exercise 8C 
1-4 2-5 2-5 


Example6 1 A card is selected from a standard deck of 52 playing cards. Let A be the event ‘the card is a spade’ 
and B be the event ‘the card is an ace’. 


a Find: 

i n(A) il n(B) ili n(An B). 
b Find: 

i Pr(A) ii Pr(A’) ili Pr(A AB). 


€ Use the addition rule to find Pr(A UB). 
d Find the probability that the card is an ace or not a spade. 


examples 2 A number is chosen from the set {1, 2,3, ..., 20]. Let A be the event ‘choosing a multiple of 3’ and let 
B be the event ‘choosing a prime number’. 
a List set: 
i A ii B. 
b Find: 
i Pr(A B) ii Pr(AU B). 


c Find the probability that the number is a prime and not a multiple of 3. 


3 Inaclass of 24 students, 13 like Mathematics, 9 like English and 3 like both. 
a Find the probability that a randomly selected student in this class likes both Mathematics and English. 
b Find the probability that a randomly selected student in this class likes neither Mathematics nor English. 


example7 4 Two events, A and B, are such that Pr(A) = 0.3, Pr(B) = 0.6 and Pr(A UB) = 0.8. Find: 


a Pr(AnB) b Pr(A'AB). 
5 Two events, A and B, are such that Pr(A) = 0.45, Pr(B) = 0.75 and Pr(A UB) = 0.9. Find: 
a Pr(AnB) b Pr(A'(AB). 
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PROBLEM-SOLVING 6,7 6,7 7,8 


6 Of 32 cars at a show, 18 cars have four-wheel drive, 21 are sports cars and 
27 have four-wheel drive or are sports cars. 
a Find the probability that a randomly selected car at the show is both four-wheel 
drive and a sports car. 
b Find the probability that a randomly selected car at the show is neither 
four-wheel drive nor a sports car. 


7 Acard is selected from a standard deck of 52 playing cards. Find the probability 
that the card is: 
a aheart or a king b a club ora queen € ablack card or an ace 
d adiamond or not a king e aking or not a heart f alOor not a spade. 


8 a Find Pr(A B) when Pr(A UB) = 0.8, Pr(A) = 0.5 and Pr(B) = 0.4. 
b Find Pr(A’ ^ B) when Pr(A U B) = 0.76, Pr(A) = 0.31 and Pr(B) = 0.59. 


9 9,10 10, 11 
9 Why does the addition rule become Pr(A UB) = Pr(A) + Pr(B) for mutually exclusive events? 


10 Explain why the following represent impossible events. 
a Pr(A) = 0.3, Pr(B) = 0.5, Pr(ANB) = 0.4 
b Pr(AU B) = 0.75, Pr(A) = 0.32, Pr(B) = 0.39 


1i Write down an addition rule for Pr(AU BUC) using sets A, B and C. 


A 


ENRICHMENT: Divisibility and the addition rule = = 12, 13 


12 A number is randomly selected from the first 20 positive integers. Find the probability that it is divisible by: 


a 3 b 4 € 2and3 
d 20r3 e 3or5 f 2or5. 
13 A number is randomly selected from the first 500 positive integers. Find the probability that it is 
divisible by: 
a 4 b 7 c 3and5 
d 2and7 e 3and8 f 3,7and9. 
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Chapter 8 


8D Conditional probability 


Learning intentions 

e To understand the notion of conditional probability and that extra information can alter a probability 
e To know how to use a Venn diagram or two-way table to determine a conditional probability 

e To be able to identify a conditional probability scenario in a word problem 


The mathematics associated with the probability 
that an event occurs given that another event has 
already occurred is called conditional probability. 


Consider, for example, a group of primary school 
students who have bicycles for a special cycling 
party. Some of the bicycles have gears, some 
have suspension and some have both gears and 
suspension. Consider these two questions. 


e What is the probability that a randomly selected 


bicycle has gears? 


. " Loyalty programs that track customers' buying habits assist 
What is the probability that a randomly selected with targeted advertising. Analysing customer data, a clothing 


bicycle has gears given that it has suspension? retailer could find the fraction of customers aged under 30 
who spend over $100 on one piece of clothing. 


The second question is conditional in that we 
already know that the bicycle has suspension. 


| LESSON STARTER | Siig Gears and suspension 


Suppose that in a group of 18 bicycles, 9 have gears, 11 have suspension and 5 have both gears and 
suspension. Discuss the solution to the following question by considering the points below. 


What is the probability that a randomly selected bicycle will have gears given that it has suspension? 


e Illustrate the information on a Venn diagram. 
e How many of the bicycles that have suspension have gears? 


Which areas in the Venn diagram are to be considered when answering the question? Give reasons. 


What would be the answer to the question in reverse; i.e. what is the probability that a bicycle will 
have suspension given that it has gears? 


KEY IDEAS a 


B6 The probability of event A occurring given that event B has occurred is denoted by Pr(A |B), 
which reads ‘the probability of A given B’. This is known as conditional probability. 


Pr(ANB Pr(ANB 

Pr(A|B) = HE) and Pr(B|A) = Hoe) 

Pr(B) Pr(A) 
E For problems in this section these rules can be simplified to: 

ANB AnB 

Expo es dea ye emu) 
n(B) n(A) 
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B Pr(A|B) differs from Pr(A) in that the sample space is reduced to the set B, as shown in these 
Venn diagrams. 
Pr(A) Pr(A|B) 


A B A B 


BUILDING UNDERSTANDING 


1) In a group of 20 people, 15 are wearing jackets and 10 are wearing hats; 5 are wearing both a 
jacket and a hat. 
a What fraction of the people who are wearing jackets are wearing hats? 
b What fraction of the people who are wearing hats are wearing jackets? 


e Use this Venn diagram to answer these questions. 
a i Findn(ANB). ii Find n(B). 
n(A ^B) 


b Find Pr(A|B) using Pr(A|B) — E 
n 


© Use this two-way table to answer these questions. 
a i Findn(AAB). ii Find n(A). 
n(A(nB) 
n(A) - 


b Find Pr(B|A) using Pr(B|A) = 


€ Find Pr(A|B). 


Example 8 

Consider this Venn diagram displaying the number of elements belonging to the A B 

events A and B. 

Find the following probabilities. QD 

a Pr(A) b Pr(AnCB) t€ Pr(A|B) d Pr(B|A) 0 

SOLUTION EXPLANATION 

a Pr(A) = à There are 5 elements in A and 9 in total. 

b Pr(AQB) = z There are 2 elements common to A and B. 

c Pr(A|B) = - = i 2 of the 6 elements in B are in A. 

d Pr(B|A) = : 2 of the 5 elements in A are in B. 

Continued on next page 
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Now you try 


Consider this Venn diagram displaying the number of elements belonging to the A US 
events A and B. 
Find the following probabilities. QD 
a Pr(A) b Pr(AnC B) € Pr(A|B) d Pr(B|A) 1 
© Example 9 
From a group of 15 hockey players at a game of hockey, 13 played on the field, 7 sat on the bench 
and 5 both played and sat on the bench. 
A hockey player is chosen at random from the team. 
Let A be the event ‘the person played on the field’ and let B be the event ‘the person sat on the bench’. 
a Represent the information in a two-way table. 
b Find the probability that the person only sat on the bench. 
€ Find the probability that the person sat on the bench given that they played on the field. 
d Find the probability that the person played on the field given that they sat on the bench. 
SOLUTION EXPLANATION 
a n(AMB) = 5,n(A) = 13,n(B) = 7. The total 
5 is 15. Insert these values and then fill in the 
other places to ensure the rows and columns 
0 : : 
give the required totals. 
13 | 2 | 15 
b Pr(BOA’) = 2 Two people sat on the bench and did not play 
15 
on the field. 
c Pr(B|A) = z n(BOA) = 5 and n(A) = 13. 
d Pr(A|B) = Ž n(An^B) = 5 and n(B) — 7. 
Now you try 
In a group of 23 movie goers, 13 bought popcorn, 15 bought a Coke and 9 bought popcorn and a 
Coke. One of the movie goers is selected at random. 
Let A be the event ‘the person bought popcorn’ and B be the event ‘the person bought a Coke’. 
a Represent the information in a two-way table. 
b Find the probability that the person only bought popcorn. 
€ Find the probability that the person bought popcorn given that they bought a Coke. 
d Find the probability that the person bought a Coke given that they bought popcorn. 
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Exercise 8D 


1, 2-3(1/2) 2-3(1/2), 4 2-3(1/4), 4, 5 


Examples 1 Consider this Venn diagram displaying the number of elements belonging to the events A and B. 
A B 
2 
Find the following probabilities. 
a Pr(A) b Pr(ANB) 
€ Pr(A|B) d Pr(B|A) 
Examples 2 The following Venn diagrams display information about the number of elements associated with the 
events A and B. For each Venn diagram, find: 
i Pr(A) ii Pr(An B) iii Pr(A|B) iv Pr(B|A). 
| | | | | [l | [i 
(69 TD CD Cs) 
3 The following two-way tables show information about the number of elements in the events A and B. 
For each two-way table, find: 
i Pr(A) ii Pr(A AB) iii Pr(A|B) iv Pr(B|A). 
a h C d 
8 | 10 1141/5 7 | 3 | 10 4/2] 6 
3| 8 3) 1] 4 116 7 8|2 | 10 
11 18 4/5 ]|9 8.9 17 12| 4 | 16 
Exampe9 4 Of a group of 20 English cricket fans at a match, 13 purchased a pie, 15 waved a Union Jack flag and 
9 both purchased a pie and waved a Union Jack flag. 
Let A be the event ‘the fan purchased a pie’. 
Let B be the event ‘the fan waved a Union Jack flag’. 
a Represent the information in a two-way table. 
b Find the probability that a fan in the group 
only purchased a pie (and did not wave a 
Union Jack flag). 
€ Find the probability that a fan in the group 
purchased a pie given that they waved a Union 
Jack flag. 
d Find the probability that a fan in the group 
waved a Union Jack flag given that they 
purchased a pie. 
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5 Of 15 musicians surveyed to find out whether they play the violin or the piano, 5 play the violin, 8 play 
the piano and 2 play both instruments. 
a Represent the information in a Venn diagram. 
b How many of the musicians surveyed do not play either the violin or the piano? 
c Find the probability that one of the 15 musicians surveyed plays piano given that they play the violin. 
d Find the probability that one of the 15 musicians surveyed plays the violin given that they play the 
piano. 


PROBLEM-SOLVING 6,7 6,7 8,9 


6 Onacar production line, 30 cars are due to be completed by the end of the day. Fifteen of the cars 
have cruise control and 20 have airbags, and 6 have both cruise control and airbags. 
a Represent the information provided in a Venn diagram or two-way table. 
b Find the probability that a car chosen at random will contain the following. 
i cruise control only ii airbags only 
€ Given that the car chosen has cruise control, find the probability that the car will have airbags. 
d Given that the car chosen has airbags, find the probability that the car will have cruise control. 


7 For each of the following, complete the given two-way tables and find: 
i n(A'r B) ii Pr(B|A) iii Pr(A|B). 


8 Acardis drawn from a standard deck of 52 playing cards. Find the probability that: 
a the card is a king given that it is a heart 
b the card is a jack given that it is a red card 
€ the card is a diamond given that it is a queen 
d the card is a black card given that it is an ace. 


9 Anumber is chosen from the first 24 positive integers. Find the probability that: 
a the number is divisible by 3 given that it is divisible by 4 
b the number is divisible by 6 given that is divisible by 3. 
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10 


ti 


12 


10 10,11 WZ 


Two events, A and B, are mutually exclusive. What can be said about the probability of A given B 
(i.e. Pr(A|B)) or the probability of B given A (i.e. Pr(B|A))? Give a reason. 


Two events, A and B, are such that B is a subset of A, as shown in this 
Venn diagram. 
a Find Pr(A|B). b Find Pr(B|A). 


Pr(A ^ B) 
Pr(A) 
b Hence, find Pr(A A B) when Pr(B|A) = 0.3 and Pr(A) = 0.6. 


a Rearrange the rule Pr(B|A) = to make Pr(A A B) the subject. 


ENRICHMENT: Investment workshops 


Australian Curriculum Year 10 & 10A 3ed 


13 People aged between 20 and 50 years attended a workshop on shares, property or cash at an investment 
conference. The number of people attending each workshop is shown in this table. 
Property 
Cash 32 61 
a How many people attended the conference? 
b Find the probability that a randomly selected person at the conference is aged between 30 and 
39 years. 
€ Find the probability that a randomly selected person at the conference attends the property 
workshop. 
d Find the probability that a randomly selected person at the conference attends the property 
workshop given they are not in the 30-39 age group. 
e Find the probability that a randomly selected person at the conference is aged between 40 and 
50 years given that they do not attend the cash workshop. 
f Find the probability that a randomly selected person at the conference does not attend the shares 
workshop given they are not in the 30-39 age group. 
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A letter is selected at random from the word SUPERCALIFRAGILISTIC. Find the probability 
that the letter is: 
a ans b anA c aP d avowel e nota vowel. 


c C3 2 Anexperiment involves choosing a card from a standard deck of 52 playing cards and recording 
its suit. Here are the results of running the experiment 100 times. 


N 
@ heart club spade diamond 
[=æ] 17 29 38 16 
e 
= 

[ 


Find the experimental probability of obtaining: 
a aheart b aclub C ared card d ablack card. 


C9 3 Acard is chosen from a standard deck of 52 playing cards. Find the theoretical probability of 


the card being: 
a aking b ared king € the queen of hearts 
d ablack 10 or a red queen e anace f notan ace. 


4 From aclass of 50 students, 32 enjoy tennis and 20 enjoy squash. If 3 students enjoy both 


8B 
sports: 
a Display this information in a Venn diagram and a two-way table. 
b State the number of students who enjoy only tennis. 
c Write down the probability of choosing one student from the group and that student 
enjoying neither tennis nor squash. 
8B 5 The Venn diagram shows the distribution of elements in two sets, A 
and B. Find: 
a n(AnB) b n(A) c n(A'r B) 
d Pr(AAB) e Pr(A’) f Pr(AUD). 


(1) 6 Two events, A and B, are such that Pr(A) = 0.7, Pr(B) = 0.45 and Pr(A ^ B) = 0.32. Find: 
a Pr(AUB) b Pr(A’ OB’). 


C3 7 Consider the Venn diagram displaying the number of elements belonging 
to events A and B. Find: 
a Pr(A) b Pr(AnB) € Pr(A|B) d Pr(B|A). 


C3 8 From a survey of 40 students in the playground, 35 like soft drink, 20 like water and 15 like 
both soft drink and water. 
a Display this information in a two-way table. 
b Find the probability that a student chosen from the group dislikes soft drink given that they 
like water. 
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8E Two-step experiments using tables 


Learning intentions 

e To be able to construct a table to systematically display the outcomes of a two-step experiment 

e To understand the difference between ‘with replacement’ and ‘without replacement’ and their impact on the 
possible outcomes of a two-step experiment 

e To be able to calculate probabilities from a sample space in a table 


When an experiment involves two or more components, like 
flipping a coin twice or selecting 3 chocolates from a box, we 
are dealing with multi-stage experiments. The outcomes for 
such an event depend on whether or not they are conducted with 
or without replacement. For two-step experiments, tables are 


helpful when listing all the possible outcomes. 


Geneticists use ‘two-parent’ tables to find 

proportions of inherited traits, such as the maize 
| LESSON STARTER | UUA Does replacement matter? Kerne! colours purple (9/16), red (3/16) and 

white (4/16). Research of inheritance patterns 
in maize led to revolutionary findings of how 
chromosomes change during reproduction. 


From the digits ( 1, 2, 3, 4,5 } you select two of these to form a 
two-digit number. 


e How many numbers can be formed if selections are made with replacement? 
e How many numbers can be formed if selections are made without replacement? 


32 14 25 
23 


22 
not allowed "m d 31 34 42 


without replacement 


Find the probability that the number 35 is formed if selections are made with replacement. 


Find the probability that the number 35 is formed if selections are made without replacement. 


E Tables (or arrays) can be used to list the sample space for two-step experiments. 
E If replacement is allowed then outcomes from each selection can be repeated. 


Wi If selections are made without replacement then outcomes from each selection cannot be repeated. 
For example: Two selections are made from the digits ( 1, 2, 3}. 


With replacement Without replacement 
1st 1st 
1 2 3 | 1 2 3 
1 (1, 1) (2, 1) (3; 1) 1 x (2, 1) (3, 1) 
aw 2l aa eD ; mi 2 | ug x (3, 
3 (1,3) ; 3 3 (1, 3) (2, 3) x 
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BUILDING UNDERSTANDING 


@ Two letters are chosen from the word DOG. 
These tables list the sample space if selections are made: 
with replacement without replacement 
1st 
| D 0 G 

D | (D,D) (0,D) (G,D) 

2nd O | (D,O) (0,0) (68,0) 
G | (D,G) (0,G) (G,G) 


4 State the total number of outcomes if selection is made: 

i with replacement ii without replacement. 
b If selection is made with replacement, find the probability that: 

i the two letters are the same il there is at least one D iii there is not an O. 
€ If selection is made without replacement, find the probability that: 

i the two letters are the same il there is at least one D iii there is not an O. 


e Two digits are selected from the set (2, 3, 4] to form a two-digit number. Find the number of 
two-digit numbers that can be formed if the digits are selected: 


a with replacement b without replacement. 


A fair 6-sided die is rolled twice. 
a Listthe sample space, using a table. 
b State the total number of outcomes. 
€ Find the probability of obtaining the outcome (1, 5). 
d Find: 
i Pr(double) 
ii Pr(sum of at least 10) 
iii Pr(sum not equal to 7). 
e Find the probability of a sum of 12, given that the sum is at least 10. 


SOLUTION EXPLANATION 
a Roll 1 Be sure to place the number from roll 1 in 
1 2 3 4 5 6 the first position for each outcome. 
1o opo). 06 f 
2 |(1,2) (2,2) (3,2) (4,2) (5,2) (6,2) 
mug 9 (649 (23) G3 (3) (53) (63) 
4 |(1,4) (2,4) (3,4) (4,4) (5,4) (6,4) 
9 |(1,5) (2,5) (3,5) (4,5) (5,5) (6,5) 
6 |(1,6) (2,6) (3,6) (4,6) (5,6) (6,6) 
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b 36 outcomes 


1 
b Jem s) = = 
r(1, 5) 36 


d i Pr(double) = Io di 
36 6 


ii Pr(sum of at least 10) = DE 1 
36 6 
jii Pr(sum not equal to 7) = 1 — o 
à 3$ 6 


e Pr(sum of 12 | sum of atleast 10) = 


Now you try 


A fair 6-sided die is rolled twice. 


There is a total of 6 x 6 = 36 outcomes. 
Only one outcome is (1, 5). 


Six outcomes have the same number 
repeated. 


Six outcomes have a sum of either 10, 11 or 12. 


This is the complement of having a sum of 7. 
Six outcomes have a sum of 7. 


One of the 6 outcomes with a sum of at least 
10 has a sum of 12. 


a Find the probability of obtaining the outcome (6, 4). 


b Find: 
LPG. 2J Or 23) 
ii Pr(sum of at least 9) 
iii Pr(sum less than 4). 


c Find the probability of a sum of 3 given that the sum is at most 4. 


Two letters are chosen from the word KICK without replacement. 


a Construct a table to list the sample space. 
b Find the probability of: 

i obtaining the outcome (K, C) 

ii selecting two Ks 

iii selecting a K anda C 


iv selecting two Ks given that at least one K is selected. 


SOLUTION 
a 1st 
| C K 
K X (LK) (C,K (KK) 
aud | | (Ki) x (C,1) — (KI) 
C (I, C) x (K, C) 
K i (LK)  (C, K) x 
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EXPLANATION 


Selection is without replacement, so the 
same letter (from the same position) cannot 
be chosen twice. 


Continued on next page 
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i) D We Z = I Two of the 12 outcomes are (K, C). 
ii Pr(K, K) = 2 = z Two of the outcomes are K and K, which 
use different Ks from the word KICK. 
iii PrKOC) = = = i Four outcomes contain a K and a C. 
iv Pr(2 Ks |atleast 1 K) = 2 = 1 There are 10 outcomes with at least one K, 
10 5 i 
two of which have two Ks. 
Now you try 


Two cars are chosen from a group of four without replacement. Of the four cars, two are red (R), 
one is blue (B) and one is white (W). 
a Construct a table to list the sample space. 
b Find the probability of: 
i obtaining a red car first then a white car 
ii selecting two red cars 
iii selecting one red car and one blue car 
iV selecting two red cars given that at least one of them is a red car. 


Exercise 8E 


Exampet-d 1 A fair 4-sided die is rolled twice. 
a Listthe sample space, using a table. 
b State the total number of possible outcomes. 
c Find the probability of obtaining the outcome (2, 4). 
d Find the probability of: 
i a double ii asum of atleast 5 iii a sum not equal to 4. 


Examplea-d 2 Two coins are tossed, each landing with a head (H) or tail (T). 
a Listthe sample space, using a table. 
b State the total number of possible outcomes. 
c Find the probability of obtaining the outcome (H, T). 
d Find the probability of obtaining: 
i one tail ii at least one tail. 
e If the two coins are tossed 1000 times, how many times would you expect to get two tails? 


Example 3 Two letters are chosen from the word SET without replacement. 
a Show the sample space, using a table. 
b Find the probability of: 
i obtaining the outcome (E, T) ii selecting one T 
iii, selecting at least one T iv selecting an S anda T 
V selecting an S or a T. 
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4 A letter is chosen from the word LEVEL without replacement and then a second letter is chosen from 
the same word. 
a 
b 
c 


Draw a table displaying the sample space for the pair of letters chosen. 

State the total number of outcomes possible. 

State the number of outcomes that contain exactly one of the following letters. 

i V ii L iii E 

Find the probability that the outcome will contain exactly one of the following letters. 
i V ii L iii E 

Find the probability that the two letters chosen will be the same. 


PROBLEM-SOLVING 5,6 5,6 6,7 


5 Ina quiz, Min guesses that the probability of Die 1 


rolling a sum of 10 or more from two fair 6-sided 
dice is 10%. Complete the following to decide 
whether or not this guess is correct. 


wo Mm] 


Copy and complete the table representing all 
the outcomes for possible totals that can be Die 2 
obtained. 


OO A U N — 


State the total number of outcomes. 


Find the number of the outcomes that represent 
a sum of: 

i3 ii 7 iii less than 7. 

Find the probability that the following sums are obtained. 

i 7 ii less than 5 iii greater than 2 iv atleast 11 
Find the probability that the sum is at least 10, and decide whether or not Min’s guess is correct. 


6 A letter is randomly chosen from the word OLD and then a second letter is chosen from the word 
COLLEGE. 
a Draw a table illustrating all possible pairs of letters that can be chosen. 


b 


State the total number of outcomes. 


€ Ifa double represents selecting the same letter, find the probability of selecting a double. 
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7 The 10 students who completed a special flying course 
are waiting to see if they will be awarded the one 
Distinction or the one Merit award for their efforts. 

a In how many ways can the two awards be given if: 
i the same student can receive both awards? 
ii the same student cannot receive both awards? 

b Assuming that a student cannot receive both 
awards, find the probability that a particular student 


receives: 
i the Distinction award 
ii the Merit award 
iii, neither award. 

€ Assuming that a student can receive both awards, find the probability that they receive at least one 
award. 


8 8,9 8, 10 
Example10e 8 Two fair 4-sided dice are rolled and the sum is noted. 
a Find the probability of: 
i asumof5 ii a sum of less than 6. 
b i Find the probability of a sum of 5 given that the sum is less than 6. 


ii Find the probability of a sum of 2 given that the sum is less than 6. 
iii Find the probability of a sum of 7 given that the sum is at least 7. 


9 Decide whether the following situations would naturally involve 
selections with replacement or without replacement. 
a selecting two people to play in a team 
b tossing a coin twice 
€ rolling two dice 
d choosing two chocolates to eat 


10 In a game of chance, six cards numbered 1 to 6 are lying face down on a table. Two cards are selected 
without replacement and the sum of both numbers is noted. 
a State the total number of outcomes. 
b Find the probability that the total sum is: 


i equal to 3 ii equal to 4 iii at least 10 iv no more than 5. 
€ What would have been the answer to part b i if the experiment had been conducted with 
replacement? 
Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


ENRICHMENT: Random weights 


11 Ina gym, Justin consi 


ders choosing two weights to fit onto a rowing machine to make the load heavier 


There are four different weights to choose from: 2.5 kg, 5 kg, 10 kg and 20 kg, and there are plenty 
of each weight available. After getting a friend to randomly choose both weights, Justin attempts to 


operate the machine. 


a Complete a table that displays all possible total weights that could be placed on the machine. 


b State the total number of outcomes. 


c How many of the outcomes deliver a total weight described by the following? 


i equal to 10 kg 
ii less than 20 kg 
iii atleast 20 kg 


d Find the probability that Justin will be attempting to lift the following total weight. 


i 20kg 
ii 30kg 
iii no more than 1 
iv less than 10 kg 


0 kg 


e If Justin is unable to lift more than 22 kg, what is the probability that he will not be able to operate 
the rowing machine? 
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8F Using tree diagrams 


Learning intentions 

* To be able to draw a tree diagram to show the sample space of two- or multi-stage experiments 

e To understand when it is appropriate to use a tree diagram to display outcomes 

e To know how to determine probabilities on tree diagram branches using with or without replacement 
e To be able to find probabilities of event outcomes using a tree diagram 


Suppose a bag contains two red counters and one blue counter and that two counters are selected at 
random with replacement. One way to display the outcomes is with a tree diagram in which all equally 
likely outcomes are listed in columns, as shown below left. A more efficient way, however, is to group 
similar outcomes and write their corresponding probabilities on the branches, as shown below right. 


Choice 1 Choice 2 Outcome Probability Choice 1 Choice 2 Outcome Probability 


1 2 2,2_4 
R RR (5) 3R RR ($x$-3) 
Kr a NEC 
3 1 : 4X z= 5 
B (RB (j 3 TOS 
1 
R RR 5) h sR WR (ixi 
R R RR (l) B E 
1.1.1 
B (RB (5) iB GB (3*3=5) 
R (m (5) Pr(R, B)= 2 
B < R BR) (5) 
B @,B) (5) 
Pr (R, B) = ü 
You will note that in the tree diagram on the right the probability of 2 RIR RAR 
N 
each outcome is obtained by multiplying the branch probabilities. 2 
The reason for this relates to conditional probabilities. 3 5 
B . 1 BIR RAB 
Using conditional probabilities, the tree diagram on the right above 
can be redrawn like this (right). 2 
3 RIB BAR 
We know from conditional probability that: i B E 
Pr(ANB 1 
© PrA|B) = r(A B) BIB BAB 
Pr(B) 


Using B and R we could write: 


e Pr(R|B) = PrBOR) 
Pr(B) 
By rearranging we have: Pr(BOR) = Pr(B) x Pr(R|B) 
D. 2 
——X— 
3 3 
-— 


This explains why we multiply branches on tree diagrams. This also applies when selection is made 
without replacement. 
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WE Erud ai Prize probability 


Two lucky door prizes are randomly awarded to a group of 7 male and 3 female partygoers. 


Use a tree diagram with branch probabilities to show how selection with replacement can be displayed. 
Use a tree diagram with branch probabilities to show how selection without replacement can be 
displayed. 

Which of these situations has a higher probability? 

a A male and a female receive one prize each if selection is made with replacement. 

b A male and a female receive one prize each if selection is made without replacement. 


KEY IDEAS 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


E Tree diagrams can be used to list the sample space for experiments involving two or more stages. 
* Branch probabilities are used to describe the chance of each outcome at each step. 
e ach outcome for the experiment is obtained by multiplying the branch probabilities. 
e Branch probabilities will depend on whether selection is made with or without replacement. 


BUILDING UNDERSTANDING 


[1] A box contains 2 white (W) and 3 black (B) counters. 
a A single counter is drawn at random. Find the probability 
that it is: 
i white ii black. 
Two counters are now drawn at random. The first one is 
replaced before the second one is drawn. Find the probability 
that the second counter is: 
i white ii black. 
Two counters are drawn and the first counter is not replaced before the second one is drawn. 
If the first counter is white, find the probability that the second counter is: 
i white ii black. 


Q Two prizes are awarded to a group of 3 male (M) and 5 female (F) candidates. 


State the missing components in these tree diagrams. 


a with replacement b without replacement 


M (M,M) ( 
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Boxes A and B contain 4 counters each. Box A contains 2 red and 2 green counters and box B 
contains 1 red and 3 green counters. A box is chosen at random and then a single counter is selected. 
a If box A is chosen, what is the probability that a red counter is chosen from it? 
b If box B is chosen, what is the probability that a red counter is chosen from it? 
€ Represent the options available as a tree diagram that shows all possible outcomes and related 
probabilities. 
d What is the probability of selecting box B and a red counter? 
What is the probability of selecting a red counter? 


SOLUTION EXPLANATION 
a Pr(red from box A) = : E ; Two of the 4 counters in box A are red. 
b Pr(red from box B) = 1 One of the 4 counters in box B is red. 
C Box Counter Outcome Probability First selection is a box followed by a 
counter. Multiply each of the probabilities 
sted (Aged) $x4=} 
Ac í 272 4 along the branch pathways to find the 
i x 
5 i Ets dum) 1 x 1 = 1 probability of each outcome. 


d Pr(B, red) = — x 


Bile 


The probability of choosing box B is ; and 


a red counter from box B is n so multiply 


cool Nie 


these probabilities for the outcome (B, red). 


x 


+ 
Nl 

x 
RI 


e Pr(l red) = The outcomes (A, red) and (B, red) both 


contain 1 red counter, so add together the 


du 
oo|— Nie 


probabilities for these two outcomes. 


oju Ble Nie 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Now you try 


Boxes A and B contain 5 counters each. Box A contains 3 red and 2 green counters and box B 
contains | red and 4 green counters. A box is chosen at random and then a single counter is selected. 
a If box A is chosen, what is the probability that a red counter is chosen from it? 
b If box B is chosen, what is the probability that a red counter is chosen from it? 
€ Represent the options available as a tree diagram that shows all possible outcomes and related 
probabilities. 
What is the probability of selecting box B and a red counter? 
What is the probability of selecting a red counter? 


A bag contains 5 blue (B) and 3 white (W) marbles and 2 marbles are selected without 
replacement. 
a Draw a tree diagram showing all outcomes and probabilities. 
b Find the probability of selecting: 
i ablue marble followed by a white marble (B, W) 
ii 2 blue marbles 
iii exactly 1 blue marble. 
c If the experiment is repeated with replacement, find the answers to each question in part b. 


SOLUTION EXPLANATION 
a Selection 1 Selection 2 Outcome Probability After 1 blue marble is selected there are 
SETS 7 marbles remaining: 4 blue and 3 white. 
77 B (BB) 3x757 
B 
3 B Se si disi 
g DOM BOW) gaa After 1 white marble is selected there are 
5 : " 7 marbles remaining: 5 blue and 2 white. 
3 7 ^B (W,B) 3X 3=3¢ 
8 W. A 
2 Shy OnB 
20 W ODI Re Sats 
b i Pr(B,W)- x ; Multiply the probabilities on the (B, W) 
athway. 
45 P y. 
56 
ii Pr(B,B) = 2 x ; Only 4 blue marbles remain after the first 
5 selection. Multiply the probabilities on the 
E B, B) pathway. 
T (B. B) p y 
Continued on next page 
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iii Pr(1 blue) = 2 x 2 + = x 2 The outcomes (B, W) and (W, B) both have 
S 7 S9 7 : ee 
an one blue marble. Multiply probabilities to 
L— find individual probabilities, then sum for 
56 
the final result. 
15 
28 
c i Pr(B, W)- 2 x i When selecting objects with replacement, 
remember that the number of marbles in the 
15 : ' 
= 64 bag remains the same for each selection. 
That is, Pr(B) = : and Pr(W) = ` 
th hout. 
i Buy e Puit 
8 8 
E 
4 
re 590 dM dS 
ill Prd blue) 2 —x — E —x*-— One blue marble corresponds to the (B, W) 
S 8 GO m 
or (W, B) outcomes. 
zy 
64 
ms 
32 


Now you try 


A bag contains 4 blue (B) and 5 white (W) marbles and 2 marbles are selected without replacement. 
a Draw a tree diagram showing all outcomes and probabilities. 
b Find the probability of selecting: 
i ablue marble followed by a white marble (B, W) 
ii 2 blue marbles 
iii exactly 1 blue marble. 
c If the experiment is repeated with replacement, find the answers to each question in part b. 


The spread of an infectious disease can 
be simply modelled with a tree diagram. 
If each ill person infects 4 other people, 
after 10 infection ‘waves’ over 1 

million people are infected. Fortunately, 
vaccination strengthens the immune 
system, reducing infection rates. 
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Exercise 8F 


1-3 2-4 3,4 


Example12 1 Boxes A and B contain 4 counters each. Box A contains 1 yellow and 3 orange counters and box B contains 3 
yellow and 1 orange counter. A box is chosen at random and then a singlecounter is selected. 
a If box A is chosen, what is the probability of selecting a yellow counter? 
b If box B is chosen, what is the probability of selecting a yellow counter? 
€ Represent the options available by completing this tree diagram. 


Box Counter Outcome Probability 


l 


1 
| 4 ^ yellow (A, yellow) jxi-$ 
5 yA 
orange 
yellow 
B A 


d What is the probability of selecting box B and a yellow counter? 


e What is the probability of selecting a yellow counter? 


Example12 2 As part of a salary package an employee randomly selects a Kia or a Mazda. 
There are 3 white Kias and 1 silver Kia and 2 white Mazdas and 1 red Mazda 
to choose from. 

a Complete a tree diagram showing a random choice of a car make and 
then a colour. 


Car Colour Outcome | Probability 


white 
1 Kia 
2 
1 
2 Mazda « 


b Find the probability that the employee chooses: 


i awhite Kia ii ared Mazda 
ili a white car iv a car that is not white 
V asilver car or a white car Vi acar that is neither a Kia nor red. 


Exampei3 3 A bag contains 4 red (R) and 2 white (W) marbles, and 2 marbles are selected without replacement. 
a Draw a tree diagram showing all outcomes and probabilities. 
b Find the probability of selecting: 
i ared marble and then a white marble (R, W) 
ii 2 red marbles 
iii exactly 1 red marble. 
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Example13 4 Two students are selected from a group of 3 males (M) and 4 females (F) without replacement. 
a Draw a tree diagram to find the probability of selecting: 
i 2 males ii 2 females 
iii 1 male and 1 female iv 2 people either both male or both female. 
b The experiment is repeated with replacement. Find the answers to each question in part a. 


PROBLEM-SOLVING 5,6 527 7,8 


5 Two dice are rolled and it is noted when the dice show a number more than 4 or not more than 4. 
a Complete a tree diagram, showing the outcomes of the two dice. 


Dice 1 Dice 2 
More than 4 
More than 4 < 
4 or less 
More than 4 
4 or less d 


4 or less 


b Find the probability that the two dice are: 
i both more than 4 ii both 4 or less 
iii not both 4 or less iv one4 or less and one more than 4. 


6 Two bottles of wine are randomly selected for tasting from 
a box containing 2 red and 2 white wines. Use a tree diagram 
to help answer the following. 
a If the first bottle is replaced before the second is selected, 


find: 
i Pr(2 red) ii Pr(1 red) 
iii Pr(not 2 white) iv Pr(at least 1 white). 


b Ifthe first bottle is not replaced before the second is 
selected, find: 
i Pr(2 red) ii Pr(1 red) 
iii Pr(not 2 white) iv Pr(at least 1 white). 


7 Cans of sliced peaches produced by ‘Just peaches’ are sometimes underweight. A box of 10 cans is 
selected from the factory and then 2 cans from the 10 are tested without replacement. This particular 
box of 10 cans is known to have 2 cans that are underweight. 

a State the probability that the first can chosen will be: 
i underweight 
ii not underweight. 
b Use a tree diagram to find the probability that: 
i both cans are underweight 
ii one can is underweight 
iii at most 1 can is underweight. 
€ The factory passes the inspection if no cans are found to be underweight. Find the chance that this 
will occur and express your answer as a percentage, rounded to one decimal place. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


El 8 The probability of rain on any particular day is 0.2. However, the probability of rain on a day after a 
rainy day is 0.85, whereas the probability of rain on a day after a non-rainy day is 0.1. 
4 Ontwo consecutive days, find the probability of having: 


i two rainy days ii exactly one rainy day iii atleast one dry day. 
b On three consecutive days, find the probability of having: 
i three rainy days ii exactly one dry day iii at most two rainy days. 
9 GL 30) 160. 31 


9 Two socks are selected at random from a drawer 
containing 4 red and 4 yellow socks. 

a Find the probability that the two socks will be of 
the same colour if the socks are drawn without 
replacement. 

b Find the probability that the two socks will not be 
of the same colour if the socks are drawn without 


replacement. 


10 A box contains 2 red (R) and 3 blue (B) counters and three counters are selected without replacement. 
a Use a tree diagram to find: 
i Pr(R, R, B) 
ii Pr(2 red) 
iii Pr(3 red) 
iv Pr(at least 1 red) 
V Pr(at most 2 blue). 
b Ifa fourth selection is made without replacement, find the probability that: 
i atleast 1 red is selected 
ii 3 blue are selected. 


11 Containers A, B and C hold 4 marbles each, all of which are the same size. The following table 
illustrates the marble colours in each container. 


1 2 3 
3 2 


A container is chosen at random and then a marble is selected from the container. 

a Draw a tree diagram to help determine all the possible outcomes and the associated probabilities. 
Suggestion: You will need three branches to start (representing the three different containers that 
can be chosen), followed by two branches for each of A, B and C (to represent the choice of either 
a purple or a green marble). 

b State the total number of outcomes. 

c Find the following probabilities. 

i Pr(A, purple) 
ii Pr(B, green) 
iii Pr(C, purple) 
d Find the probability of obtaining a green marble. 
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ENRICHMENT: Fermat and Pascal = - 12 


12 The French mathematicians Pierre de Fermat and Blaise Pascal inspired the development of mathematical 
probability through their consideration of simple games. Here’s one of their first problems. 
Two equally skilled people play a game in which the first to earn 10 points wins $100 and each 
player has an equal chance of winning a point. At some point in the game, however, one of the 
players has to leave and the game must be stopped. If the game score is 9 points to 7, how should 
the $100 be divided between the two players? 
This diagram shows the number of ways the game could have been completed. 


A wins 
A: 10 points F 
B: 7 points 
A: 9 points A wins i 
B: 7 points A: 10 points a Pr(A winning) 
B: 8 points 
Bn A wins 
B: pont A: 10 points 1 
B: 8 points He points 8 
B wins 
A: 9 points 
B: 9 points B wins 
A: 9 points i Pr(B winning) 
B: 10 points 


a Use this diagram to help calculate the probability that: 

i player A wins the game 

ii player B wins the game. 

Based on your answers from part a, describe how the $100 should be divided between players A and B. 
c Investigate how the $100 should be divided between players A and B if the game is stopped with 

the following number of points. You will need to draw a new tree diagram each time. 

Ì player A: 8 points, player B: 7 points 

ii player A: 7 points, player B: 7 points 

iii player A: 8 points, player B: 6 points 

iv player A: 6 points, player B: 7 points 

V Choose your own pair of game points and investigate. 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 


throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


TV news popularity 


1 Ina country town, viewers have a choice between a 6 p.m. news bulletin on Channel A and another on 
Channel B. Two independent research companies take a sample of 40 households in the town regarding 
their news viewing habits over the course of a month. 


In both surveys, 3 households didn't watch a 6 p.m. news at all, while 5 households said they watched 
both channels over the course of the month. 


You wish to analyse the given sample data to investigate 
the news viewing habits of a number of people. 


a In the first survey, the number of households that 
watch only Channel B is 3 times the number of 
households that watch only Channel A. Complete a 


diagram or table to determine how many households 
watched only Channel A. 

b In the second survey, twice as many households watched Channel B from time to time compared to 
Channel A. How many households claimed to watch Channel B? 

In the city there are three channels with a 6 p.m. news bulletin, Channels A, B and C. A survey of 

400 households showed that over the course of a month, 30 households watched channels A and B but 

not C, 21 watched channels A and C but not B, 33 watched channels B and C only. 158 households in 

total watched Channel C, 190 watched Channel B and 55 watched Channel A only. 43 households did 

not watch a 6 p.m. news bulletin. 

€ From the survey results, calculate the probability that a randomly selected household watched 
Channel B only. 


Spin to win 
2 Ina game at a fair, two spinners are spun and their numbers multiplied together to produce a total. 


The game costs $5 to play. An odd total sees you win $10, while an even total means that you lose your 
money. 


The manager of the game wants to explore its profitability by calculating various probabilities. He 
also wishes to make adjustments to the game so that the chances of winning can be increased in the 
hope that more people might play. 


a Consider the game which has the two spinners shown. 
i Complete the table below using a tree diagram and use it to 
determine the probability of winning $10. 


E | 
Spinner 1 Spinner 2 
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ii Hence, fill in the table for the profit from one game. What outcome does the game favour? 


iii In one particular game the player wins. What is the probability they spun an even number 


on the first spinner? 

Word spreads around the fair that not many people are winning at the game. To get customers 
back, the manager decides to make the game a 50% chance of winning. He leaves the first spinner 
as is and the second spinner is adjusted to have the odd and even number in unequal portions. 
b Let p be the proportion of the second spinner occupied by the odd number. 

i Determine the probability of achieving an odd total and an even total in terms of p. 

ii For the game to be fair (equal chance of win or lose), what should be the value of p? 
€ Design a pair of spinners such that: 

i the probabilities of an odd total and an even total are equal 

ii the probability of an odd total is twice the probability of an even total. 
d If pis the proportion of the first spinner that has odd numbers and q is the proportion of the 

second spinner that has odd numbers, what is the requirement for pq for parts € i and ii? 


Rolling 6s 


3 A simple dice game involves three rolls of a regular 6-sided die. Points are awarded as follows: 
e 10 points for a 6 on the first roll 
e 6 points for a 6 on the second roll 
e 2 points for a 6 on the third roll 
* 5 point bonus if all three rolls are 6s. 


You are to investigate the probability of obtaining a certain number of points using a fair die 
and then reconsider the game if a biased die is used. 


a Consider the following game probabilities. 
i What is the probability of obtaining each of 10 points in a round, 6 points in a round and 
2 points in a round? 
ii What is probability of obtaining 16 points in a round? 
iii What is the probability of obtaining the maximum 23 points? 
iv Two 6s occur in the three rolls of a dice. What is the probability of this occurring and what 
are the possible points obtained? 
V Acompetitor needs to score at least one point in the last round of the game to win. What is 
the probability that they win? 
b A brother challenges his sister to another game but with a biased die. This die has a 
probability of p of obtaining a 6. Answer parts i-iii in terms of p. 
i What is the probability of rolling no 6s in a round with this die? 
ii Hence, what is the probability of scoring points in a round? 


iii If the probability of obtaining maximum points in a round is ap what is the value of p? 
iv If the probability of obtaining exactly 16 points in a round is 0.032 while the probability of 


obtaining exactly 10 points is 0.128, determine the value of p. 
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8G Independent events 


Learning intentions 

e To understand what it means for two events to be independent 

* To beable to determine mathematically if two events are independent 
e To know that selections made with replacement will be independent 


In previous sections we have looked at problems involving conditional probability. A B 
This Venn diagram, for example, gives the following results. C> 
7 2 
Pr(A) = — and Pr(A|B) ==. 
(A) 10 (A|B) 5 


Clearly the condition B in Pr(A|B) has changed the probability of A. The events A and B are therefore not 
independent. 


For multiple events we can consider events either with or without replacement. 


These tree diagrams, for example, show two selections of marbles from a bag of 2 aqua (A) and 3 blue (5) 


marbles. 
With replacement Without replacement 
1 
2 -A|A ANA 4 AIA ANA 
2A e 2,A a 
5 5 
i B|A AAB 3 BIA AAB 


2 2 
3 ^A|B BOA 4 AlB BOA 
MB INB 
5 5 
2 B|B BOB 2 "B|BB BAB 
In the first tree diagram we can see that Pr(A|B) — Pr(A), so the events are independent. In the second tree 
diagram we can see that Pr(A|B) + Pr(A), so the events are not independent. 
So, for independent events we have: 


Pr(A|B) = Pr(A) œ) 


PST) becomes Pr(A) = Bae 


This implies that Pr(A|B) = —— ——- 
Pr(B) Pr(B) 


Using (*) and rearranging gives: 


Pr(A NB) = Pr(A) x Pr(B). 
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Chapter 8 


| LESSON STARTER | Gusta Are they independent? 


Recall that two events are independent if the outcome of one event does not affect the probability of the 


other event. Discuss whether or not you think the following pairs of events are independent. Give reasons. 


Tossing two coins with the events: 

- getting a tail on the first coin - getting a tail on the second coin. 

Selecting two mugs without replacement from a drawer in which there are 3 red and 2 blue mugs and 
obtaining the events: 


- firstis a blue mug - second is a red mug. 

Selecting a person from a group of 10 who enjoys playing netball (N) and/or N T 
tennis (7), as in the Venn diagram shown. 

- selecting a person from the group who enjoys netball QD 


- selecting a person from the group who enjoys tennis. 


KEY IDEAS 


Bi Two events are independent if the outcome of one event does not change the probability of 
obtaining the other event. 
*  Pr(A|B) = Pr(A) or Pr(B|A) = Pr(B) 
e  Pr(Ar B) = Pr(A) x Pr(B) 


E For multi-stage experiments with selection made with replacement, successive events are 
independent. 


E For multi-stage experiments with selection made without replacement, successive events are not 
independent. 


BUILDING UNDERSTANDING 


L1) A fair coin is tossed twice. Let A be the event ‘the first toss gives a tail’ and let B be the event ‘the 
second toss gives a tail’. 
a Find: 
i Pr(A) ii Pr(B). 
b Would you say that events A and B are independent? 
© What is Pr(B|A)? 


e This Venn diagram shows the number of elements in events A and B. 
a Find: 
i Pr(B) ii Pr(B|A). 
b IsPr(B|A) = Pr(B)? 
€ Are the events A and B independent? 


© Complete each sentence. 


a For multi-stage experiments, successive events are independent if selections are made 
replacement. 

b For multi-stage experiments, successive events are not independent if selections are made 
replacement. 
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Example 14 


A selection of 10 mobile phone offers includes four with free connection and five with a free 
second battery, whereas one offer has both free connection and a free second battery. 
Let A be the event ‘choosing a mobile phone with free connection’. 
Let B be the event ‘choosing a mobile phone with a free second battery’. 
a Summarise the information about the 10 mobile phone offers in a Venn diagram. 
b Find: 
i Pr(A) ii Pr(A|B). 
€ State whether or not the events A and B are independent. 


SOLUTION EXPLANATION 
a a, Start with the 1 element that belongs to 
both sets A and B and complete the diagram 
QD according to the given information. 
2 
Di mae a 4 of the 10 elements belong to set A. 
10 
-2 
3 
ii Pr(A|B) = E 1 of the 5 elements in set B belongs to set A. 
€ The events A and B are not independent. Pr(A|B) z Pr(A) 
Now you try 


A selection of 14 hotel offers includes 8 with free Wifi and 9 with a free breakfast, whereas 3 offer 
both free Wifi and a free breakfast. 
Let A be the event ‘choosing a hotel with free Wifi’. 
Let B be the event ‘choosing a hotel with a free breakfast’. 
a Summarise the information about the 14 hotel offers in a Venn diagram. 
b Find: 
i Pr(A) ii Pr(A|B). 
€ State whether or not the events A and B are independent. 
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Exercise 8G 


1, 2, 3-4(%) 2, 3-4(%) 2, 3-4(%2) 


Exampe14 1 A selection of 8 offers for computer printers includes 3 with a free printer cartridge and 4 with a free 
box of paper, whereas 2 have both a free printer cartridge and a free box of paper. 
Let A be the event ‘choosing a printer with a free printer cartridge’. 
Let B be the event ‘choosing a printer with a free box of paper’. 
a Summarise the given information about the 8 computer printer offers in a Venn diagram. 
b Find: 
i Pr(A) 
ii Pr(A|B). 
€ State whether or not the events A and B are independent. 


Exampei4 2 A selection of 6 different baby strollers includes 3 with a free rain cover, 
4 with a free sun shade, and 2 offer both a free rain cover and a free sun 
shade. 

Let A be the event ‘choosing a stroller with a free sun shade’. 

Let B be the event ‘choosing a stroller with a free rain cover’. 

a Summarise the given information about the 6 baby strollers in a 
Venn diagram. 

b Find: 
i Pr(A) 
ii Pr(A|B). 

€ State whether or not the events A and B are independent. 


3 From events A and B in the given Venn diagrams: 
i Find Pr(A) and Pr(A|B). 
ii Hence, decide whether or not events A and B are independent. 


[e | Ü 
15 
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4 For the events A and B, with details provided in the given two-way tables, find Pr(A) and Pr(A| B) and 
decide whether or not the events A and B are independent. 


a b 
1 1 2 1 3 4 
3 3 6 2 4 6 
4 4 8 3 7 10 
C d 
1 9 
5 45 
PROBLEM-SOLVING 5 5.6 6,7 


5 Of 17 leading accountants, 15 offer advice on tax (T), whereas 10 offer advice on business growth (G). 
Eight of the accountants offer advice on both tax and business growth. One of the 17 accountants is 
chosen at random. 

a Use a Venn diagram or two-way table to help find: 
i Pr(T) ii Pr(T only) iii Pr(T|G). 
b Are the events T and G independent? 


6 A fair coin is tossed 5 times. Find the probability of obtaining: 
a 5 heads b atleast 1 tail c atleast 1 head. 


7 A fair 6-sided die is rolled three times. Find the probability that the sum of the three dice is: 


a 18 b 3 c 4 d 5. 
8 8,9 8,9 
8 Use this diagram to help decide if this statement is true or false. If two events, A B 
A and B, are mutually exclusive then they are also independent. (2) © 
3 
9 Consider the events A and B with the number of elements contained in each event given in the 


Venn diagrams below. In each case, find the value of x so that the events A and B are independent; 
i.e. Pr(A) = Pr(A|B). 


a A B b C A B 
X 


ed» Oh) 


x 


ENRICHMENT: Independence and the addition rule 


10 For two independent events A and B, recall that Pr(A ^ B) = Pr(A) x Pr(B). Two independent events A 
and B are such that Pr(A) = 0.6 and Pr(B) = 0.4. Find: 
a Pr(AnB) b Pr(AUB). 


Ti For two independent events A and B, we are given Pr(A U B) = 0.9 and Pr(A) = 0.4. Find Pr(B). 
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Chapter 8 


Witnessing the Northern lights 


Wallace travels to Alaska in the hope of seeing an Aurora called the Northern lights. An Aurora is a light 
show caused by collisions between electrically charged particles. He takes part in a tour which ventures 
out for 10 nights. Wallace is hoping to see the lights at least 7 times. 

The company that operates the 10-night adventure can show statistically that the probability of witnessing 
the lights on any given night is 0.5. 

Present a report for the following tasks and ensure that you show clear mathematical workings and 


Modelling bo - 


explanations where appropriate. 


Preliminary task 


a On average how many times can you expect Wallace to see the lights across the 10 nights? 

b Estimate with a guess the probability that Wallace will see the lights at least 7 times. 

€ Use a spinner (with two halves: Yes and No) or a die (Yes is 1-3 and No is 4—6) or a random number 
generator to simulate a 10-night adventure and count the number of times the lights are observed. 


Modelling task 


a The problem is to use simulation to help estimate the probability that Wallace will see the Northern 
lights at least 7 times. Write down all the relevant information that will help solve this problem. 

b Describe the type of random number tool you will use and how it will be used in the simulation to 
produce the results. 


€ Use your random number tool to simulate the 10-night adventure counting the number of times the 
lights are observed. 
d Repeat to generate results for a total of twenty 10-night adventures. Use a table like the one shown 


below to record your results. 


0 1 2 3 4 5 6 i 8 9 | 10 


e Use your results to determine the experimental probability that Wallace will see the Northern lights 
at least 7 times. 


EC f Try to improve your results from part f by increasing the number of times the 10-night adventure is 


and simulated. 
oii g Compare your estimate probability with the theoretical value of 0.172 correct to three decimal 


places. 


Communicate | h Summarise your results and describe any key findings. 


Extension question 


a Investigate how changing the 0.5 probability of seeing lights on any given night changes the 
structure of the simulation and the results obtained. 
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On a special work assignment, Helena is to be paid £100 per hour for every hour she spends in Paris 
after travelling from London on the Eurostar. 


Helena is waiting for a train at St Pancras Station in London and is placed on standby; she is not guaranteed 


From London to Paris on the Eurostar [- 
5 
S 


a definite seat. If there is no place on a given train, then she waits to see if there is a seat on the next train. 


ce 
This information is provided for Helena at the station. D 
e 
= 
7am. l £320 
2 
2 
8 a.m. = £200 
3 
3 
9 a.m. = £150 
4 
No further trains = £0 
Standby 
a Illustrate the information given, using a tree diagram and showing all Helena’s options and the 
probabilities for the three trains. (Note: All branch paths might not be the same length.) 
b Find the probability that Helena will catch the following trains. 
i 7am. ii 8am. iii 9 a.m. 
¢ What is the probability that Helena will miss all the available trains? 
Maximising income 
a In terms of pure financial gain, which train is the most desirable for Helena to catch? Remember 
that she is paid £100 for each extra hour she is in Paris. 
b How much money would Helena need to earn per hour on the work assignment if the following 
trains were the most financially desirable to catch? 
i 7am. ii 9am. 
Expected cost 
a Tabulate the cost of travel of each outcome and its corresponding probability using your results 
from part b in the Standby section above. 
een £320 | £200 | £150 | £0 
b By finding the sum of the product of each cost and its corresponding probability, find Helena's 
expected (average) cost for train travel from London to Paris. 
c If Helena repeats this journey on 20 occasions, what would be her expected total cost? 
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A women’s tennis match is won by the 


i 


Up for a challenge? If you get stuck 
on a question, check out the "Working 
with unfamiliar problems’ poster at 
the end of the book to help you. 


first player to win two sets. Andrea has a 
0.4 chance of winning in each set against. 
Elisa. Find the following probabilities. 

a Andrea wins in two sets. 

b Andrea wins in three sets. 

c Elisa wins after losing the first set. 


2 Find Pr(A) if Pr(A U B) = 0.74 and Pr(B) = 0.36, assuming that A and B are independent events. 


3 A fair coin is tossed 3 times. Find the probability that: 
a atleast 1 head is obtained 
b atleast 1 head is obtained given that the first toss is a head 
c at least 2 heads are obtained given that there is at least 1 head. 


4 Two digits are chosen without replacement from the set { 1, 2, 3, 4} to form a two-digit number. 


Problems and challenges 


Find the probability that the two-digit number is: 
a 32 b even € less than 40 d at least 22. 


9 A fair coin is tossed 6 times. What is the probability that at least one tail is obtained? 
6 What is the chance of choosing the correct six numbers in a 49-ball lottery game? 


7 Two leadership positions are to be filled from a group of two girls and three boys. What is the 
probability that the positions will be filled by one girl and one boy? 


8 The letters of the word DOOR are jumbled randomly. What is the probability that the final 
arrangement will spell DOOR? 


9 True or false? In a group of 23 people, the probability that at least two people have the same birthday 
is more than 0.5. 


10 In an experiment, a mouse runs into a maze and randomly chooses one of the three paths at each fork. 


Cheese is located at four of the five exit points. 


o o) 
What is the probability that the mouse Con 
finds its way to an exit containing Exit 2 
cheese? (cheese) Exit 4 
(no cheese) 
NY 
se 
A 
S Exit 5 (cheese) 
Entrance 


starting point 
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Review 


e Sample space is the list of all possible 


outcomes. 
e Pr(event) = 


number of favourable outcomes 


total number of outcomes 


Venn diagram Two-way table 


Conditional probability 
Pr(A| B) = 


PAB) 4, nA B) 
Pr(B) n(B) 


Independent events 
e Pr(A| B) = Pr(A) 
e Pr(A ^ B) = Pr(A) x Pr(B) 


Tables 
With replacement 


LA B ¢ 


Without replacement 
A B C 


AJ (A,A) (B, A) (C, A) A 
B| (A,B) (B,B) (C,B) B 
C| (A, C) (B, C) (C, C) C 
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x (BA (C,A) 
(A,B) x (CB) 
(A,C) (BC) x 
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Unions and intersections 
e Union AU B (Aor B) 


e Intersection A ^ B 
(A and B) 


e Complement of A is A’ 
(not A) 


e Aonly is Ac B 


e Mutually exclusive 
events A B = Ø 


Addition rule 
Pr(A O B) = Pr(A) + Pr(B) — Pr(A c B) 


If A and B are mutually exclusive: 


Probability Pr(A ^ B) = 0 and 
Pr(A U B) = Pr(A) + Pr(B) 


Tree diagrams 


3 white 
4 black 


With replacement 
Choice 1 Choice 2 Outcome Probability 


3 
7^W (W,W) 
Ww 
4*B (W,B) 
7 
3 
7^W (B,W) 
B n 
4E (E) 
7 
Without replacement 


B (W,B) 
W BW 


(B, B) 


Nin [m Njo 


white, 1 black) = $ + 


NIA NIN 
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648 Chapter 8 


Chapter checklist: Success criteria 


v 
to © 1. | can calculate simple theoretical probabilities. 
— e.g. A letter is chosen from the word CHRISTMAS. Find the probability that the letter is an S. 
=< 
e © 2. lcan calculate simple experimental probabilities. 
e e.g. An experiment involves rolling a regular 6-sided die 3 times and counting the number of 6s. 
= The results after running the experiment 100 times are: 
i 0 1 2 3 
g 54 |32 | 12 | 2 
cs Find the experimental probability of obtaining more than 1 six. 
< 
e 3. Ican construct and use a Venn diagram. 
e.g. From a class of 20 music students, 14 can play the piano (P), 8 can play the guitar (G) and 
5 can play both. Illustrate this information in a Venn diagram and use this to find the probability 
that a student randomly chosen from the class plays neither the piano nor the guitar. 
4. I can use a two-way table. A B 
e.g. The Venn diagram shows the distribution of elements in two sets, 
Aand B. 
Transfer the information in the Venn diagram to a two-way table and (s 
find n(A' ^ B) and Pr(Au B). 1 
(8) 5. I can apply the addition rule. 
e.g. A card is selected from a standard deck of 52 playing cards (4 suits, no jokers). Let A be the 
event ‘the card is red’ and B be the event ‘the card is an Ace’. Use the addition rule to the find the 
probability that the card is an Ace or red (Pr(AUB)). 
fec | 6. | can use the addition rule. 
e.g. Two events, A and B, are such that Pr(A) = 0.3, Pr(B) = 0.6 and Pr(Au B) = 0.8. Find 
Pr(An B). 
© 7. I can find conditional probability from a Venn diagram. A B 
e.g. Consider the Venn diagram displaying the number of elements 
belonging to the events A and B. 
Find Pr(A| B) and Pr(B|A). 
2) 
[ep | 8. | can find conditional probabilities using a two-way table. 
e.g. In a team of 11 cricketers in a match, 6 players bowled (A), 5 players batted (B) and 2 both 
batted and bowled. Represent the information in a two-way table and find the probability that a 
randomly selected person bowled given that they batted. 
a 9. | can construct a table for a two-step experiment with replacement. 
e.g. A fair 4-sided die is rolled twice. List the sample space of the sum of the faces of the two die 
using a table and find Pr(sum of at least 5). 
© 10. | can construct a table for a two-step experiment without replacement. 
e.g. A bag contains 2 blue marbles, 1 red and 1 green. Two marbles are chosen from the bag 
without replacement. Construct a table to list the sample space and find the probability of selecting 
a blue marble and a green marble. 
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11. 


l can construct a tree diagram for multi-stage experiments. 

e.g. Boxes A and B contain 5 counters each. Box A contains 3 blue and 2 white counters and 

box B contains 4 blue and 1 white counter. A box is chosen at random followed by a single counter. 
Draw a tree diagram that shows all possible outcomes and related probabilities. Use this to find the 
probability of selecting a blue counter. 


12. 


13. 


| can use a tree diagram for experiments without replacement. 

e.g. A box contains 5 hard chocolates (H) and 3 soft chocolates (S). Two chocolates are selected 
at random without replacement. Draw a tree diagram showing all outcomes and find the probability 
of selecting one of each. 


| can check for independent events. 

e.g. A selection of 10 gym memberships includes 3 with 24-hour gym access and 5 with personal 
training sessions, while 2 of the memberships have both of these. Let A be the event 'choosing a 
membership with 24-hour gym access' and B be the event 'choosing a membership with personal 
training sessions’. 

Display the information in a Venn diagram or two-way table and determine whether or not events 
Aand B are independent. 


Australian Curriculum Year 10 & 10A 3ed 
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650 Chapter 8 


Short-answer questions 


C3 1 Aletter is chosen from the word INTEREST. Find the probability that the letter will be: 
a anl 


z b anE 
a € avowel 
2 d nota vowel 
= e EorT. 
a C9 2 Aletter is chosen from the word POSITIVE. Find the probability that the letter also belongs to 
= these words. 
x a NEGATIVE b ADDITION ¢ DIVISION 
C3 3 Belinda, an engineer, inspects 20 houses in a street for cracks. The results are summarised in 
this table. 
0|1/2/|3],4 
8);5/4)]2) 1 
a From these results estimate the probability that the next house inspected in the street will 
have the following number of cracks. 
i 0 ii 1 iii 2 iv 3 v 4 
b Estimate the probability that the next house will have: 
i at least 1 crack ii no more than 2 cracks. 
4 Of 36 people, 18 have an interest in cars, 11 have an interest in homewares and 6 have an 
interest in both cars and homewares. 
a Represent this information using a Venn diagram. 
b Represent this information using a two-way table. 
€ State the number of people surveyed who do not have an interest in either cars or homewares. 
d Ifa person is chosen at random from the group, find the probability that the person will: 
i have an interest in cars and homewares 
ii have an interest in homewares only 
iii not have any interest in cars. 
C3 9 All 26 birds in an aviary have clipped wings and/or a tag. 
In total, 18 birds have tags and 
14 have clipped wings. 
a Find the number of birds that have both a tag and 
clipped wings. 
b Find the probability that a bird chosen at random will 
have a tag only. 
6 Acardis selected from a standard deck of 52 playing cards. Let A be the event 'the card is a 
heart’ and let B be the event ‘the card is a king’. 
a Find: 
i n(A) il n(B) ili n(AA B). 
b Find: 
i Pr(A’) ii Pr(An B). 
€ Use the addition rule to find Pr(A UB). 
d Find the probability that the card is a king or not a diamond. 
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7 Two events, A and B, are such that Pr(A) = 0.25, Pr(B) = 0.35 and Pr(A UB) = 0.5. Find: 


a Pr(ANB) b Pr(A'r^ B?) 
C3 8 For these probability diagrams, find Pr(A|B). 
a A B b 
1 
2 | 2 = 
4 9 =x 
-— 
8D/G 9 Two events, A and B, are represented on the following Venn diagram. Also, n(B only) = x, 2 
where x is a positive integer. © 
A B = 
3 
a Ifx= 4, find: 
i Pr(A) ii Pr(B) iii Pr(A|B). 
b Ifx = 4, decide whether the events A and B are independent. 
€ Ifx- 1, find: 
i Pr(A) ii Pr(B) iii Pr(A[B). 
d Ifx = 1, decide if the events A and B are independent. 
| sc | 10 A letter is chosen at random from the word HAPPY and a second letter is chosen from the word 
HEY. 
a List the sample space, using a table. 
b State the total number of outcomes. 
c Find the probability that the two letters chosen will be: 
i H then E ii the same iii not the same. 
Ca 11 A fair 4-sided die is rolled twice and the total is noted. 
a Use a tree diagram to list the sample space, including all possible totals. 
b Find these probabilities. 
i Pr(2) ii Pr(5) iii Pr(1) iv Pr(not 1) 
Ca 12 Two people are selected from a group of two females and three males, without replacement. 
Use a tree diagram to find the probability of selecting: 
a afemale on the first selection 
b amaleon the second selection given that a female is chosen on the first selection 
€ two males 
d one male 
e atleast one female. 
13 Two independent events, A and B, are such that Pr(A) = 0.4 and Pr(B) = 0.3. Find: 
a Pr(ANB) 
b Pr(AU B). 
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652 Chapter 8 


Multiple-choice questions 


C9 1 Aletter is chosen from the word SUCCESS. The probability that the letter is neither C nor S is: 


A 2 p> p Dé E 3 
= 7 5 7 7 7 
a] C3 2 The number of manufacturing errors spotted in a car plant on 20 randomly selected days is 
= given by this table. 
2 0; 1)2]3 
D uļel2 
= 
E An estimate of the probability that on the next day at least one error will be observed is: 
= 2 22 p a px 
co 10 20 20 20 20 
3 From the list of the first 10 positive integers, A = (1,3,5, 7, 9] and B is the set of primes less 
than 10. Therefore, Pr(A’) and Pr(A only) are, respectively: 
pil B ll pia 
35 2-2 2 10 
pl pi 
25 35 
4 For this two-way table, Pr(A r^ B^) is: 
A 5 B l C l ? 
3 4 7 
1 3 
D — E = 
3 4 4 
(E 9 The sets A and B are known to be mutually exclusive. Which of the following is therefore true? 
A n(A) 2 n(B) B n(ANB) =0 CA=@ 
D Pr(ANB)=1 E PrAUB) 20 
C) 6 For this Venn diagram, Pr(A|[B) is: A B 
A Ž B > 6 NES E 2. 
7 2 8 3 11 
1 
E] 7 A letter is chosen from each of the words CAN and TOO. The probability that the pair of 
letters will not have an O is: 
E B l is D t ES 
3 2 3 9 9 
(39 8 A box has 3 red and 2 blue counters. If a red counter is selected and not replaced, then the 
probability that a blue counter will be observed on the second selection is: 
ai ES ü D 1 E 
2 5 3 4 4 
Ca 9 The number of times a coin must be tossed to give 16 possible outcomes is: 
A 8 B 2 C 16 D 3 E 4 
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10 Two events are independent when: 
A Pr(A) = Pr(B) B Pr(A’)=@ C PrAUB) =0 
D Pr(A|B) = Pr(B) E Pr(A) = Pr(A|B) 


Extended-response questions 


1 Of 15 people surveyed to find out whether 
they run or swim for exercise, 6 said they run, 
4 said they swim and 8 said they neither run 
nor swim. 

a How many people surveyed run and swim? 
b One of the 15 people is selected at random. 
Find the probability that they: 
i | run or swim 
ii only swim. 
c Represent the information in a two-way 
table. 
d Find the probability that: 
i aperson swims given that they run 
ii a person runs given that they swim. 


2 A bakery sells three types of bread: raisin (R) at $2 each, sourdough (S) at $3 each, and 
white (W) at $1.50 each. Lillian is in a hurry. She randomly selects two loaves and takes 
them quickly to the counter. Each type of loaf has an equal chance of being selected. 

a Draw a table showing the possible combination of loaves that Lillian could have selected. 
b Find the probability that Lillian selects: 
Ì two raisin loaves 
ii two loaves that are the same 
iii at least one white loaf 
iv nota sourdough loaf. 
Lillian has only $4 in her purse. 
¢ How many different combinations of bread will Lillian be able to afford? 
d Find the probability that Lillian will not be able to afford her two chosen loaves. 
On the next day, there are only two raisin, two sourdough and three white loaves available. 
Lillian chooses two loaves without replacement from the limited number of loaves. 
e Use a tree diagram showing branch probabilities to find: 
i  Pr(2 raisin loaves) 
ii Pr(1 sourdough loaf) 
iii Pr(not more than 1 white loaf) 
iv Pr(2 loaves that are not the same). 
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SNe d 
SSRs 


CHAPTER... 


| 
a 
X 


if ) 2 x : 
Lo Lu ues : 2 
“Statis (g the environment 
M H if ie LM ff, 2 7, 3 3 
To classify and map the mosaic of plant or animal An important use of statistics is to determine the 
life in any ecological community requires the significance or importance of a set of results. For 
collection and analysis of large quantities of data. example, a pollution incident in a stream might 
To organise raw data, a Spreadsheet matrix can be result in some Species, such as fish, shrimps or 


developed using the columns for sample sites, rows crayfish, slowly dying out. A scientist can measure 
for species and an ‘abundance score’ (i.e. frequency the diversity of life in the stream with regular netting 


count) in each cell. Statistical cluster analysis and counting the various species caught. Diversity 
bunches similar samples to create a tree-like graph. versus time can be graphed and a trend line drawn 
Multi-dimensional scaling creates 2D or 3D drawings through the scattered points. A downward sloping 
of points showing samples grouped according to trend line suggests a decline in diversity. Statistical 
similarities or differences. analysis is used to determine if the deviation of data 
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A host of additional online resources are included as part of your 
Interactive Textbook, including HOTmaths content, video demonstrations 
of all worked examples, auto-marked quizzes and much more. 


9A Collecting and using data 

9B Review of statistical graphs 

9C Summary statistics 

9D Box plots 

9E Standard deviation 

9F Time-series data 

9G Bivariate data and scatter plots 

9H Line of best fit by eye 

9| Linear regression using technology 


STATISTICS AND PROBABILITY 
Data representation and interpretation 
Determine quartiles and interquartile range (ACMSP248) 


Construct and interpret box plots and use them to compare data 
sets (ACMSP249) 


Compare shapes of box plots to corresponding histograms and 
E ; dot plots (ACMSP250) 


B Use scatter plots to investigate and comment on relationships 
2 between two numerical variables (ACMSP251) 


Investigate and describe bivariate numerical data where the 
independent variable is time (ACMSP252) 


Evaluate statistical reports in the media and other places by linking 
claims to displays, statistics and representative data (ACMSP253) 


points from the trend line Calculate and interpret the mean and standard deviation of 
is small enough for the trend data and use these to compare data sets (ACMSP278) 

to be significant. Using the 

procedure, a scientist has Use information technologies to investigate bivariate 
discovered that a species of numerical data sets. Where appropriate use a straight line to 
fairy shrimp, Branchinella latzi, describe the relationship allowing for variation (ACMSP279) 


is now extinct in the pools on 
Uluru (Ayers Rock) due to human 
waste pollution. 


Investigate reports of studies in digital media and elsewhere 
for information on their planning and implementation (ACMSP277) 


ACARA 
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Chapter 9 


9A Collecting and using data 


Learning intentions 

e To understand how surveys work and the necessary considerations for their construction 

e To understand the difference between a population and a sample 

e To know how to describe types of data using the key words: categorical (nominal or ordinal) or numerical 
(discrete or continuous) 

* To be able to decide if a survey sample is representative 


There are many reports on television and radio that 
begin with the words ‘A recent study has found 
that ...". These are usually the result of a survey or 
investigation that a researcher has conducted to 
collect information about an important issue, such 
as unemployment, crime or obesity. 


Sometimes the results of these surveys are used to 
persuade people to change their behaviour. 
Sometimes they are used to pressure the government 


into changing the laws or to change the way the 


government spends public money. Niche marketing is when a product or service is advertised to 
a specific group, such as people who train for obstacle 
Results of surveys and other statistics can competitions or dog-owners who use luxury dog groomers. 


sometimes be misused or displayed in a way to Surveys provide valuable data for niche marketing and sales. 


present a certain point of view. 


| LESSON STARTER | Gus; Improving survey questions 


Here is a short survey. It is not very well constructed. 
Question 1: How old are you? 
Question 2: How much time did you spend sitting in front of the television or a computer yesterday? 
Question 3: Some people say that teenagers like you are lazy and spend way too much time sitting 
around when you should be outside exercising. What do you think of that comment? 


Have a class discussion about the following. 


e What will the answers to Question | look like? How could they be displayed? 
e What will the answers to Question 2 look like? How could they be displayed? 
e [s Question 2 going to give a realistic picture of your normal daily activity? 

e Do you think Question 2 could be improved somehow? 

e What will the answers to Question 3 look like? How could they be displayed? 
e Do you think Question 3 could be improved somehow? 
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REY ERS LY LLL 


E Surveys are used to collect statistical data. 


Survey questions need to be constructed carefully so that the person knows exactly what 
sort of answer to give. Survey questions should use simple language and should not be 
ambiguous. 

Survey questions should not be worded so that they deliberately try to provoke a certain 
kind of response. 

If the question contains an option to be chosen from a list, the number of options should be 
an odd number, so that there is a ‘neutral’ choice. For example, the options could be: 


strongly agree | agree unsure | disagree | strongly disagree 


B A population is a group of people, animals or objects with something in common. Some 


examples of populations are: 


all the people in Australia on Census Night 
all the students in your school 

all the boys in your maths class 

all the tigers in the wild in Sumatra 

all the cars in Brisbane 

all the wheat farms in NSW. 


B A sample is a group that has been chosen from a population. Sometimes information from a 


sample is used to describe the whole population, so it is important to choose the sample 


carefully. 


E Statistical data can be divided into subgroups. 


Data 


PAN Numerical 
Nominal Ordinal Discrete Continuous 
(Categories (Categories can (Data can take (Data can take 
have no order; be ordered; on only a limited on any value in 
e.g. colours: e.g. low, medium, number of values; a given range; 
red, blue, yellow) high) e.g. number of e.g. time taken 
children in to complete a race) 
a family) 
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658 Chapter9 


BUILDING UNDERSTANDING 


© Match each word (a—e) with its definition (A—E). 
population A a group chosen from a population 
census B atool used to collect statistical data 
sample C all the people or objects in question 
survey D statistics collected from every member of the population 
data E the factual information collected from a survey or other source 


Match each word (a-f) with its definition (A—F). 
numerical A categorical data that has no order 
continuous data that are numbers 
discrete numerical data that take on a limited number of values 
categorical data that can be divided into categories 
ordinal numerical data that take any value in a given range 
nominal categorical data that can be ordered 


Classify each set of data as categorical or numerical. 
a 4.7, 3.8, 1.6, 9.2, 4.8 

D red, blue, yellow, green, blue, red 

€ low, medium, high, low, low, medium 


Which one of the following survey questions would generate categorical data? 
A How many times do you eat at your favourite fast-food place in a typical week? 
How much do you usually spend buying your favourite fast food? 


B 
C How many items did you buy last time you went to your favourite fast-food place? 
D 


Which is your favourite fast-food? 


What type of data would the following survey questions generate? 
a How many televisions do you have in your home? 
b To what type of music do you most like to listen? 


SOLUTION EXPLANATION 

a numerical and discrete The answer to the question is a number 
with a limited number of values; in this 
case, a whole number. 


b categorical and nominal The answer is a type of music and these 
categories have no order. 


Now you try 


What type of data would the following survey questions generate? 
a How tall are the students in Year 10? 
b What is your level of satisfaction (low, medium and high) with a meal at a restaurant? 
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A survey is carried out on the internet to determine Australia’s favourite musical performer. 


Why will this sample not necessarily be representative of Australia’s views? 


SOLUTION EXPLANATION 

An internet survey is restricted to people with a The sample may not include some of the older 
computer and internet access, ruling out some members of the community or those in areas 
sections of the community from participating in without access to the internet. Also, the survey 
the survey. would need to be set up so that people can do it 


only once so that ‘fake’ surveys are not 
completed. 


Now you try 


A survey is carried out in a library to determine typical study habits of Year 12 students. Why will 
this sample not necessarily be representative of all Year 12 students? 


Exercise 9A 


1-3 259 2,3 
Examplet 1 What type of data would the following survey questions generate? 
How many people are there in each office room? 


a 
b What was the time taken to complete the task? 
€ What colours are the jackets on a rack? 

d 


How would you rate the movie: good, don't care, bad? 


Examplet 2 Year 10 students were asked the following questions in a survey. Describe what type of data each 
question generates. 
a How many people under the age of 18 years are there Choices 
in your immediate family? 


b How many letters are there in your first name? Categorical Numerical 
Which company is the carrier of your mobile 
telephone calls? Optus/Telstra/Vodafone/ z rat 
Virgin/Other (Please specify.) Ordinal Nominal Discrete Continuous 


d What is your height? 
e How would you describe your level of application in Maths? (Choose from very high, 
high, medium or low.) 


Example2 3 Decide if the following surveys would be representative of the entire Australian population: 
a a survey via social media to find out people's favourite news program 
b a survey to find out the average number of pets in a household from people entering a pet store 
€ using census data to determine the average household income 
d making 10000 random phone calls to find out who is likely to win the next federal election 
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660 Chapter 9 


PROBLEM-SOLVING 4,5 4-6 5-7 


4 The principal decides to survey Year 10 students to determine their opinion of Mathematics. 
a In order to increase the chance of choosing a representative sample, the principal should: 
A Give a survey form to the first 30 Year 10 students who arrive at school. 
B Give a survey form to all the students studying the most advanced Maths subject. 
C Give a survey form to five students in every Maths class. 
D Give a survey form to 20% of the students in every Maths class. 
b Explain your choice of answer in part a. Describe what is wrong with the other three options. 


9 Discuss some of the problems with the selection of a survey sample for each given topic. 
a A survey at the train station of how Australians get to work. 
b An email survey on people's use of computers. 
€  Phoning people on the electoral roll to determine Australia's favourite sport. 


Is a train station survey of how people get to work representative? 


6 Choose a topic in which you are especially interested, such as football, cricket, movies, music, 
cooking, food, computer games or social media. 


Make up a survey about your topic that you could give to the people in your class. 


It must have four questions. 

Question 1 must produce data that are categorical and ordinal. 
Question 2 must produce data that are categorical and nominal. 
Question 3 must produce data that are numerical and discrete. 
Question 4 must produce data that are numerical and continuous. 


7 Atelevision news reporter surveyed four companies and found that the profits of three of these 
companies had reduced over the past year. The report states that this means the country is facing an 
economic downturn and that only one in four companies is making a profit. 

a What are some of the problems in this media report? 
b How could the news reporter improve their sampling methods? 
c€ Is it correct to say that only one in four companies is making a profit? Explain. 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


8 8,9 9, 10 


8 Here are two column graphs, each showing the same results of a survey that asked people which 


TV channel they preferred. 


Graph A 
TV channel preference 


Number of people 
BRAB 
aaa 
E 
= 
[] 


> 


o Ý% (0 $ 
e e e e 
SU g SU g 
S S SE 
OC g OC OC 


Graph B 
TV channel preference 
S 
` 30 
& 25 
` 20 
2 15 
Š 
= 10 
E 5 © ^ % 
x y y a 
ss FS Q g 
D D D 
° OQ" CO" © 


a Which graph could be titled ‘Channel 15 is clearly most popular’? 

b Which graph could be titled ‘All TV channels have similar popularity’? 
c 

d 


What is the difference between the two graphs? 


Which graph is misleading and why? 


9 Describe three ways that graphs or statistics could be used to mislead people and give a false 


impression about the data. 


10 Search the internet or newspaper for ‘misleading graphs’ and ‘how to lie with statistics’. Explain why 


they are misleading. 


ENRICHMENT: The 2016 Australian Census 


1i Research the 2016 Australian Census on the website of the Australian Bureau of Statistics. Find out 
something interesting from the results of the 2016 Australian Census and write a short news report. 


12 Itis often said that Australia has an ageing population. What does this mean? 
Search the internet for evidence showing that the ‘average’ age of Australians is increasing every year. 
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Chapter 9 


9B Review of statistical graphs consouipatine 


Learning intentions 

e To review the types of graphs that can be used to display categorical data or numerical data 

e To know how to construct a frequency table and histogram from numerical data using class intervals 
e To know how to find the measures of centre, mean and median, of a set of data 


Statistical graphs are an essential element in the analysis and representation of data. Graphs can 
help to show the most frequent category, the range of values, the shape of the distribution and the 
centre of the data. By looking at statistical graphs the reader can quickly draw conclusions about the 
numbers or categories in the data set and interpret this within the context of the data. 


People who specialise in 
medical biostatistics apply 
statistical techniques 

to analyse results from 
health-related research, 
such as in genetics, 
medicine and pharmacy. 
Data presentation includes 
using bar charts, line 
charts, histograms and 
scatter plots. 


BASRA Public transport 


A survey was carried out to find out how many times people in the group had used public transport in the 
past month. The results are shown in this histogram. 


oN £O o 


Number of people 


10 20 30 40 50 60 


Transport use 


Discuss what the histogram tells you about this group of people and their use of public transport. 
You may wish to include these points: 


* How many people were surveyed? 

e Is the data symmetrical or skewed? 

e [sit possible to work out the exact mean? Why/why not? 

e Do you think these people were selected from a group in your own community? Give reasons. 
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REY ERS LE 


E The types of statistical data that we saw in the previous section; i.e. categorical (nominal or 
ordinal) and numerical (discrete or continuous), can be displayed using different types of graphs 


to represent the different data. 


Bi Graphs for a single set of categorical or discrete data 


e Dot plot e Stem-and-leaf plot 
2 Stem | Leaf 
"P" 0 | 12 
ee 1 | 259 
1234 2 |1467 
3 | 04 
2|4 means 24 


e Column graph 


3 
e 4 
S 3 
3 2 
Y 
EE 
9 $ S Se > Nw 
es Ss sS S Ko 
¥ S 
Q 


E Histograms can be used for grouped discrete or continuous numerical data. 
The interval 10- includes all numbers from 10 (including 10) to fewer than 20. 


8 40 & 
s A 5 
ss inte quen uenc S6 30 § 
2 
0- 3 15 8 4 20 8 
NX 
10- 5 25 Sp 10 & 
$ 
20- 8 40 0 
ar 7 T 10 20 30 40 
Score 


Bi Measures of centre include: 
— sum of all data values 


* mean (x) = 
number of data values 
e median the middle value when data are placed in order 


E The mode of a data set is the most common value. 


E Data can be symmetrical or skewed. 


Symmetrical Positively skewed Negatively skewed 
| Tail 
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BUILDING UNDERSTANDING 


1) A number of families was surveyed to find the number of children in each. The results are shown 


in this dot plot. 
How many families were surveyed? 
Find the mean number of children in the families surveyed. 
State the median number of children in the families surveyed. 
State the mode for the number of children in the families surveyed. 
What percentage of the families have, at most, two children? 


(2) State the missing values in this frequency table. 


Twenty people were surveyed to find out how many times they use the internet in a week. The raw 
data are listed. 
271. 19. Sy. 10, 15, 18, Sil, 40), 32, 2S 
11, 28, 31, 29,16, 2, 13, 33, T4. 24 
a Organise the data into a frequency table using class intervals of 10. Include a percentage 
frequency column. 
b Construct a histogram for the data, showing both the frequency and percentage frequency on the 
one graph. 
€ Construct a stem-and-leaf plot for the data. 
d Use your stem-and-leaf plot to find the median. 


SOLUTION EXPLANATION 


Calculate each percentage frequency 
by dividing the frequency by the total 
(i.e. 20) and multiplying by 100. 
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b Number of times the internet is accessed Transfer the data from the frequency 
$5 8 40 S table to the histogram. AN scales are 
= 6 30 3 2 evenly spaced and the histogram bar is 
3 P d Š 3 placed across the boundaries of the class 
S 0 aS interval. There is no space between the 
10 20 30 40 50 bars. 
Score 
C Stem | Leaf Order the data in each leaf and also 
0 |25 show a key (e.g. 3| 1 means 31). 
1 101345689 
2 114589 
3 |1123 
4 |0 
3|1 means 31 
d Median = Ba After counting the scores in order from 
= 20 : the lowest value (i.e. 2), the two middle 
values are 19 and 21, so the median is the 
mean of these two numbers. 
Now you try 


Sixteen people were surveyed to find out how many phone texts they sent that day. The raw data 


are as follows. 


iD qe o Sy 2% IER, TIGE Mil, PAS), pi i ei Sy, 02A. WZ, Ne! 


Organise the data into a frequency table using class intervals of 10. Include a percentage 
frequency column. 

Construct a histogram for the data, showing both the frequency and percentage frequency on the 
one graph. 

Construct a stem-and-leaf plot for the data. 

Use your stem-and-leaf plot to find the median. 


Exercise 9B 


1-4 1,3,4 1,3,4 


Example3 1 The number of wins scored this season is given for 20 hockey teams. Here are the raw data. 


4, 8, 5, 12, 15, 9, 9, 7, 3, 7, 
10, 11, 1, 9, 13, 0, 6, 4, 12, 5 


a Organise the data into a frequency table using class intervals of 5 and include a percentage 
frequency column. 
b Construct a histogram for the data, showing both the frequency and percentage frequency on the 
one graph. 
€ Construct a stem-and-leaf plot for the data. 
d Use your stem-and-leaf plot to find the median. 
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666  Chapter9 


2 This frequency table displays the way in which 40 people travel to and from work. 


Car 16 
Train 6 
Tram 8 
Walking 5 
Bicycle 2 
Bus 3 

Total 40 


a Copy and complete the table. 
b Use the table to find: 
i the frequency of people who travel by train 
ii the most popular form of transport 
iii the percentage of people who travel by car 
iv the percentage of people who walk or cycle to work 
V the percentage of people who travel by public transport, including trains, buses and trams. 


3 Describe each graph as symmetrical, positively skewed or negatively skewed. 


a : e ; e 
eo o o o o Ao g T . x > 
<__—_—_— > Very Low Medium High Very 
56789 low high 
c 95 — d Stem | Leaf 
4/16 
€ 64 ME 5|0548 
S 
S 6/18999 
m 3j 7|278 
8|38 
0 4|6 means 46 
20 40 60 80 | 
Score 
4 For the data in these stem-and-leaf plots, find: 
i the mean (rounded to one decimal place) 
ii the median 
iii the mode. 
a Stem | Leaf b Stem | Leaf 
2/137 0|4 
3/2899 11049 
4146 2/178 
3|2 means 32 3 | 2 
2|7 means 27 
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PROBLEM-SOLVING 


5, 6 (5. 7,8 


5 Two football players, Nick and Jack, compare their personal tallies of the number of goals scored for 


their team over a 12-match season. Their tallies are as follows. 


£2 o C £& 


1 2 3 4 5 6 7 8 9 |. 10 | 11 | 12 
0 | 2 2 0 3 1 2 1 
0,0 4 1 0 5 0 3 1 0 4 0 


Draw a dot plot to display Nick's goal-scoring achievement. 
Draw a dot plot to display Jack's goal-scoring achievement. 
How would you describe Nick's scoring habits? 
How would you describe Jack's scoring habits? 


6 Three different electric sensors, A, B and C, are used to detect movement in Harvey's backyard over 


a period of 3 weeks. An in-built device counts the number of times the sensor detects movement each 


night. The results are as follows. 


a 


1 3.4 6) 7] 8] 9 }10} 11} 12) 13) 14) 15} 16 17 | 18 | 19 20 21 
0 1 | 0 1} 1/0)04]2 0/0 1] 1 1 
0/15} 1} 2 /18)20; 2) 1 4) 3 | 25 15 9 23 
4 8/3/5/5});5)/4)/8)/2;3);/3}1)/2)/2)1)/5)4)0)4 


Using class intervals of 3 and starting at 0, draw a 
frequency table for each sensor. 

Draw histograms for each sensor. 

Given that it is known that stray cats consistently 
wander into Harvey’s backyard, how would you describe 
the performance of: 

Ì sensor A? 


ii sensor B? 
ili, sensor C? 


Possums could set off the sensors. 


7 This tally records the number of mice that were weighed and categorised into particular mass intervals 


for a scientific experiment. 


a 


b 
C 
d 
e 
f 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


Construct a table using these column headings: Mass, Frequency | Mass (grams) | Tally | 


and Percentage frequency. 10- T 
Find the total number of mice weighed in the experiment. 15- mg 
State the percentage of mice that were in the 20— gram interval. 
AD dE Ma Wl d 20- IATA HAT 
Which was the most common weight interval? 
; . 25- HATA THT 
What percentage of mice were in the most common mass interval? 30.35 ill 


What percentage of mice had a mass of 15 grams or more? 
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668 Chapter 9 


8 A school symphony orchestra contains four musical sections: | Section | Tally | 


strings, woodwind, brass and percussion. The number of students String mom 
playing in each section is summarised in this tally. Woodwind mall 
a Construct and complete a percentage frequency table for the data. Brass Wl 

What is the total number of students in the school orchestra? Percussion Ill 


What percentage of students play in the string section? 
What percentage of students do not play in the string section? 
If the number of students in the string section increases by 3, what will be the percentage of students 


© 2 c c 


who play in the percussion section? Round your answer to one decimal place. 
f What will be the percentage of students in the string section of the orchestra if the entire woodwind 
section is absent? Round your answer to one decimal place. 


9 9) 1i) 10, 11 


9 This histogram shows the distribution of test scores for a class. Explain why the percentage of scores 
in the 20—30 range is 25%. 


124 
104 
d 
m 4] 
2 
0 


10 20 30 40 50 


Score 
10 Explain why the exact value of the mean, median and mode cannot be determined directly from a 
histogram. 


Ti State the possible values of a, b and c in this ordered stem-and-leaf plot. 


Stem | Leaf 
3 [2327 
4 |b4899 
5 10149c 
6 |26 
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ENRICHMENT: Cumulative frequency curves and percentiles 


o 12 Cumulative frequency is obtained by adding a frequency to the total of its predecessors. It is 
sometimes referred to as a ‘running total’. 


cumulative frequency 


Percentage cumulative frequency = 
total number of data elements 


A cumulative frequency graph is one in which the heights of the columns are proportional to the 
corresponding cumulative frequencies. 


The points in the upper right-hand corners of these rectangles join to form a smooth curve called the 
cumulative frequency curve. 


If a percentage scale is added to the vertical axis, the same graph can be used as a percentage 
cumulative frequency curve, which is convenient for the reading of percentiles. 


3 A Cumulative frequency 
8 
E a 100430 
0- 1 1 3.3 eee ae 
$E 20 GM M 
4- 4 5 16.7 © S ef 
44 aean Ooo 
8- 7 12 40.0 S | l | ! 
ra 12 24 80.0 S H5 POOR d 
E = E * I TYrTc 
20- 29 96.7 ! ours 
oe L 30 100.0 25th percentile | 80th percentile 


50th percentile 


The following information relates to the amount, in dollars, of winter gas bills for houses in a 
suburban street. 


0- 2 


40— 1 
80- 12 
120- 18 
160- 3 
200-240 1 


Copy and complete the table. Round the percentage cumulative frequency to one decimal place. 
Find the number of houses that have gas bills of less than $120. 
Construct a cumulative frequency curve for the gas bills. 


£0 c o9 


Estimate the following percentiles. 
i 50th ii 20th iii 80th 
In this street, 9596 of households pay less than what amount? 


— (D 


What percentage of households pay less than $100? 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


670 Chapter 9 


Using calculators to graph grouped data (CAS) 


1 Enter the following data in a list called data and find the mean and median. 
2192429724210 eS 20543635520 91629210296 :23] 59242 :92 19530990 167 
2 Construct a histogram using intervals of 3 and percentage frequency for the data above. 


Using the TI-Nspire: 


1 Ina Lists and spreadsheets page type in the list 
name data and enter the values as shown. Use 
Statistics» Stat Calculations» 0ne-Variable 
Statistics and press (en). Scroll to view the 
statistics. 


One-Va... | 
34i 26.5238 | 
37 | zx 557. 
24|ze 16845. 
19|sx:- Snel 10.1765 z 
las| 26 4|» 


2 Inserta Data and Statistics page and select the 
data variable for the horizontal axis. Use (veu 
Plot Type>Histogram. Then use (meu}>Plot 
Properties? Histogram Properties>Bin 
Settings>Equal Bin Width. Choose the Width to 
be 3 and Alignment to be 0. Use (m4}>Window/ 
Zoom>Zoom-Data to auto rescale. 

Use >Plot Properties>Histogram 
Properties>Histogram Scale>Percent to show 
the percentage frequency. 


[24.00, 27.00) 19.05% 


Percent 
“A 
um 
ES 


096 
10 15 20 25 30 35 40 45 
data 
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Using the ClassPad: 


1 Inthe Statistics application enter the data into list1. 
Tap Calc, One-Variable and then OK. Scroll to view 
the statistics. 


Stat Calculation 


One-Variable 


2 Tap SetGraph, ensure StatGraph1 is ticked and then 
tap Setting. Change the Type to Histogram, set XList 
to listi, Freq to 1 and then tap on Set. Tap [42] and 
set HStart to 9 and HStep to 3. 


Zoom Analysis Calc € 


list2 Jlist3 
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9B 671 


Using calculators to graph grouped data (non-CAS) 


1 Enter the following data in a list called data and find the mean and median. 
21, 34, 37, 24, 19, 11, 15, 26, 43, 38, 25, 16, 9, 41, 36, 31, 24, 21, 30, 39, 17 
2 Construct a histogram using intervals of 3 and percentage frequency for the data above. 


Using the TI-Nspire CX non-CAS: Using the Casio: 

1 Ina Lists and spreadsheets page type in the list 1 In the Statistics application enter the data into 
name data and enter the values as shown. Use List 1. Select F2 (CALC) and F1 (1-VAR). Scroll 
Statistics» Stat Calculations>One-Variable down to view all of the statistics. 

Statistics and press (eter). Scroll to view the 
statistics. E [Des)[Normi) (d/c) Real 
1-Variable 
TT f. 85] 288098 
^ x = 
^â data |B c D A = 
It Eos E zx? -16845 
= ox -9.93128317 
1 21|[Ttle  |One-Va.. SX -10.1765369 
2 34lx 26.5238 B -21 Y 
3 37 |zx 557. 
4 24 zx? 16845. 
5 19|sx:» Sn-..| 10.1765 E 
as] 26 4|» 

2 Inserta Data and Statistics page and select the 2 Select F1 (GRAPH) and then F6 (SET). Change Graph 
data variable for the horizontal axis. Use (me; Type to Hist, set XList to Listt, Frequency to 1 and 
Plot Type>Histogram. Then use (mew)»Plot then select EXE. Select F1 (GRAPH1) and set Start 
Properties» Histogram Properties>Bin to 9 and Width to 3, and then select EXE to display 
Settings>Equal Bin Width. Choose the Width to the histogram. 
be 3 and Alignment to be 0. Use (men)>Window/ 

Zoom>Zoom-Data to auto rescale. E Real 
Use >Plot Properties>Histogram - 
Properties>Histogram Scale>Percent to show 
the percentage frequency. 
[24.00, 27.00) 19.05% = 
pum [VAR 
3 12% 
a 
6% 
0% 
fOn 1S) 20)) 25) 0 35) 40045 
data | 
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Chapter 9 


9C Summary statistics 


Learning intentions 

e To understand the concept of quartiles for a set of data 

e To be able to find the five-figure summary for a set of data 

e To understand how the range and interquartile range describe the spread of a data set 
e To know how to determine the outliers of a set of data 


In addition to the median of a single set of data, there 
are two related statistics called the upper and lower 
quartiles. When data are placed in order, then the lower 
quartile is central to the lower half of the data and the 
upper quartile is central to the upper half of the data. 
These quartiles are used to calculate the interquartile 
range, which helps to describe the spread of the data, and 
determine whether or not any data points are outliers. 


RAS sae House prices 


A real estate agent tells you that the median house 
price for a suburb in 2019 was $753 000 and the mean 
was $948 000. 


Australians who rent have a wide spread of ages: roughly 
27% are 15-25 years; 31% are 25-35 years; 20% are 
35-45 years; 15% are 45-55 years; and 7% are older 
than 55. A five-figure summary and a box plot would 
more effectively show this age spread. 


e Is it possible for the median and the mean to differ by so much? 
e Under what circumstances could this occur? Discuss. 


RY IDEAS LTE 


E Five-figure summary 
* Minimum value (min): the minimum value 
e Lower quartile (Qj): the number above 25% of the ordered data 
e Median (Q5): the middle value above 50% of the ordered data 
e Upper quartile (Q5): the number above 75% of the ordered data 
* Maximum value (max): the maximum value 


E Measures of spread 
* Range = maxvalue — minvalue 
e Interquartile range (IQR) 
IQR = upperquartile — lowerquartile 
Ei = 
. Odd number 
10002 03yS (pue 7o 


| 4 i 


Q1(2) Q2 (5) Q3 (6.5) 
| | 


Even number 
23347/88999 


4 4 4 
OO 


TOR (4.5) 


IQR (6) 


e The standard deviation is discussed in Section 9E. 
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B Outliers are data elements outside the vicinity of the rest of the data. More formally, a data point 
is an outlier when it is below the lower fence (i.e. lower limit) or above the upper fence (i.e. upper 
limit). 

e Lower fence = Q, — 1.5 x IQR 

e Upper fence = Q5 + 1.5 x IQR 

e An outlier does not significantly affect the median of a data set. 
e An outlier does significantly affect the mean of a data set. 


BUILDING UNDERSTANDING 


State the types of values that must be calculated for a five-figure summary. 
Explain the difference between the range and the interquartile range. 
What is an outlier? 

How do you determine if a score in a single data set is an outlier? 


® This data set shows the number of cars in 13 families surveyed. 
0,1, 1,1, 2, 2, 2, 2, 2, 3, 3,4, 8 
Find the median (i.e. the middle value). 
By first removing the middle value, determine: 
Ì the lower quartile Q, (middle of lower half) 
ii the upper quartile Q3 (middle of upper half). 
Determine the interquartile range (IQR). 
Calculate Q; — 1.5 x IQR and Q3 + 1.5 x IQR. 
Are there any values that are outliers (numbers below Q; — 1.5 x IQR or above 
Q5 + 1.5 x IQR)? 


© The number of ducks spotted in eight different flocks are given in this data set. 
2, 7, 8, 10, 11, 11, 13, 15 


a i Find the median (i.e. average of the middle two numbers). 


ii Find the lower quartile (i.e. middle of the smallest four numbers). 

iii Find the upper quartile (i.e. middle of the largest four numbers). 

Determine the IQR. 

Calculate Q; — 1.5 x IQR and Q3 + 1.5 X IQR. 

Are there any outliers (i.e. numbers below Q; — 1.5 x IQR or above Q5 + 1.5 x IQR)? 
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Determine the range and IQR for these data sets by finding the five-figure summary. 
a 2, 2, 4, SO; Gb, 10, 13. 16.20 
b eos, Sets 1.9, PALO), AIL, eal 2.4, 2.77,29 


SOLUTION EXPLANATION 
a Range = 20 —-2= 18 Range = max — min 
2 2 4 5 6 | 8 10 13 16 20 First, split the ordered data in half to locate the 
T T WV median, which is Gre e y. 


T 
Qı Q 0) Q3 Q, is the median of the lower half and Q; is the 


Q = 7, soQ, = 4 and Q3 = 13. median of the upper half. 
IQR 213—429 OE OO 
b Range = 2.9 — 1.6 = 1.3 Max = 2.9, min = 1.6 
Dil Leave the median out of the upper and lower 
T T 7T halves when locating Q, and Qs. 
Qi Qo Q3 
y 4E 1,9 f 
Q= Mer eei 1.8 Average the two middle values of the lower and 
DD upper halves to find Q, and Q3. 
Qs = 777 7 = 2.55 


IQR = 2.55 — 1.8 = 0.75 


Now you try 


Determine the range and IQR for these data sets by finding the five-figure summary. 
a 3, Sp 3. 6, 7,9,10,12 
b 3.8, 3.9, 4.0, 4.2, 4.5, 4.5, 4.7 


The following data set represents the number of flying geese spotted on each day of a 13-day tour 
of England. 
By ys Gy Sy 3b dta ede To v oe 

a For the data, find: 

i the minimum and maximum number of geese spotted 

ii the median 

iii the upper and lower quartiles 

iv the IQR 

V anyoutliers by determining the lower and upper fences. 
b Can you give a possible reason for why the outlier occurred? 
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SOLUTION EXPLANATION 


a i Min=1, max = 18 Look for the largest and smallest numbers 
[D i, il, 2,2, 3, 3s 4, 4 4 S, (5, 7, ile and order the data: 
". Median = 4 112|2 3 3)4(4 4 5|6 7 18 
iii Lower quartile = eI T T T 
E Qi Qo Q3 
Upper quare = ITO Since Q2 Tas on a data value, it is not 
p included in the lower or upper halves when 
=5.5 Q; and Q; are calculated. 
iv IQR = 5.5- 2 IQR = Q4-Qj 
= 35 
V Lower fence = Q, — 1.5 x IQR A data point is an outlier when it is less 
= 7) — Iles) Sis) than Q; — 1.5 x IQR or greater than 
= —3.25 Q5 + 1.5 x IQR. 
Upper fence = Q5 + 1.5 x IQR 
= 55 4 1.5 XK 2:9 
= I0L75 There are no numbers less than —3.25 but 18 
-. The outlier is 18. is greater than 10.75. 


b Perhaps a flock of geese was spotted that day. 


Now you try 


The following data set represents the number of people on 11 buses in a local area. 
2), MAL, TIS. 225). AO, (0); 1G), 241- Mo, 513. II) 
a For the data, find: 
i the minimum and maximum number of people on the buses. 
ii the median 
iii the upper and lower quartiles 
iv the IQR 
V any outliers by determining the lower and upper fences. 
b Can you give a possible reason for why the outlier occurred? 


Exercise 9C 
1-8 1(1/2), 2,3 2-4 


Example4 1 Determine the range and IQR for these data sets by finding the five-figure summary. 
4 3,4,6,8,8, 10, 13 
b 10, 10, 11, 14, 14, 15, 16, 18 
€ 1.2, 1.8, 1.9, 2.3, 2.4, 2.5, 2.9, 3.2, 3.4 
d 41, 49, 53, 58, 59, 62, 62, 65, 66, 68 
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examples 2 The following numbers of cars, travelling on a quiet suburban street, were counted on each day 

for 15 days. 
10, 9, 15, 14, 10, 17, 15, 0, 12, 14, 8, 15, 15, 11, 13 

For the given data, find: 

the minimum and maximum number of cars counted 

the median 

the lower and upper quartiles 

the IQR 

any outliers by determining the lower and upper fences 


~ D c c C & 


a possible reason for the outlier. 


3 Summarise the data sets below by finding: 
i the minimum and maximum values 
ii the median (Q5) 
iii the lower and upper quartiles (Q; and Q3) 
iv the IQR 
V any outliers. 
a 4,5,106,7,5,14,8, 5, 9,9 b 24, 21, 23, 18, 25, 29, 31, 16, 26, 25, 27 


4 The number 20 is an outlier in the data set 1, 2, 2, 3, 4, 20. 
a Calculate the mean if the outlier is: 
i included 
ii excluded. 
b Calculate the median if the outlier is: 
i included 
ii excluded. 
€ By how much does including the outlier increase the: 
i mean? 
ii median? 


PROBLEM-SOLVING 5, 6(1/2) 6(1/2), 7 7,8 


5 Twelve different calculators had the following numbers of buttons. 
36, 48, 52, 43, 46, 53, 25, 60, 128, 32, 52, 40 
a For the given data, find: 
i the minimum and maximum number of buttons on the calculators 
ii the median 
iii the lower and upper quartiles 
iv the IQR 
V any outliers 
vi the mean. 
b Which is a better measure of the centre of the data: the mean or the median? Explain. 
c Can you give a possible reason why the outlier has occurred? 
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6 Using the definition of an outlier, decide whether or not any outliers exist in the following sets of data. 


If so, list them. 

a 3,6, 1, 4, 2, 5, 9, 8, 6, 3, 6, 2, 1 

b 8, 13, 12, 16, 17, 14, 12, 2, 13, 19, 18, 12, 13 

€ 123, 146, 132, 136, 139, 141, 103, 143, 182, 139, 127, 140 
d 2,5,5,6,5,45,6,7,5,8,5, 5,4 


7 For the data in this stem-and-leaf plot, find: Stem | Leaf 
a theIQR 0 1 
b any outliers 1168 
€ the median if the number 37 is added to the list 2 |046 
d the median if the number 22 is added to the list instead of 37. 3 23 
2 |4 means 24 
8 Three different numbers have median 2 and range 2. Find the three numbers. 
9 9,10 10-12 


9 Explain what happens to the mean of a data set if all the values are: 
a increased by 5 
b multiplied by 2 
€ divided by 10. 


10 Explain what happens to the IQR of a data set if all values are: 
a increased by 5 
b multiplied by 2 
€ divided by 10. 


11 Give an example of a small data set that satisfies the following. 
a median = mean 
b median = upper quartile 
€ range = IQR 


12 Explain why, in many situations, the median is preferred to the mean as a measure of centre. 


ENRICHMENT: Some research = = 13 


13 Use the internet to search for data about a topic that interests you. Try to choose a single set of data 
that includes between 15 and 50 values. 
a Organise the data using: 
i astem-and-leaf plot 
ii a frequency table and histogram. 


b Find the mean and the median. 
c Find the range and the interquartile range. 
d Write a brief report describing the centre and spread of the data, referring to parts a to € above. 
e Present your findings to your class or a partner. 
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9D Box plots 


Learning intentions 

e To understand the features of a box plot in describing the spread of a set of data 
e To know how to construct a box plot with outliers 

e To be able to compare data sets using parallel box plots 


The five-figure summary (min, Q1, Q2, Q3, max) can be represented in graphical form as a box plot. Box 
plots are graphs that summarise single data sets. They clearly display the minimum and maximum values, 
the median, the quartiles and any outliers. Box plots also give a clear indication of how data are spread, as 
the IQR is shown by the width of the central box. 


Medical researchers 
analyse data about the 
health of babies and 
mothers. Parallel box plots 
comparing birth weights 

of full-term babies born to 
smoking and non-smoking 
mothers show significantly 
lower weights for babies 
whose mothers smoke. 


az EA; Fuel consumption 


This parallel box plot summarises the average fuel consumption (litres per 100 km) for a group of 


Australian-made and European-made cars. 


Australian cars ~ Lor 


4 6 8 10 12 14 16 
Fuel consumption L/100 km 


e What do the box plots say about the fuel consumption of Australian-made cars compared with 
European-made cars? 

e What does each part of the box plot represent? 

e What do you think the cross (X) represents on the European cars box plot? 
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KEY IDEAS MA 


W A box plot (also called a box-and-whisker plot) can be used to summarise a data set. 
* The number of data values in each quarter (2596) are approximately equal. 


H«—25 06 —1-— 25 St 25 96—-«— 25 96—*1 


Maximum 
value 


Minimum 
value 
Whisker Box Whisker 
B An outlier is marked with a cross (x). 
e An outlier is greater than Q5 + 1.5 x IQR or less than Q, — 1.5 x IQR. 
* The whiskers stretch to the lowest and highest data values that are not outliers. 


E x 


X T T T T T LAO» 
Minimum Qi Q, Q3 Outlier 
value 


E Parallel box plots are two or more box plots drawn on the same scale. They are used to compare 
data sets within the same context. 


BUILDING UNDERSTANDING 


(1) For this simple box plot, state: 
the median (Q5) 
the minimum 


the maximum 

the range 

the lower quartile (Qj) 

the upper quartile (Q4) 

the interquartile range (IQR). 


Complete the following for this box plot. 


Find the IQR. 

Calculate Q; — 1.5 x IQR. 

Calculate Q5 + 1.5 x IQR. 

State the value of the outlier. 

Check that the outlier is greater than Q5 + 1.5 x IQR. 
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Consider the given data set: 
S5 95.4 3b Sb OO, Sh 75 102, 25 355 
a Determine whether any outliers exist by first finding Q; and Qs. 
b Draw a box plot to summarise the data, marking outliers if they exist. 


SOLUTION EXPLANATION 
a 23345 5)5(5 667912 Order the data to help find the quartiles. 
T T T i 
Qi Q5 Q3 Locate the median Q; then split the data in half 
(344 1647 above and below this value. 
$i 2 DR Q, is the middle value of the lower half and Q4 
EE 25 the middle value of the upper half. 
so MOR SOs) 2995 Determine IQR = Q3 — Qj. 
=3 
Q; — 1.5 x IQR = 3.5 — 1.5 x 3 Check for any outliers; i.e. values below 
zl Q, — 1.5 x IQR or above Q4 + 1.5 x IQR. 
Q; + 1.5 x IQR = 65 + 1.5 x 3 
el 
-. 12 is an outlier. There are no data values below —1 but 12 > 11. 


b — F x Draw a line and mark in a uniform scale 


<> reaching from 2 to 12. Sketch the box plot by 

23 4 S © y B 9 WO Wl JD marking the minimum 2 and the outlier 12 and 
Qj. Q» and Q}. The end of the five-point 
summary is the nearest value below 11; i.e. 9. 


Now you try 


Consider the given data set: 
12, 8, 19, 13,22. 15, 1 17, 24. 19 
a Determine whether any outliers exist by first finding Q; and Qs. 
b Draw a box plot to summarise the data, marking outliers if they exist. 


Exercise 9D 
1 1-2(1/2) 1-2(1/2) 


Examples 1 Consider the data sets below. 
i Determine whether any outliers exist by first finding Q4 and Qs. 
ii Draw a box plot to summarise the data, marking outliers if they exist. 
a 4,6,5, 2, 3,4, 4, 13, 8, 7, 6 
b 1.8, 1.7, 1.8, 1.9, 1.6, 1.8, 2.0, 1.1, 1.4, 1.9, 2.2 
€ 21, 23, 18, 11, 16, 19, 24, 21, 23, 22, 20, 31, 26, 22 
d 0.04, 0.04, 0.03, 0.03, 0.05, 0.06, 0.07, 0.03, 0.05, 0.02 
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2 First, find Qj, Q5 and Q; and then draw box plots for the given data sets. Remember to find outliers 


and mark them on your box plot if they exist. 

a 11, 15, 18, 17, 1, 2, 8, 12, 19, 15 

b 37, 48, 52, 51, 51, 42, 48, 47, 39, 41, 65 

€ 0, 1,5, 4, 4, 4, 2, 3, 3, 1, 4, 3 

d 124, 118, 73, 119, 117, 120, 120, 121, 118, 122 


PROBLEM-SOLVING 3,4 3,4 4,5 
3 Consider these parallel box plots, A and B. 

A — | L— x 

| —— — 


< T T 1 1 T—31 
13 5 7 9 11 13 15 17 19 21 23 


> 


a What statistical measure do these box plots have in common? 

b Which data set (A or B) has a wider range of values? 
Find the IQR for: 
i dataset A ii data set B. 

d How would you describe the main difference between the two sets of data from which the parallel 
box plots have been drawn? 


4 The following masses, in kilograms, of 15 Madagascan lemurs are recorded as part of a conservation 
project. 
14.4, 15.5, 17.3, 14.6, 14.7 
15.0, 15.8, 16.2, 19.7, 15.3 
13.8, 14.6, 15.4, 15.7, 14.9 
a Find Q], Q, and Q3. 
b Which masses, if any, would be considered outliers? 
€ Draw a box plot to summarise the lemurs’ masses. 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


682 Chapter9 


5 Two data sets can be compared using parallel box plots on the same scale, as shown below. 


A 


a What statistical measures do these box plots have in common? 

b Which data set (A or B) has a wider range of values? 

c Find the IQR for: 
i dataset A ii data set B. 

d How would you describe the main difference between the two sets of data from which the 
parallel box plots have been drawn? 


6 6,7 18 


6 Select the box plot (A or B) that best matches the given dot plot or histogram. 


a e 
cas — |} 
ae qu eplp——5A 

SS OS —51—1—1—1——1—31—3—9» 
1 23 4 5 6 7 12345267 

b . — | rs 
a E = 

<< OO 
45678 9 45678 9 

C 


Frequency 


10 20 30 40 0 10 20 30 40 
Score 


7 Fifteen essays are marked for spelling errors by a particular examiner and the following numbers of 
spelling errors are counted. 
3,2,4,6,8,4,6,7,6,1, 7, 12, 7, 3, 8 
The same 15 essays are marked for spelling errors by a second examiner and the following numbers of 
spelling errors are counted. 
12, 7, 9, 11, 15, 5, 14, 16, 9, 11, 8, 13, 14, 15, 13 
a Draw parallel box plots for the data. 
b Do you believe there is a major difference in the way the essays were marked by the two 
examiners? If yes, describe this difference. 
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8 The results for a Year 12 class are to be compared | | | State 


with the Year 12 results of the school and the 


State, using the parallel box plots shown. C Schgol 
a Describe the main differences between the x — | | Class 


performance of: e a S S E S S S S E, 


i the class against the school 0 20 40 60 80 100 
ii the class against the State Score 96 
iii the school against the State. 


b Why is an outlier shown on the class box plot but not shown on the school box plot? 


ENRICHMENT: Creating your own parallel box plots = = 9 


9 a Choose an area of study for which you can collect data easily, for example: 
* heights or weights of students 
* maximum temperatures over a weekly period 
e amount of pocket money received each week for a group of students. 
b Collect at least two sets of data for your chosen area of study — perhaps from two or three different 
sources, including the internet. 
Examples: 
e Measure student heights in your class and from a second class in the same year level. 
e Record maximum temperatures for 1 week and repeat for a second week to obtain a second 
data set. 
* Use the internet to obtain the football scores of two teams for each match in the previous 
season. 
€ Draw parallel box plots for your data. 
d Write a report on the characteristics of each data set and the similarities and differences between 
the data sets collected. 
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Using calculators to draw box plots (CAS) 


1 Type these data into lists and define them as Test A and Test B. 
Test A: 4, 6, 3, 4, 1, 3, 6, 4, 5, 3, 4, 3 
Test Bam Bh oh Oy Sh 6 Gh Ih © 

2 Draw parallel box plots for the data. 


Using the TI-Nspire: Using the ClassPad: 

1 Ina Lists and spreadsheets page type in the list 1 Inthe Statistics application enter the data into the 
names festa and festb and enter the values as lists. Give each column a title. 
shown. 


Li emt Calc SetGraph € 


O&—5&-I0000029-1 


2 Insert a Data and Statistics page and select the 2 Tap [ie For graph 1, set Draw to On, Type to 
testa variable for the horizontal axis. Change to a MedBox, XList to mainTestA and Freq to 1. 
box plot using (ven) Plot Type» Box Plot. Trace (or For graph 2, set Draw to On, Type to MedBox, XList 
hover over) to reveal the statistical measures. To to mainTestB and Freq to 1. Tap Set. Tap [zl 
show the box plot for festb, use (mew) Plot 
Properties>Add X Variable and select testb. 
Median: 4 
28 
> 
og 


th in i) 
T2 3 4S 5 J 8 B9 
@testa @testb 
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Using calculators to draw box plots (non-CAS) 


1 Type these data into lists and define them as Test A and Test B. 
Test A: 4, 6, 3, 4, 1, 3, 6, 4, 5, 3, 4, 3 
Test B: 7, 3, 5, 6, 9, 3, 6, 7, 4, 1, 4, 6 
2 Draw parallel box plots for the data. 


Using the TI-Nspire CX non-CAS: 


Using the Casio: 


1 Ina Lists and spreadsheets page type in the list 1 Inthe Statistics application enter the data into the 
names festa and testb and enter the values as lists. Let List 1 contain the data for Test A, and 
shown. List 2 contain Test B. 

El 
B testb List 2 | List 3 | List 4 
1 4 
2 6 3| 
| s s 
4 4 6 
E , s | GRAPH] CALC | TEST] INTR] DIST JEE] 
lox] 4| 
2 Select F1 (GRAPH) and then F6 (SET). Select F1 


Insert a Data and Statistics page and select the 
testa variable for the horizontal axis. Change to a 
box plot using (menu)>Plot Type» Box Plot. Trace (or 
hover over) to reveal the statistical measures. To 
show the box plot for festb, use (me) Plot 
Properties>Add X Variable and select festh. 


(GRAPH1) and set Graph Type to MedBox, XList 

to Listi and Frequency to 1. Select F2 (GRAPH2) 
and set Graph Type to MedBox, XList to List2 and 
Frequency to 1. Select EXIT to navigate to the 
prior menu, then under F4 (SELECT) ensure that 
StatGraphi and StatGraph2 are both set to DrawÜn. 
Select F6 (DRAW). 


Median: d Bl 
2 
* 2 
5g 
2 os) MAS E 7 Bog x 
@testa @testb 1-VAR 
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Chapter 9 


9E Standard deviation io 


Learning intentions 

e To understand that standard deviation is a number that describes the spread of the data about the mean 
e To know that a small standard deviation means data are concentrated about the mean 

e To know how to calculate the standard deviation for a small set of data 

To be able to compare two sets of data referring to the mean and standard deviation 


For a single data set we have already discussed the range 
and interquartile range to describe the spread of the data. 
Another statistic commonly used to describe spread is 
standard deviation. The standard deviation is a number 
that describes how far data values are from the mean. A 
data set with a relatively small standard deviation will 
have data values concentrated about the mean, and if a 
data set has a relatively large standard deviation then the 
data values will be more spread out from the mean. 


The standard deviation can be calculated by hand but, 


When selecting a sportsperson for a competition, the 


given the tedious nature of the calculation, technology average and standard deviation of past results are useful. 
can be used for more complex data sets. In this section Two Cricketers may have equal average runs per game, 

. : : but the player with the smaller standard deviation is the 
technology is not required but you will be able to find ues er bears 


a function on your calculator (often denoted s or c) 
that can be used to find the standard deviation. 


| LESSON STARTER | russi Which is the better team? 


These histograms show the number of points scored by the Eagles and the Monsters basketball teams in an 
18-round competition. The mean and standard deviation are given for each team. 


e Which team has the higher mean? What does this say about the team's performance? 
e Which team has the smaller standard deviation? What does this say about the team’s performance? 


Discuss. 
Eagles Monsters 
7 = 
6- — 
Mean = 43 
5 2.34 AR 
4 Mean = 52 d Standard deviation = 11 
e Standard deviation — 21 3 44 
S S 4| 
$3 $3 
a I 
$2 ng 
RE. | 1- 
10 20 30 40 50 60 70 80 90100 10 20 30 40 50 60 70 80 90100 
Score Score 
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E The standard deviation is a number that describes the spread of data about the mean. 


The sample standard deviation is for a sample data set drawn from the population. 
If every data value from a population is used, then we calculate the population standard deviation. 


Bi To calculate the sample standard deviation (s), follow these steps. 


1 


c CO P 


6 


Find the mean (x). 

Find the difference between each value and the mean (called the deviation). 
Square each deviation. 

Sum the squares of each deviation. 

Divide by the number of data values 


less 1 (i.e. n — 1). Je -3)-0-35*..-(,-3? 


Take the square root. 


n-1 


Wi If the data represent the complete population, then divide by n instead of (n — 1). This would give 


the population standard deviation (c). Dividing by (n — 1) for the sample standard deviation 


gives a better estimate of the population standard deviation. 


Wi If data are concentrated about the mean, then the standard deviation is relatively small. 


If data are spread out from the mean, then the standard deviation is relatively large. 


E In many common situations we can expect 95% of the data to be within two standard deviations 


of the mean. 


BUILDING UNDERSTANDING 


© Use the word smaller or larger to complete each sentence. 


a 
b 


If data are more spread out from the mean, then the standard deviation is 
If data are more concentrated about the mean, then the standard deviation is 


e Here are two dot plots, A and B. 


A 


a 
b 


A 
—-4ee 
l24ee9 o 
wo o o o 
-eoe o o o 
noe o 


we o o o o o o 
-Jeo o o o o o 


m 
Ne e 


Which data set (A or B) would have the higher mean? 
Which data set (A or B) would have the higher standard deviation? 


© These dot plots show the results for a class of 15 students who sat tests A and B. Both sets of 
results have the same mean and range. 


e e 

A e e e e e e e B e. e LJ 
. e . e e . . . e . 
< T T T T T L—»- e o o 

3456789 : eap: . 

Test score < T T T T T r> 
3456789 
Test score 
Which data set (A or B) would have the higher standard deviation? Give a reason. 
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o This back-to-back stem-and-leaf plot compares the Gum Heights Oak Valley 
number of trees or shrubs in the backyards of homes Leaf| Stem | Leaf 
in the suburbs of Gum Heights and Oak Valley. 731 0 
a Which suburb has the smaller mean number of 8640 1 0 
trees or shrubs? Do not calculate the actual means. 9872 2 0236889 
b Without calculating the actual standard deviations, 964 3 4689 
which suburb has the smaller standard deviation? 4 36 
2 | 8 means 28 


Calculate the mean and sample standard deviation for this small data set, correct to one decimal place. 


2 4. S BO 
SOLUTION EXPLANATION 
SES eae iud Sum all the data values 
i and divide by the 
ES 


number of data values 
(i.e. 5) to find the mean. 


2 — 5.6)? + (4 — 5.6)2 + (5 — 5.6)2 + (8 — 5.6)? + (9 — 5.62 
ID Jut mant Jet ) ( ) Deviation 1 is 2 — 5.6 


=. (the difference between 
_ [BBEF C924 C092 3 GAZ + GAP es ee 


4 mean). 


— 2.9 (to 1 d.p. 
( p-) Sum the square of all 


the deviations, divide by 
(n — 1) (i.e. 4) and then 
take the square root. 


Now you try 
Calculate the mean and sample standard deviation for this small data set, correct to one decimal place. 
121-0 S) 
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9E 


This back-to-back stem-and-leaf plot shows the distribution of distances that 17 people in Darwin 
and Sydney travel to work. The means and standard deviations are given. 


Darwin Leaf Stem Sydney Leaf Sydney 
8742 0 115 x = 27.9 
991553 1 Q 37 Ses 5i 
87430 2 0556 
022 8 2599 Darwin 
4 446 x = 19.0 
5 2 s= 10. 


8 | 2 | means 28 km and | 2 | 5 means 25 km 
Consider the position and spread of the data and then answer the following. 
a By looking at the stem-and-leaf plot, suggest why Darwin’s mean is less than that of Sydney. 
b Why is Sydney’s standard deviation larger than that of Darwin? 
€ Give a practical reason for the difference in centre and spread for the data for Darwin and Sydney. 


SOLUTION EXPLANATION 
a The maximum score for Darwin is 35. Sydney’s The mean depends on every value in the 
mean is affected by several values larger than 35. data set. 


b The data for Sydney are more spread out from the Sydney has more scores with a large 


mean. Darwin's scores are more closely clustered distance from its mean. Darwin's scores 
near its mean. are closer to the Darwin mean. 

€ Sydney is a larger city and more spread out, so Higher populations often lead to larger 
people have to travel farther to get to work. cities and longer travel distances. 


Now you try 


This stem-and-leaf plot shows the distribution of hours of television watched by 20 students from 
each of Year 7 and Year 12 over a 1-month period. The means and standard deviations are given. 


Year7 | Stem | Year 12 Year 7 

9 0 47 cem Onl 

952 1 01344679 $ = 1077 
98841 2 12245789 

9875320 3 35 Year 12 

6322 4 x = 19.6 


4 | 2 | means 24 hours and | 2 | 1 means 21 hours Ses ELS 
Consider the position and spread of the data and then answer the following. 
a Why is the mean for Year 12 less than that for Year 7? 
b Why is Year 7's standard deviation larger than that for Year 12? 
€ Give a practical reason for the difference in centre and spread for the Year 7 and Year 12 data. 
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Chapter 9 


Exercise 9E 


Example 7 1 
Example 7 2 


o: 


Example 8 4 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


1,2() 2(1:), 3 2(1/:), 3 


Calculate the mean and sample standard deviation for this small data set, correct to one decimal place. 
1,2,4, 5,7 


Calculate the mean and sample standard deviation for these small data sets. Use the formula for the 
sample standard deviation. Round the standard deviation to one decimal place where necessary. 

a 3,5,6,7,9 

b 1,1,4,5,7 

€ 2,5,6,9, 10, 11, 13 

d 28,29, 32, 33, 36, 37 


Calculate the mean and sample standard deviation for the data in these graphs, correct to one decimal 


place. 
a : b — Stem | Leaf 
e 0 | 4 
<H 1 | 137 
123 4 2 02 
1|7 means 17 
PROBLEM-SOLVING 4,5 4,5 5,6 


This back-to-back stem-and-leaf plot shows the distribution of distances travelled by students at an 
inner-city and an outer-suburb school. The means and standard deviations are given. 


Inner-city Stem Outer-suburb — Inner-city 
Leaf Leaf ES NETT 
964311 0 349 
s = 8.0 
9420 1 2889 
71 2 134 Outer-suburb 
3 4 x= 18.8 
4 1 s = 10.7 


4 | 2| means 24 km and |2|1 means 21 km 


Consider the position and spread of the data and then answer the following. 

a Why is the mean for the outer-suburb school larger than that for the inner-city school? 

b Why is the standard deviation for the inner-city school smaller than that for the outer-suburb 
school? 

€ Give a practical reason for the difference in centre and spread for the two schools. 
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5 Consider these two histograms, and then state whether the following are true or false. 


A 5 B 5 

4 4 

3 3 

2 2 

1 1 

0 0 
10 20 30 40 50 10 20 30 40 50 


a The mean for set A is greater than the mean for set B. 
b The range for set A is greater than the range for set B. 
€ The standard deviation for set A is greater than the standard deviation for set B. 


6 Find the mean and sample standard deviation for the scores in these frequency tables. Round the 
standard deviations to one decimal place. 


a Score | Frequency b Score | Frequency 
1 | 3 4} 1 
2/14 5 | 4 
3.3 6 | 3 
7 1,8} 8,9 


7 Two simple data sets, A and B, are identical except for the maximum value, which is an outlier 
for set B. 

A: 4, 5, 7, 9, 10 

B: 4, 5, 7, 9, 20 

Is the range for set A equal to the range for set B? 

Is the mean for each data set the same? 

Is the median for each data set the same? 


£0 c £& 


Would the standard deviation be affected by the outlier? Explain. 


8 Data sets 1 and 2 have means x, and x», and standard deviations s, and s». 
a If x, > x5, does this necessarily mean that s; > 55? Give a reason. 
b Ifs; < sy does this necessarily mean that x; < x? 


9 Data sets A and B each have 20 data values and are very similar except for an outlier in set A. 
Explain why the interquartile range might be a better measure of spread than the range or the 
standard deviation. 
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ENRICHMENT: Study scores 


10 The Mathematics study scores (out of 100) for 50 students in a school are as listed. 
71, 85, 62, 54, 37, 49, 92, 85, 67, 89 
96, 44, 67, 62, 75, 84, 71, 63, 69, 81 
57, 43, 64, 61, 52, 59, 83, 46, 90, 32 
94, 84, 66, 70, 78, 45, 50, 64, 68, 73 
79, 89, 80, 62, 57, 83, 86, 94, 81, 65 
The mean (x) is 69.16 and the sample standard deviation (s) is 16.0. 
a Calculate: 
i x+s 
ii x—s 
iii x + 2s 
iv x — 2s 
V x+3s 
vi x — 3s 
b Use your answers from part a to find the percentage of students with a score within: 
i one standard deviation from the mean 
ii two standard deviations from the mean 
iii three standard deviations from the mean. 
€ i Research what it means when we say that the data are ‘normally distributed’. Give a brief 
explanation. 
ii For data that are normally distributed, find out what percentage of data are within one, two and 
three standard deviations from the mean. Compare this with your results for part b above. 
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What type of data would these survey questions generate? 
a How many pets do you have? 
b What is your favourite ice-cream flavour? 


-— 
A Year 10 class records the length of time (in minutes) each student takes to travel from home = 
to school. The results are listed here. co 
e» 
15 32 6 14 44 28 15 #9 25 18 va 
8 16 13 20 19 27 23 12 38 15 a 
N 
a Organise the data into a frequency table, using class intervals of 10. Include a percentage 
frequency column. 
b Construct a histogram for the data, showing both the frequency and percentage frequency 
on the one graph. 
€ Construct a stem-and-leaf plot for the data. 
d Use your stem-and-leaf plot to find the median. 
Determine the range and IQR for these data sets by finding the five-figure summary. 
a 4,9, 12, 15, 16, 18, 20, 23, 28, 32 
b 42,43, 4.7, 5.1, 5.2, 5.6, 5.8, 6.4, 6.6 
The following numbers of parked cars were counted in the school car park and adjacent street 
each day at morning recess for 14 school days. 
36, 38, 46, 30, 69, 31, 40, 37, 55, 34, 44, 33, 47, 42 
a For the data, find: 
i the minimum and maximum number of cars 
ii the median 
iii the upper and lower quartiles 
iv the IQR 
V any outliers. 
b Can you give a possible reason for why the outlier occurred? 
The ages of a team of female gymnasts are given in this data set: 
[Reh o WA, Ps), Pall, iS), Sy, 0 IIE, Hg), 2X0), 113), il 
a Determine whether any outliers exist by first finding Q, and Q3. 
b Draw a box plot to summarise the data, marking outliers if they exist. 
Find the sample standard deviation for this small data set, correct to one decimal place. 
209921030 
Use the sample standard deviation formula. 
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694 Chapter 9 


OF Time-series data 


Learning intentions 

e To understand that time-series data are data recorded at regular time intervals 
e To know how to plot a time-series graph with time on the horizontal axis 

e To be able to use a time-series plot to describe any trend in the data 


A time series is a sequence of data values that are recorded at regular time intervals. Examples include 
temperature recorded on the hour, speed recorded every second, population recorded every year and profit 
recorded every month. A line graph can be used to represent time-series data and these can help to analyse 
the data, describe trends and make predictions about the future. 


The BOM (Bureau of Meteorology) publishes time-series graphs of Australian annual and monthly mean 
temperature anomalies, i.e. deviations from the overall average. Over recent decades, these graphs show an 
upward trend of positive and increasing anomalies. 


| LESSON STARTER | GU; Share price trends 


A company’s share price is recorded at the end of each month of the financial year, as shown in this time- 
series graph. 


e Describe the trend in the data at different times of the year. 
e At what time of year do you think the company starts reporting bad profit results? 
e Does it look like the company’s share price will return to around $4 in the next year? Why? 


Company’s share price 


Sy 
34 
pu 
a 3 
$2 
S3 
S 1 

0 - > 

July October January April 
. . Month h ara 
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KEY IDEAS TAL | 


E Time-series data are recorded at regular time intervals. 


E The graph or plot of a time series uses: 
e time on the horizontal axis as the independent variable 
e line segments connecting points on the graph. 
* the variable being considered on the vertical axis as the 


Variable 


dependent variable 


z 
Time 
E If the time-series plot results in points being on or near a straight line, Downward 
then we say that the trend is linear. linear trend 


~ 


BUILDING UNDERSTANDING 


1) Describe the following time-series plots as having a linear (i.e. straight-line trend), non-linear 


trend (i.e. a curve) or no trend. 
a A 


Variable 
Variable 


Variable 
Variable 


Time 


e This time-series graph shows the temperature over 


> 


the course of an 8-hour school day. 


lon 


L 


a State the temperature at: 


R 


i 8am. il 12 p.m. 
ili 1 p.m. iV 4p.m. 
What was the maximum temperature? 


© 


L 


N WWW Ww 
N 
LL 


oo 


Temperature (°C) 


During what times did the temperature: 


PN 


i stay the same? ii decrease? 


© 


Describe the general trend in the temperature 
for the 8-hour school day. 
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The approximate population of an outback town is recorded from 1990 to 2005. 


1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 | 2003 | 2004 | 2005 
1300 | 1250 | 1250 | 1150 | 1000} 950 | 900 | 950 | 800 | 700 | 800 | 750 | 850 | 950 | 800 | 850 


a Plot the time series. 
b Describe the trend in the data over the 16 years. 


SOLUTION EXPLANATION 

a n Use time on 
1300 the horizontal 
1200 axis. Break the 


1100 y-axis so as 


= 
(em) 
(e) 
© 


to not include 
0-700. Join 
points with line 


Population 
O 
S 
S 


oo 
(e) 
© 


700 segments. 


Ps 


> 
1990 1992 1994 1996 1998 2000 2002 2004 2006 


Time (year) 


b The population declines steadily for the first 10 years. The population rises Interpret the 


and falls in the last 6 years, resulting in a slight upwards trend. overall rise and 
fall of the lines 
on the graph. 
Now you try 


The average price of lambs at a market over 14 weeks is given in this table. 


1 2 3 4 5 6 7 8 9 10 11 12 183 14 
82 80 85 89 91 87 93 | 104 | 100 | 111 | 108 | 105 | 112 | 119 
a Plot the time series. 
b Describe the trend in the data over the 14 weeks. 
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Exercise 9F 


152 2,3 2,3 
Example9 1 The approximate population of a small village is recorded from 2005 to 2015. 
2005 | 2006 | 2007 | 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 
550 500 550 600 700 650 750 750 850 950 900 
a Plot the time-series graph. 
b Describe the general trend in the data over the 11 years. 
€ For the 11 years, what was the: 
i minimum population? ii maximum population? 
Example9 2 A company's share price over 12 months is recorded in this table. 
J F M A M J J A S 0 N D 
1.30 | 1.32 | 1.35 | 1.34 | 1.40 | 1.43 | 1.40 | 1.38 | 1.30 | 1.25 | 1.22 | 123 
a Plot the time-series graph. Break the y-axis to exclude values from $0 to $1.20. 
b Describe the way in which the share price has changed over the 12 months. 
© What is the difference between the maximum and minimum share price in the 12 months? 
3 The pass rate (96) for a particular examination is given in a table over 10 years. 
1995 | 1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 | 2003 | 2004 
74 71 73 79 85 84 87 81 84 83 


£t o c 9 


PROBLEM-SOLVING 


Plot the time-series graph for the 10 years. 


In what year was the pass rate a maximum? 


4,5 


By how much had the pass rate improved from 1995 to 1999? 


4,5 


5,6 


Describe the way in which the pass rate for the examination has changed in the given time period. 


4 This time-series plot shows the upwards trend of house prices in an Adelaide suburb over 7 years from 


2013 to 2019. 


A 


Price ($'000) 
UA 
a 
5 


a Would you say that the general trend in house prices is linear or non-linear? 


b Assuming the trend in house prices continues for this suburb, what would you expect the house 


price to be in: 
i 2020? 
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698 Chapter 9 


5 The two top-selling book stores for a company list their sales figures for the first 6 months of the 
financial year. Sales amounts are in thousands of dollars. 


13 
19 16 12 13 9 


a What was the difference in the sales volume for: 
i August? ii December? 

b In how many months did the City Central store sell more books than the Southbank store? 

€ Construct a time-series plot for both stores on the same set of axes. 

d Describe the trend of sales for the 6 months for: 
i City Central ii Southbank. 

e Based on the trend for the sales for the Southbank store, what would you expect the approximate 
sales volume to be in January? 


6 Two pigeons (Green Tail and Blue Crest) each have a 
beacon that communicates with a recording machine. 


The distance of each pigeon from the machine is recorded 


every hour for 8 hours. 


a State the distance from the machine at 3 p.m. for: 
i Blue Crest ii Green Tail. 

b Describe the trend in the distance from the recording 
machine for: 
i Blue Crest ii Green Tail. 

€ Assuming that the given trends continue, predict the 


Distance (km) 


— NU A tn Oc -J © 


: eee esses 
time when the pigeons will be the same distance from SAV SS CIA VaR 


the recording machine. 


Time (hours) 


7 The average monthly maximum A 


temperature for a city is illustrated in 30 


this graph. 


a Explain why the average maximum 


temperature for December is close to 


Average temp. (°C) 
nr 


the average maximum temperature 10 
for January. 5 

b He you iiec is graphs tor an BRE DLS HEE ER 
Australian city? >L a2 5 Fanoza 
D hink th for a ci 

C o you t edieate or a city Month 
in the Northern Hemisphere or the 
Southern Hemisphere? Give a reason. 
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8 The balance of an investment account is shown in this time-series plot. A 


3 Describe the trend in the account balance over the 7 years. 


b Give a practical reason for the shape of the curve that models 


the trend in the graph. 


Balance ($'000) 
A 


9 A drink at room temperature is placed in a fridge that is at 4? C. 
a Sketch a time-series plot that might show the temperature of the drink after it has been placed in the 
fridge. 
b Would the temperature of the drink ever get to 3°C? Why? 


ENRICHMENT: Moving run average = = 10 


10 In this particular question, a moving average is determined by calculating the average of all data values 
up to a particular time or place in the data set. 
Consider a batsman in cricket with the following runs scored from 10 completed innings. 


Innings 1 2 3 4 5 6 7 8 9 10 
Score 26 | 38 5 10 52 103 75 21 33 
Moving average 26 | 32 23 


a Complete the table by calculating the moving average for innings 4-10. Round to the nearest whole 
number where required. 

b Plot the score and moving averages for the batter on the same set of axes. 

€ Describe the behaviour of the: 
i score graph ii moving average graph. 

d Describe the main difference in the behaviour of the two graphs. Give reasons. 
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9G Bivariate data and scatter plots 


Learning intentions 

* To understand that bivariate data involve data about two variables in a given context 

e To know how to draw a scatter plot to compare data from two variables 

e To be able to use a scatter plot to describe the correlation between the two variables using key terms 


When we collect information about two variables in 
a given context, we are collecting bivariate data. 

As there are two variables involved in bivariate data, 
we use a number plane to graph the data. These 
graphs are called scatter plots and are used to 
illustrate a relationship that may exist between the 
variables. Scatter plots make it very easy to see the 
strength of the association between the two variables. 


e e " 
© "E z Market research analysts find a positive correlation in scatter 
= plots of advertising spending versus product sales. 
Al (artificial intelligence) algorithms use automated marketing 
= to create highly effective digital advertising, specifically 
Weight targeted to each person’s online presence. 


| LESSON STARTER | uug A relationship or not? 


Consider the two variables in each part below. 


e Would you expect there to be some relationship between the two variables in each of these cases? 
e Ifyou think a relationship exists, would you expect the second listed variable to increase or 
to decrease as the first variable increases? 


Height of person and Weight of person 
Temperature and Life of milk 

Length of hair and IQ 

Depth of topsoil and Brand of motorcycle 
Years of education and Income 

Spring rainfall and Crop yield 

Size of ship and Cargo capacity 


se c^ 0 c 00 c o 


Fuel economy and CD track number 


Amount of traffic and Travel time 


Cost of 2 litres of milk and Ability to swim How might the size of a ship and its cargo capacity be 
related? 


— æ 


Background noise and Amount of work completed 
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KEY IDEAS 


B Bivariate data include data for two variables. 


e The two variables are usually related; for example, height and weight. 
e The variable that is changed or controlled is the independent variable and is on the x-axis. 
e The variable being tested or measured is the dependent variable and is on the y-axis. 


W A scatter plot is a graph on a number plane in which the axes variables correspond to the two 
variables from the bivariate data. 


E The words relationship, correlation and association are used to describe the way in which variables 
are related. 


W Types of correlation: 
Examples 
Strong positive correlation Weak negative correlation No correlation 


E An outlier can clearly be identified as a data point that is isolated from the rest of the data. 


C ) utl 1er 
Pd 


@ Decide if it is likely for there to be a strong correlation between these pairs of variables. 
Height of door and Thickness of door handle 
Weight of car and Fuel consumption 
Temperature and Length of phone calls 
Size of textbook and Number of textbook 
Diameter of flower and Number of bees 
Amount of rain and Size of vegetables in the vegetable garden 


For each of the following sets of bivariate data with variables x and y, decide whether y generally 


increases or decreases as x increases. 


10 
12 
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Consider this simple bivariate data set. 


1d | 8 
2.1 | 4.0 


Draw a scatter plot for the data. 


2 Uy | 3 6 8 | 15 
6.2 | 1.3 | 5.5 | 0:9 | 3.5 | 1.6 


a 
b Describe the correlation between x and y as positive or negative. 
€ Describe the correlation between x and y as strong or weak. 

d 


Identify any outliers. 


SOLUTION EXPLANATION 
a y Plot each point using a e on graph paper. 


— NU £A tA oO YI 


O 5 10) 5 20 


b Negative correlation As x increases, y decreases. 

€ Strong correlation The downwards trend in the data is clearly defined. 
d The outlier is (6, 0.9). This point defies the trend. 

Now you try 


Consider this simple bivariate data set. 
12| 2 |i | 9] 4 | & | & | ade] 7 
4 | 139 || 4t | oy || 3153 || 20) | 22; || 2240) || 28 


Draw a scatter plot for the data. 


Describe the correlation between x and y as positive or negative. 
Describe the correlation between x and y as strong or weak. 


Qo g £ 


Identify any outliers. 
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Example 10 


Example 10 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


1 


Exercise 9G 


1-4 


2-4 


2 


3 


4 


5 


6 


7 


8 


1 
1.0 


1.1 


1.3 


1.3 


1.4 


1.6 


1.8 


1.0 


Draw a scatter plot for the data. 


a 
b Describe the correlation between x and y as positive or negative. 
€ Describe the correlation between x and y as strong or weak. 

d 


Identify any outliers. 


2 Consider this simple bivariate data set. (Use technology to assist if desired. See pages 707—708.) 


8 


7 


10 


11 


15 


6 


10 


14 
4 


2.5 


2.5 


1.5 


1.5 


0.5 


3 


2 


Draw a scatter plot for the data. 


a 
b Describe the correlation between x and y as positive or negative. 
€ Describe the correlation between x and y as strong or weak. 

d 


Identify any outliers. 


oo 


the correlation between x and y as positive, negative or none. 


a 11 [18 | 12 | 13 [i L 19 [ 136 [| 16 [| 14 | 10 | 15 
22 | 12 | 19 | 15 | 10 | 9 | 14 | 13 | 16 | 23 | 16 
b 4 3 1 7 8 | 10 | 6 9 5 5 
115 | 105 | 105 | 135 | 145 | 145 | 125 | 140 | 120 | 130 
C 2 | a2 | 16 | 19 | 21 | 24 | 2 | 25 | 30 | 18 
13. |25 | 22 | 2 | 16 | 9 | 19 | 25 | 15 | 12 


4 For the following scatter plots, describe the correlation between x and y. 


c yY 
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b 


d 


y 


Consider this simple bivariate data set. (Use technology to assist if desired. See pages 707—708.) 


By completing scatter plots (by hand or using technology) for each of the following data sets, describe 


y 
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PROBLEM-SOLVING 5,6 6,7 6,8 


9 For common motor vehicles, consider the two variables Engine size (cylinder volume) and Fuel 
economy (number of kilometres travelled for every litre of petrol). 
a Do you expect there to be some relationship between these two variables? 
b As the engine size increases, would you expect the fuel economy to increase or decrease? 
€ The following data were collected for 10 vehicles. 


Car A B C D E F G H | J 


Engine size 1.1 1.2 1.2 1.5 1.5 1.8 24 3.3 4.2 5.0 
Fuel economy 21 18 19 18 17 16 15 20 14 11 


i Do the data generally support your answers to parts a and b? 
ii Which car gives a fuel economy reading that does not support the general trend? 


6 A tomato grower experiments with a new organic fertiliser and sets up five separate garden beds: A, B, 
C, D and E. The grower applies different amounts of fertiliser to each bed and records the diameter of 


each tomato picked. 


The average diameter of a tomato from each garden bed and the corresponding amount of fertiliser are 


recorded below. 


Fertiliser (grams per week) 20 25 30 35 40 
Average diameter (cm) 6.8 | 74 76 | 62 | 85 


a Draw a scatter plot for the data with ‘Diameter’ on the vertical axis and ‘Fertiliser’ on the 
horizontal axis. Label the points A, B, C, D and E. 

b Which garden bed appears to go against the trend? 

€ According to the given results, would you be confident in saying that the amount of fertiliser fed to 
tomato plants does affect the size of the tomato produced? 
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7 Ina newspaper, the number of photos and number of words were counted for 15 different pages. Here 
are the results. 


1897 | 1621 | 912 


a Sketch a scatter plot using ‘Number of photos’ on the horizontal axis and ‘Number of words’ on 
the vertical axis. 

b From your scatter plot, describe the general relationship between the number of photos and 
the number of words per page. Use the words positive, negative, strong correlation or weak 
correlation. 


8 On 14 consecutive days, a local council measures the volume of sound heard from a freeway at various 
points in a local suburb. The volume of sound, in decibels, is recorded against the distance (in metres) 
between the freeway and the point in the suburb. 


200 | 350 | 500 | 150 | 1000) 850 | 200 | 450 | 750 | 250 | 300 | 1500 
4.3 | 37 | 29 |45 ) 2.1 |] 23 |44 | 33 | 28) 4.1 | 3.6 | 17 


a Draw a scatter plot of Volume against Distance, plotting Volume on the vertical axis and Distance 


700 
3.0 


1250 
2.2 


on the horizontal axis. 
b Describe the correlation between Distance and Volume as positive, negative or none. 
€ Generally, as Distance increases does Volume increase or decrease? 


9 9, 10 10, 11 


9 A government department is interested in convincing the electorate that a larger number of police on 
patrol leads to a lower crime rate. Two separate surveys are completed over a one-week period and the 
results are listed in this table. 


Number of police 
Incidence of crime 28 16 36 24 24 19 21 
Number of police 12 18 9 12 14 26 21 
Incidence of crime 26 25 20 24 22 23 19 


a By using scatter plots, determine whether or not there is a relationship between the number of 
police on patrol and the incidence of crime, using the data in: 
i survey 1 ii survey 2. 

b Which survey results do you think the government will use to make its point? Why? 


10 A student collects some data and finds that there is a positive correlation between height and the ability 
to play tennis. Does that mean that if you are tall you will be better at tennis? Explain. 
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11 A person presents you with this scatter plot and suggests a strong correlation between the amount of 
sleep and exam marks. What do you suggest is the problem with the person's graph and conclusions? 


y 
À 
9 
= 100 4 
ES 
E s 
= 504 
E 
Rj 
+a X 


O 48 
Amount of sleep (hours) 


ENRICHMENT: Does television provide a good general knowledge? = = 12 


12 A university graduate is conducting a test to see whether a student’s general knowledge is in some way 
linked to the number of hours of television watched. 


Twenty Year 10 students sit a written general knowledge test marked out of 50. Each student also 
provides the graduate with details about the number of hours of television watched per week. The 
results are given in the table below. 


a Which two students performed best on the general knowledge test, having watched TV for the 
following numbers of hours? 
i fewer than 10 ii more than 4 

b Which two students performed worst on the general knowledge test, having watched TV for the 
following numbers of hours? 
i fewer than 10 ii more than 4 

€ Which four students best support the argument that the more hours of TV watched, the better your 
general knowledge will be? 

d Which four students best support the argument that the more hours of TV watched, the worse your 
general knowledge will be? 

e From the given data, would you say that the graduate should conclude that a student's general 
knowledge is definitely linked to the number of hours of TV watched per week? 
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Using calculators to draw scatter plots (CAS) 


Type the following data about car fuel economy into two lists and draw a scatter plot. 


Using the TI-Nspire: Using the ClassPad: 

1 Ina Lists and spreadsheets page type in the list 1 Inthe Statistics application, assign a title to each 
names engine and fuel and enter the values as column then enter the data into the lists. 
sown 


T- 


«OD NU meae 
Orto 0 à Oo OI OI ND N | 


2 Insert a Data and Statistics page and select the 2 Tap [ie For graph 1 set Draw to On, Type to 
engine variable for the horizontal axis and fuel Scatter, XList to mainEngine, YList to mainFuel, 
for the vertical axis. Hover over points to reveal Freq to 1 and Mark to square. Tap Set. Tap #1. Tap 
coordinates. Analysis, Trace to reveal coordinates. 


mfi ^ Yr10AC 


1.0 1.5 2.0 2.5 3.0 3.5 40 4.5 5.0 


engine 
ke=1.1 
StatGraphl 
Deg Auto 
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Using calculators to draw scatter plots (non CAS) 


Type the following data about car fuel economy into two lists and draw a scatter plot. 


Using the TI-Nspire CX non-CAS: Using the Casio: 

1 Ina Lists and spreadsheets page type in the list 1 Inthe Statistics application enter the data into the 
names engine and fuel and enter the values as lists. Let List 1 contain the data for Engine size, 
shown. and List 2 contain Fuel economy. 
CT a 

^ i List 2 | List 3 | List 4 

4 ^ engine B fuel C D I^ 

- engine | ue | [| [- 1 
EE 

1 14 21. 

2 12 18. 

3 1.2 19. 

i 1.5 18. [GRAPHT](GRAPH2Z) [GRAPHS] ETT 
5 1.5 17. i 

a" 4|» 

2 Inserta Data and Statistics page and select the 2 Select F1 (GRAPH) and then F6 (SET). Select F1 
engine variable for the horizontal axis and fuel (GRAPH1) and set Graph Type to Scatter, XList to 
for the vertical axis. Hover over points to reveal Listt, YList to List2, Frequency to 1, and Mark Type 
coordinates. to square. Select EXE then F1 (GRAPH1). Select 

TERT ; mf SHIFT F1 (TRACE) to reveal coordinates. 
Ë 
y 
: n 
u 
a 
nu 
n 
B 
u 
a 
: o 
1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 CALC 
engine 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


Twenty20 


1 Two teams, the Auckland Aces and the Sunrisers Hyderabad, are part of an international 20/20 cricket 
tournament. They each play 10 round-robin matches and their batting totals are shown below. 


148 172 186 179 194 132 112 154 142 177 
147 160 166 182 171 163 170 155 152 166 


You are to compare the statistics of the two cricket teams using box plots and discuss each team’s 
performance in terms of the number of runs and the consistency of the run scoring across the season. 


a Draw parallel box plots for these two data sets. 


b Compare the box plots of the two teams, commenting on 
which team appears capable of getting higher scores and 
which team appears more consistent. 


€ The Auckland Aces’ lowest two scores were the result of rain 
delays and the restricted number of overs that they faced. 
If these two innings were increased by 40 runs each, what 
changes occur on the box plot? 


d In their first final, the Sunrisers Hyderabad’s batting total 
would be an outlier if included in their above set of scores. 


What possible scores did they get in this innings? 


Salaries and payrise 


2 A small business has 20 employees with the following monthly salaries. 


The small business wishes to calculate measures of centre and spread for its salary data and then 
investigate the impact on these summary statistics given changes in some specific salaries. 


a i Calculate the mean, median, range and standard deviation (to the nearest dollar) of these salaries. 
ii The top two earning employees are given an increase of $x per month. Describe the impact on 
the mean, median and range in terms of x. 
iii Describe the impact on the standard deviation from part ii. 
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b Employees at another small business think they are paid 

less given their mean monthly salary is $4800 with standard 

deviation $800. 

i In this company 95% of salaries lie within two standard 
deviations of the mean. What would employees who are 
in the top or bottom 2.5% of earners be earning? 

ii If each employee in this business is given a pay rise of $x, 


give the new mean and standard deviation of employee 
salaries in terms of x where appropriate. 

iii The employees instead decide to give each person a percentage increase in their salary. If each 
person's salary is increased by a factor of k, give the new mean and standard deviation of the 
salaries in terms of k. 


Winter getaway 


3 A family is planning to escape the winter cold and spend July in Noosa. They wish to be prepared for 
varying temperatures throughout the day and compare the daily maximum and minimum temperatures of 
a recent July as shown in the table below. 


The family is interested in the relationship between the maximum and minimum temperatures for 
the month of July and use this to make predictions for their upcoming holiday. 


19 | 17 | 17 | 16 | 18 | 19 | 18 | 11 | 12 | 14 | 14 | 15 | 15 | 12 | 15 | 15 
238 E219 E202 0200 0239 8232 242 E239 TOU | alee |) ze |) T OR E208 | al | A 23 


14 | 16 | 16 | 16 | 13 | 14 | 15 | 16 | 16 | 16 | 17 | 17 | 17 | 17 | 15 
23 | 23 | 24 | 24 | 22 | 19 | 19 | 23 | 24 | 24 | 24 | 25 | 25 | 26 | 23 


Prepare a scatter plot of these data with the minimum 
temperature on the horizontal axis. 


Lo 


To make predictions the family use a straight line 

to model the data. If the line passes through the 
points shown in red, find the equation of this line by 
completing the following: 

max. temp = x min. temp + 


€ Use your equation in part b to find the likely: 


i max. temp on a day with a min. temp of 13°C, 


= "E wit aid TES UEM m mm V LR 


rounding to the nearest degree 
ii min. temp on a day with a max temp of 28°C, rounding to the nearest degree. 
d Which of your results in part € seem the most accurate? Why? 
e Select two other points on the graph that a straight line modelling the data could reasonably pass 
through. Find the equation of this line and repeat part c. Comment on the similarities or differences 
in your results for part € using the two different equations. 
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9H Line of best fit by eye 


Learning intentions 

e To understand that a line of best fit can be used as a model for the data when there is a strong linear association 
e To know how to fit a line of best fit by eye 

e To know how to find the equation of a line of best fit 

e To be able to use the line of best fit and its equation to estimate data values within and outside the data range 


When bivariate data have a strong linear correlation, 
we can model the data with a straight line. This line is 
called a trend line or line of best fit. When we fit the 
line ‘by eye’, we try to balance the number of data 
points above the line with the number of points below 
the line. This trend line and its equation can then be 
used to construct other data points within and outside 
the existing data points. 


A scatter plot of product price (y) versus demand (x) 
shows a negative correlation, with a downward sloping 
trend line. Businesses use demand equations to forecast 
sales and make informed decisions about future stock and 
staffing levels. 


aS ASIE Size versus cost 


This scatter plot shows the estimated cost of building a house of a given size, as quoted by a building 
company. The given trend line passes through the points (200, 200) and (700, 700). 


Cost of construction ($'000) 


T T T T T T DL» X 
O 200 400 600 800 
Size of house (m2) 


* Do you think the trend line is a good fit to the points on the scatter plot? Why? 
e How can you find the equation of the trend line? 
e How can you predict the cost of a house of 1000 m? with this building company? 
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KEY IDEAS 


B Aline of best fit or trend line is positioned by eye by balancing the number of points above the 


line with the number of points below the line. 
* The distance of each point from the trend line also must be taken into account. 


Bi The equation of the line of best fit can be found using two 


points that are on the line of best fit. 1 
E For y= mx 4 c: 
m= p and substitute a point to find the value of c. 
e Alternatively, use y — y, = m(x — xı). 
E The line of best fit and its equation can be used for: > Xx 


e interpolation: constructing points within the given data range 
e extrapolation: constructing points outside the given data range. 


BUILDING UNDERSTANDING 


© Practise fitting a line of best fit on these scatter plots by trying to balance the number of points 
above the line with the numbers of points below the line. (Use the side of a ruler if you don’t want 
to draw a line.) 


a y 


o9 For each graph find the equation of the line in the form y = mx + c. First, find the gradient 


=e - and then subsititute a point. 
"WD 


© Using y = D — 3, find: 


a ywhen: 
i x=16 
b x when: 


y=4 
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Consider the variables x and y and the corresponding bivariate data. 


2 3 4 5 6 i 
2 2 3 4 4 5 


1 
1 


a Draw a scatter plot for the data. 
b Is there positive, negative or no correlation between x and y? 
c Fita line of best fit by eye to the data on the scatter plot. 
d Use your line of best fit to estimate: 
j y when x = 3.5 ii y when x = 0 
ili x when y = 1.5 Ww x when y — 5.5. 
SOLUTION EXPLANATION 
a y Plot the points on graph paper. 
A 
6 
5 " 
4 $ 
3 ° 
p oe 
1 ° 


OE 56 78 


b Positive correlation As x increases, y increases. 
c y Since a relationship exists, draw a line on the 
A plot, keeping as many points above as below the 
6 line. (There are no outliers in this case.) 
5 
4 
I 
S 
cane?) ikea I 
2 i i 
| I 
1 i i i 
| | 1 
L L L X- X 


C iza UC C EE 


dm WART Extend vertical and horizontal lines from the 
ii yzO4 values given and read off your solution. As they 
iii x 2 1.7 are approximations, we use the ~ sign and not 
iv x 27.8 the = sign. 


Continued on next page 
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Now you try 


Consider the variables x and y and the corresponding bivariate data. 


1 


2 


3 4 5 6 


10 


8 


8 6 5 3 


Draw a scatter plot for the data. 


Q o cC 9 


Use your line of best fit to estimate: 
i y when x = 3.5 
ili x when y = 1.5 


T ue 


This scatter plot shows a linear relationship 
between English marks and Literature marks 
in a small class of students. A trend line 
passes through (40, 30) and (60, 60). 
a Find the equation of the trend line. 
b Use your equation to estimate a Literature 
score if the English score is: 
i 50 
ii 86. 
€ Use your equation to estimate the English 
score if the Literature score is: 
i 42 
ii 87. 


SOLUTION 


a y=mx+c 
mou e es 
60—40 20 2 
3 

So M em often 
y 7 G 


(40, 30):30 = 5140) +e 


30=60+c 
c = —30 
3 
<. y = =x — 30 
2 
Essential Mathematics for the ISBN 978-1-108-77346-1 


Literature mark (%) 


Is there positive, negative or no correlation between x and y? 
Fit a line of best fit by eye to the data on the scatter plot. 


ii y when x = 0 
iv xwheny= 5.5. 


O 20 40 60 80 100 
English mark (96) 
EXPLANATION 


»2 


Use m = 22T for the two given points. 
A9 co 


Substitute either (40, 30) or (60, 60) to find c. 
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b i y = 560) - 30 = 45 


-. Literature score is 45. 
T 3 
il y= 259] — 30 2 99 


-. Literature score is 99. 


x= 48 
-. English score is 48. 


NES eS m 
9) 


1172 2 
2 


= T 
.. English score is 78. 


Now you try 


Substitute x = 50 and find the value of y. 


Repeat for x = 86. 


Substitute y = 42 and solve for x. 


Repeat for y = 87. 


This scatter plot shows a linear relationship between the mass and height of a small number of dogs. 
A trend line passes through (10, 20) and (40, 70). 


y 
A 
70 4 e 
60 4 
E 504 o o 
E 
So 
n0) ES 
107 
T T T T T T T T > X 
O w w w AG 
Mass (kg) 
a Find the equation of the trend line. 
b Use your equation to estimate a dog’s height if its mass is: 
i 25kg ii 52 kg. 
€ Use your equation to estimate a dog's mass if its height is: 
i 60cm ii 80cm. 
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Exercise 9H 


1-3 1, 2(1/2), 3 1l; 


Example! 1 Consider the variables x and y and the corresponding bivariate data. 


1 2 3 4 5 6 
2 2 3 4 4 5 


a Draw a scatter plot for the data. 
b Isthere positive, negative or no correlation between x and y? 
Cc Fit a line of best fit by eye to the data on the scatter plot. 
d Use your line of best fit to estimate: 
i y when x = 3.5 ii y when x = 0 
iii x when y = 2 iv x when y = 5.5. 
2 For the following scatter plots, pencil in a line of best fit by eye, and then use your line to estimate the 
value of y when x = 5. 
a y b y 
10 _ 20 ier 
$5 d 10 Le 
T z : T T > x 
fal T 10 » X O 5 1 0 
c y d y 
1.04. n 
oe? 50 ét. © y P. 
0.5 d ai * 
d T T T > X 
. O 5 10 
T T T T T > x 
O 25 5 75 10 
Exmplei2 3 This scatter plot shows a linear relationship y 
between Mathematics marks and Physics 100 A 
marks in a small class of students. A trend 
line passes through (20, 30) and (70, 60). 80 
a Find the equation of the trend line. 
b Use your equation to find the Physics score 9 M 
if the Mathematics score is: 3 
i 40 ij 90. e | 
: : & 404 
€ Use your equation to find the Mathematics 
score if the Physics score is: j | 
i 36 ii 78. 4 
T T T T T T T T T T > XxX 
O 20 40 60 80 100 
Mathematics (96) 
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PROBLEM-SOLVING 4 4,5 4,5 


4 Over eight consecutive years, a city nursery has measured the growth of an outdoor bamboo species 
for that year. The annual rainfall in the area where the bamboo is growing was also recorded. The data 
are listed in the table. 


450 | 620 | 560 | 830 | 680 | 650 | 720 | 540 
25 45 25 85 50 55 50 20 


Draw a scatter plot for the data, showing growth on the 
vertical axis. 

b Fita line of best fit by eye. 

€ Use your line of best fit to estimate the growth expected 
for the following rainfall readings. 
You do not need to find the equation of the line. 
i 500mm ii 900mm 


d Use your line of best fit to estimate the rainfall for a given 


year if the growth of the bamboo was: 
i 30cm ii 60 cm. 


9 Aline of best fit for a scatter plot, relating the weight (kg) and length (cm) of a group of dogs, passes 
through the points (15, 70) and (25, 120). Assume weight is on the x-axis. 
a Find the equation of the trend line. 
b Use your equation to estimate the length of an 18 kg dog. 
€ Use your equation to estimate the weight of a dog that has a length of 100 cm. 


6 6,7 7,8 


6 Describe the problem when using each trend line below for interpolation. 


a y b y 

e e 

e 
e 
e 
e 
e 
> x x 
7 Describe the problem when using each trend line below for extrapolation. 
a y by 
e. 
LJ 
e 
»X 
>x 
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8 A trend line relating the percentage scores for Music performance (y) and Music theory (x) is given by 
4 
= -x + 10. 

a 

a Find the value of x when: 
i y=50 ii y= 98. 

b What problem occurs in predicting Music theory scores when using high Music performance 
Scores? 


ENRICHMENT: Heart rate and age = = 9 


9 Two independent scientific experiments confirmed a correlation between Maximum heart rate (in beats 
per minute or b.p.m.) after high intensity exercise and Age (in years). The data for the two experiments 
are as follows. 


205 | 195 | 180 | 185 | 175 | 160 | 160 | 145 | 150 | 150 | 135 | 140 | 90 


a Sketch separate scatter plots for experiment 1 and experiment 2. 

b By fitting a line of best fit by eye to your scatter plots, estimate the maximum heart rate for a 
person aged 55 years, using the results from: 
i experiment 1 ii experiment 2. 

c Estimate the age of a person who has a maximum heart rate of 190, using the results from: 
i experiment 1 ii experiment 2. 
For a person aged 25 years, which experiment estimates a lower maximum heart rate? 
Research the average maximum heart rate of people according to age and compare with the results 
given above. 


Different watches are used by people to record heart rate. 
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9| Linear regression using technology 10a 


Learning intentions 

e To understand that there are different methods for fitting a straight line to bivariate data 
e To know how to use technology to find the least squares regression line 

e To be able to use the regression line equation as a model to make predictions 


In Section 9H we used a line of best fit by eye to describe a general linear (i.e. straight line) trend for bivariate 
data. In this section we look at the more formal methods for fitting straight lines to bivariate data. This is called 
linear regression. There are many different methods used by statisticians to model bivariate data. One of the 
most common methods is called least squares regression. This is best handled with the use of technology. 


Data scientists use machine learning algorithms, such as multiple linear regression, to extract 
relationships from big data. Predictive modelling applications include insurance premiums, 
financial services, healthcare, stock market trading and effects of climate change. 


| LESSON STARTER | rv: What can my calculator or software do? 


Explore the menus of your chosen technology to see what kind of regression tools are available. For CAS 
calculator users, refer to page 721. 


e Can you find the least squares regression tools? 
e Use your technology to try Example 13. 


KEY IDEAS " 


E Linear regression involves using a method to fit a straight line to bivariate data. 
e The result is a straight line equation that can be used for interpolation and extrapolation. 


E The least squares regression line minimises the sum of the square of the deviations of each point 
from the line. 
e Outliers have an effect on the least squares regression line because all deviations are included 
in the calculation of the equation of the line. 
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BUILDING UNDERSTANDING 


(1) A regression line for a bivariate data set is given by y = 2.3x — 4.1. Use this equation to find: 


a the value of y when x is: 
i 7 ii 3.2 
b the value of x when y is: 
i 12 ii 0.5 
e Give a brief reason why a linear regression line is not very useful in the following scatter plots. 


b y 


Consider the following data and use a graphics or CAS calculator or software to help answer the 
questions below. Round answers to two decimal places where necessary. 


Eee a ea Pare eae Aes SCIEN 


[18]| 2 | 15 | 16 | 17 | 13 | 08 | 11 | 08 | 07 | 


Construct a scatter plot for the data. 


Find the equation of the least squares regression line. 
Sketch the graph of the regression line onto the scatter plot. 


£c c £t 


Use the least squares regression line to estimate the value of y when x is: 
i 45 ii 15. 
Now you try 


Consider the following data and use a graphics or CAS calculator or software to help answer the 
questions below. Round answers to two decimal places where necessary. 


1 3 3 4 6 7 9 10 
OS | 2 


1 || 3 3 | Gs | $9] 8 
Construct a scatter plot for the data. 


Find the equation of the least squares regression line. 
Sketch the graph of the regression line onto the scatter plot. 


2 o cC £t 


Use the least squares regression line to estimate the value of y when x is: 
i 45 ii 15. 
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Using calculators to find equations of regression (CAS) 


Using the TI-Nspire: Using the ClassPad: 

a,b,c Ina Lists & Spreadsheet page enter the data a,b,c In the Statistics application enter the data into 
in the lists named xva/ue and yvalue. Insert a the lists. Tap Calc, Regression, Linear Reg and 
Data & Statistics page and select xvalue as the set XList to listi, YList to list2, Freq to 1, Copy 
variable on the horizontal axis and yva/ue as the Formula to yf and Copy Residual to Off. Tap OK 
variable on the vertical axis. to view the regression equation. Tap on OK 

again to view the regression line. 

To show the linear regression line and Tap Analysis, Trace and then scroll along the 
equation use >Analyze>Regression>Show regression line. 


eo ee Ea B 


cl. (125200873862445- x*1. 9% 


Linear(mx + b) 


y = 0.126201: x*1.98624 


OF 12 33:4. 5. 16: 7:8 :8; 10311 
xvalue 


Least squares: y = —0.126201x + 1.986245 


di yzm142 
ii ym 0.09 
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Using calculators to find equations of regression (non-CAS) 


Using the TI-Nspire CX non-CAS: 


a, b, c 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


In a Lists & Spreadsheet page enter the data 

in the lists named xvalue and yvalue. Insert a 
Data & Statistics page and select xvalue as the 
variable on the horizontal axis and yvalue as the 
variable on the vertical axis. 


To show the linear regression line and 
equation use >Analyze>Regression>Show 
Linear (mx + b) 


OF 12 3) 4*8. 6 758 19710513 
xvalue 


Least squares: y = —0.126201x + 1.986245 


i ym142 
ii yx 0.09 


ISBN 978-1-108-77346-1 


Using the Casio: 


a, b, € 


© Greenwood et al. 2020 


In the Statistics application enter the x-data 
into List 1 and y-data into List 2. Select F2 
(CALC), F3 (REG), F1 (X) and F1(ax+b). Select 
Copy to y1 to store the regression values, and 
then select EXE. 


Select EXIT to return to the main menu, and 
then select F6 (SET) to set the Graph Type to 
Scatter, XList to List, YList to List2, then press 
EXE. Then select F1 (GRAPH) then F1 (GRAPH1) 
to show the plotted points. Select F1 (CALC), 
F2 (X), F1 (ax+b) then F6 (DRAW) to show the 
regression line. 


Select SHIFT F1 (TRACE) and then scroll along 
the regression line. 


E 


Select SHIFT F5 (G-Solv) then F1 (Y-CAL). 
Enter in x = 4.5 to obtain the estimate for y. 
Repeat for x= 15. 


Y21.418340811 , 


Ël Des Rorm1) 


Regression 


X=15, ¥=0.093231441 , 
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Exercise 9l 


1,2 1,2 1,2 


examples. 1 Consider the data in tables AC and use a graphics or CAS calculator or software to help answer the 


following questions. Round answers to two decimal places where necessary. 


d 1 2 3 4 5 6 7 8 
32 | 5 | 56} 54 |68 | 69 | 71 | 7.6 
B 3 6 7 | 10 | 14 | 17 | 21 | 26 
3.8 | 3.7 | 3.9 | 36 | 3.1 | 25 | 2.9 | 24 
p 0.1 | 0.2 | 0.5 | 0.8 | 0.9 | 1.2 | 1.6 | 1.7 
8.2 | 5.9 | 61 |43 | 42 | 1.9 | 25 | 24 
a Construct a scatter plot for the data. 
b Find the equation of the least squares regression line. 
€ Sketch the graph of the regression line onto the scatter plot. 
d Use the least squares regression line to estimate the value of y when x is: 


i 7 ii 12. 


a Using Age for the x-axis and rounding your coefficients to two decimal places, find the least 
squares regression line. 

b Use your least squares regression line to estimate the value of a 3-year-old car, correct to the nearest 
dollar. 

€ Use your least squares regression line to estimate the age of a $15 000 car, correct to the nearest year. 
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PROBLEM-SOLVING 3,4 3,4 4,5 


3 A factory that produces denim jackets does not have air-conditioning. It was suggested that high 
temperatures inside the factory were having an effect on the number of jackets able to be produced, so 
a study was completed and data collected on 14 consecutive days. 


Use a graphics or CAS calculator to complete the following. 


a Draw a scatter plot for the data. 
b Find the equation of the least squares regression line, rounding coefficients to two decimal places. 
€ Graph the line onto the scatter plot. 
d Use the regression line to estimate how many jackets, correct to the nearest whole number, would 
be able to be produced if the maximum daily temperature in the factory was: 
i 30°C ii 35°C iii 45°C. 


4 A particular brand of electronic photocopier is considered for scrap once it has broken down more 
than 50 times or if it has produced more than 200000 copies. A study of one particular copier gave the 


following results. 


20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100] 110 | 120 | 130 | 140 | 150 


Sketch a scatter plot for the data. 
Find the equation of the least squares regression line. 
Graph the least squares regression line onto the scatter plot. 


ao oa 2 


Using your regression line, estimate the number of copies the photocopier will have produced at the 
point when you would expect 50 breakdowns. 

e Would you expect this photocopier to be considered for scrap because of the number of 
breakdowns or the number of copies made? 
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5 Ata suburban sports club, the distance record for the hammer throw has increased over time. The first 
recorded value was 72.3 m in 1967 and the most recent record was 118.2 m in 1996. 


Further details are as follows. 


1967 1968 1969 1976 1978 1983 1987 1996 
72.3 73.4 82.7 94.2 99.1 101.2 111.6 118.2 


a Draw a scatter plot for the data. 
Find the equation of the least squares regression line. 
Use your regression equation to estimate the distance record for the hammer throw for: 


i 2000 ii 2020. 
d Would you say that it is realistic to use your regression equation to estimate distance records 
beyond 2020? Why? 
6 6,7 6,7 


6 Briefly explain why the least squares regression line is affected by outliers. 


7 This scatter plot shows both the least squares regression line and y 
another type of regression line. Which line (i.e. A or B) do you think 
is the least squares line? Give a reason. 


ENRICHMENT: Correlation coefficient 


8 Use the internet to find out about the Pearson correlation coefficient and then answer these questions. 
a Whatis the coefficient used for? 
b Do most calculators include the coefficient as part of their statistical functions? 
© What does a relatively large or small correlation coefficient mean? 


. Statisticians work in many fields 
of industry, business, finance, 
research, government and social 
services. As computers are used 
to process the data, they can 
spend more time on higher-level 
skills, such as designing 
statistical investigations and 
data analysis. 
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Chapter 9 


Estimating future average maximum daily temperatures 


At a weather station near 
Canberra the following data 


representing the average 


monthly maximum temperature [5999 | 95 1] 29.2| 25.7] 20.4] 15.1] 126) 11.91 13.5] 18.21 19.5| 2281 28 
was calculated by the Bureau 2001 | 31.2] 29| 23.7] 21.3] 16.6| 14.3] 12.6] 13.7] 18.8] 18.9] 22.4] 26.5 
of Meteorology. 2002 | 28.7| 24.5| 25.5| 22.6] 16.2| 13.4] 12.8] 14.9] 17.9] 21.7| 27.7] 28.4 


Modelling E R 


Preliminary task 2005 | 28.8) 27|245| 24.3] 18.3] 13.9] 12.71 145| 16.4| 20.4| 22.9] 28.8 
a For the month of 


January, plot a graph of [2008 |292|24.5| 26|19.6| 17.2| 14.5| 11.6| 13] 18.3] 23.1| 23.1| 24.9 
the average maximum 2009 | 31.2) 28.9| 26.6| 19.6| 16.4| 12.4| 12.6| 14.7, 17.6| 18.8; 28.8| 29 


daily temperature from 


1997 to 2018. 2012 | 26.8) 247 | 221| 202| 15.5| 1271 127) 135| 18| 209| 25.3) 272 
b Use technology or 2013| 32|26.8| 25.1| 21.8| 16.8| 13.4| 12.7] 14.3| 19.7] 21.9| 237| 28.5 
DOT E 2014 | 312| 28.9| 24.1| 19.3| 174| 131 12.1| 13.9| 17.8| 227| 27.3] 27.3 


ule for a line of good ^ 916 [77 7! 29.1| 26.8] 234| 17.6] 12.6 12.6| 14.2/ 15.7| 18.5| 25 | 28.1 
fit (regression line) to — [2017 | 31.9 | 29.6 | 25.5| 19.6| 16.2| 13.4] 12.7 | 13.6| 17.8 | 22.6 | 23.8, 27.4 
model the January data, |2018| 31|283|263|249| 173| 13] 13.3] 137| 17.9| 22.4| 24.1| 29.1 


€ Use your model to predict the average maximum monthly temperature in Canberra in 2030. 


Modelling task 


The problem is to use graphs and regression lines to predict the average temperature for a given 
month in Canberra in 2030. Write down all the relevant information that will help solve this problem. 


Using the given data, choose a month (not January) to construct a time-series plot for the average 
maximum monthly temperature from 1997 to 2018. 

Sketch a line of good fit on your plot and find its equation. 

Use your line of good fit to predict the average monthly maximum temperature for Canberra in 
2030 for your chosen month. 

Repeat the above for at least one other chosen month. 


Compare the results from part d above against the given temperatures in the table. 


Evaluate 


and Decide if your results imply that future temperatures for Canberra are increasing. 
verify " " ; 
Explain how the gradient of your line of good fit relates to your answer to part J above. 


Use technology if possible to verify the accuracy of your line of best fit. 


Summarise your results and describe any key findings. 


Extension question 


a Use data obtained from the Bureau of Meteorology's website to explore maximum temperature 
trends in other regions of Australia. 
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Indigenous population comparison 


The following data were collected by the Australian Bureau 
of Statistics during the 2016 National Census. The table shows 
the population of Indigenous and non-Indigenous people in 


Australia and uses class intervals of 5 years. 


uoneBnsaAu| iT 


0-4 years 1464779 73265 1311383 80133 


5-9 years 1502646 75755 1349301 77589 
10-14 years 1397183 71378 1255464 70340 
15-19 years 121595 66 266 1281384 73945 
20-24 years 1566793 57452 1412454 96 885 
25-29 years 1664602 47934 1504558 112112 
30-34 years 1703847 40927 1554346 108575 
35-39 years 1561679 35401 1434043 92232 
40-44 years 1583257 36994 1454855 91406 
45-49 years 1581 455 36034 1452864 92552 
50-54 years 1523551 31381 1401 237 90932 
55-59 years 1454332 25897 1339963 88476 
60—64 years 1299397 19541 1199438 80426 
65-69 years 1188999 13722 1099519 75752 
70-74 years 887716 8129 820805 58785 
75-79 years 652657 4689 602518 45 456 
80-84 years 460549 2677 423557 34314 
85 years and over 486 842 1734 443533 41577 


Indigenous histogram 
a Use the given data to construct a histogram for the population of Indigenous people in Australia in 2016. 
b Which age group contained the most Indigenous people? 
¢ Describe the shape of the histogram. Is it symmetrical or skewed? 


Non-Indigenous histogram 
a Use the given data to construct a histogram for the population of non-Indigenous people in 
Australia in 2016. 
Try to construct this histogram so it is roughly the same width and height as the histogram for the 
Indigenous population. You will need to rescale the y-axis. 
b Which age group contains the most number of non-Indigenous people? 
€ Describe the shape of the histogram. Is it symmetrical or skewed? 


Comparisons 
a Explain the main differences in the shapes of the two histograms. 
b What do the histograms tell you about the age of Indigenous and non-Indigenous people in 
Australia in 2016? 
€ What do the graphs tell you about the difference in life expectancy for Indigenous and non- 
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Chapter 9 
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The mean mass of six boys is 71 kg, and the Up for a challenges? If you get stuck 


mean mass of five girls is 60 kg. Find the average on a question, check out the 'Working 
mass of all 11 people put together. with unfamiliar problems’ poster at 


the end of the book to help you. 


Sean has a current four-topic average of 78% for 
Mathematics. What score does he need in the 


fifth topic to have an overall average of 80%? 


A single-ordered data set includes the following data. 
2,425, 6,8, 105% 
What is the largest possible value of x if it is not an outlier? 


Find the interquartile range for a set of data if 75% of the data are above 2.6 and 25% of the data are 
above 3.7. 


A single data set has 3 added to every value. Describe the change in: 


a the mean 

b the median 

€ the range 

d the interquartile range 
e the standard deviation. 


Three key points on a scatter plot have coordinates (1, 3), (2, 3) and (4, 9). Find a quadratic equation 
that fits these three points exactly. 


Six numbers are written in ascending order: 1.4, 3, 4.7, 5.8, a, 11. 
Find all possible values of a if the number 11 is considered to be an outlier. 


The class mean, x, and standard deviation, s, for some Year 10 term tests are: 

Maths (x = 70%, s = 9%); Physics (x = 70%, s = 6%); Biology (x = 80%, s = 6.5%). 

If Emily gained 80% in each of these subjects, which was her best and worst result? Give reasons for 
your answer. 
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Collecting data 
A survey can be used to collect data from a population. The sample of the population 
chosen to be surveyed should be selected without bias and should be representative 
of the population. 


Data Graphs for single set of categorical or discrete data 
Categorical Numerical Dot plot Column graphs Stem-and-leaf plot 
* Nominal e Discrete (1, 2, 3, ...) 
(red, blue, ...) ^ e Continuous 
* Ordinal (0.31, 0.481, ...) 
(low, medium, ...) 


Stem | Leaf 


I. 


C D 2|3 means 23 
Category 


High 
Very 
high 
Frequency 
"Ba 
o RN 


Grouped data 
Percentage 
Class interval |Frequency | frequency 
0- 2 
10- 4 
20— 3 
30—40 1 
Total 10 


Histogram 


Measures of centre 


sum of all values 
number of scores 
e Median (Q,) = middle value 
(Mode = most common value) 


e Mean (x) = 


Measures of spread 
* Range = max — min 
* Interquartile range (IQR) = Q4 — Q, 
e Sample standard deviation (s) for n 
data values (10A) 


Percentage 
frequency 


& 4 
$3 
B2 
EO 

0 


10 20 30 40 


Quartiles 
Q4: above 25% of the data 
Q4: above 75% of the data 
2:375 7: 8:9 1 1A 


= |4- X +% X+.. + 067 X) 


n-i 
e If s is relatively small the data are 
concentrated about the mean. 
* If s is relatively large the data are 


spread out from the mean. 


1 ! 
Qi Q2 = 8.5 Q5 
14 7)8(12 16 21 
Box plots 
Outliers 
e Single data set 
— less than Q , — 1.5 x IQR or T 
more than Qs + 1.5 x IQR i Med 
* Bivariate 
— not in the vicinity of the rest of 
the data 


i) o 0; 


Time-series data 


Downwards linear trend 


MASS 


Bivariate data 
* Two related variables 
* Scatter plot 


Weak, negative 


correlation No correlation 


line of y 
best fit Linear regression using 


(y= mx4 c) technology (10A) 


A strong, positive e Least squares line 


correlation 
X 
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Chapter checklist: Success criteria 


v 
to | 1. Ican describe types of data. 
2c» e.g. What type of data would the survey question ‘How many pairs of shoes do you own?’ generate? 
= 
e [9 | 2. |can choose a survey sample. 
@ e.g. A survey is carried out by calling people listed in the phone book, to determine their voting 
= preferences for a state election. Why will this sample not necessarily be representative of the 
state’s views? 
e 
= e 3. | can present data in a histogram. 
£m e.g. 15 people were surveyed to find out how many hours they spend on the internet in a week. 
ES The data are: 
c 16 Ws WE) PA AS) te th, Wy 2 al, Bh, 87814. 
Construct a histogram for the data using class intervals of 5, showing both the frequency and 
percentage frequency on the one graph. 
e 4. | can analyse data in a statistical graph. 
e.g. For the stem-and-leaf plot shown below, find the mean correct to one decimal place, the 
median and the mode. 
Stem | Leaf 
|| 2a 7 
1 1146 
|| Osis) 
8. || 26 
2|3 means 23 
5. | can find the five-figure summary and interquartile range. 
e.g. For the data set below find the minimum, maximum, median, upper and lower quartiles and the 
range and IQR. 
TNO 22a 48922. 25526530 
e 6. | can find any outliers in a data set. 
e.g. The following data represent the number of aces by a tennis player in 11 grand slam matches 
for the year: 
15, 12, 22, 2, 10, 18, 16, 14, 15, 20, 16 
For the data find the upper and lower quartiles and use these to help determine if there are any 
outliers. 
[ep | 7. lcan construct a box plot. 
e.g. For the data set 5, 8, 2, 1, 6, 3, 3, 1, 4, 18, 2, 8, 5, draw a box plot to summarise the data, 
marking outliers if they exist. 
ae 8. | can calculate the standard deviation. 
e.g. For the data set 10, 5, 4, 7, 2, calculate the mean and standard deviation correct to one (m) 
decimal place. 
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9. | can interpret a standard deviation value. 
e.g. This back-to-back stem-and-leaf plot shows the average monthly maximum (m) 
temperatures for a year in New York and Melbourne. The mean and standard deviation 
are given. 


New York Melbourne Melbourne: x = 19.8, s= 4.6 
Leaf | Stem | Leaf New York: x = 17.1, s = 9.4 


754| 0 
goza 3 34577 
99752) 2 |0024466 
1| 7 means 17°C 


By looking at the stem-and-leaf plot, suggest why New York’s mean is less than that of Melbourne 
and why New York’s standard deviation is larger than that of Melbourne. 


S 
18139423 43}dey9 E i 


e 10. I can plot and interpret a time-series plot. 
e.g. The approximate number of DVD rental stores in a city over a 10-year period is shown below. 


Plot the time series and describe the trend in the data over the 10 years. 


. | can construct and interpret a scatter plot. 
e.g. For the bivariate data set below, draw a scatter plot and describe the correlation between x and 
y as positive or negative and strong or weak. 


5 8 12 4 6 15 11 3 
4.4 6 11 47 | 5.3 | 11.6) 10.3 | 24 


oH | 12. | can fit a line of best fit by eye and use the line to make predictions. 
e.g. For the scatter plot from the data set above, fit a line of best fit by eye on the scatter plot and 
use it to estimate y when x = 10 and x when y = 8. 


— 
— 


. | can find the equation of a line of best fit. 
e.g. A scatter plot shows a linear relationship between two variables x and y. If the trend line 
passes through (20, 15) and (40, 25), find the equation of the trend line and use it to estimate x 
when y = 50. 


. | can find and use a regression line using technology. 
e.g. For the data set below, use technology to construct a scatter plot for the data and find 
the equation of the least squares regression line. Use the equation to estimate the value of 
y when x is 12. 


2 3 5 6 Ü 8 8 9 
108|106| 92 | 47 | 73 | 56 | 62 | 41 


-— 
oo 


— 
> 
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Short-answer questions 


æ] 1 A group of 16 people was surveyed to find the number of hours of television they watch in a 
week. The raw data are listed: 


z 6, 5, 11, 13, 24, 8, 1, 12 
a 7, 6, 14, 10, 9, 16, 8, 3 
2 a Organise the data into a table with class intervals of 5 and include a percentage frequency 
S column. 
D b Construct a histogram for the data, showing both the frequency and percentage frequency on 
= the graph. 
e € Would you describe the data as symmetrical, positively skewed or negatively skewed? 
c5 d Construct a stem-and-leaf plot for the data, using 10s as the stem. 
e Use your stem-and-leaf plot to find the median. 
C3 2 Foreach set of data below, complete the following tasks. 
i Find the range. 
ii Find the lower quartile (Q ,) and the upper quartile (Q5). 
iii Find the interquartile range. 
iv Locate any outliers. 
V Draw a box plot. 
a 2,2,3,3, 3,4, 5, 6, 12 
b 11, 12, 15, 15, 17, 18, 20, 21, 24, 27, 28 
€ 2.4, 0.7, 2.1, 2.8, 2.3, 2.6, 2.6, 1.9, 3.1, 2.2 
(m) 3 Compare these parallel box plots, A and B, and answer the following as true or false. 
a The range for A is greater than the range for B. mm B 
b The median for A is equal to the median for B. 
c The interquartile range is smaller for B. —_ |] | A 
d 75% of the data for A sit below 80. < a e a 
0 20 40 60 80 100 
C3 4 Consider the simple bivariate data set. 
1 4/3/21 4/3 ]/2],5 4] 5 
24 | 15 | 16 | 20 | 22 | 11 | 5 | 17 | 6 | 8 
a Draw a scatter plot for the data. 
b Describe the correlation between x and y as positive or negative. 
€ Describe the correlation between x and y as strong or weak. 
d Identify any outliers. 7 
ED 9 The line of best fit passes through the two points A 
labelled on this graph. 
a Find the equation of the line of best fit. (6, 5) 
b Use your equation to estimate the value of y when: 
i x=4 ii x=10. 
€ Use your equation to estimate the value of x when: 
i y=3 ii y= 12. 
» Xx 
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6 Calculate the mean and sample standard deviation for these small data sets. Round the standard 


deviation to one decimal place. 


a 4,5, 7,9, 10 b 1,1,3,5,5,9 


C3 7 The Cats and The Vipers basketball teams compare their number of points per match for a 
season. 


The data are presented in this back-to-back stem-and-leaf plot. 


CD 
The Cats The Vipers vm 
Leaf | Stem | Leaf = 
cD 
0 9 <, 
2 1 9 cD 
8 3 2 0489 = 
74 3 24789 
97410 4 28 
762 5 0 
2|4 means 24 points 
State which team has: 
a the higher range 
b the higher mean 
€ the higher median 
d the higher standard deviation. 
8 Describe the trend in these time-series plots as linear, non-linear or no trend. 
a A b .? 
° E: e > 
> Time 
Time 
9 For the simple bivariate data set in Question 4, rounding coefficients to two decimal places, 
use technology to find the equation of the least squares regression line. 
Multiple-choice questions 
1 The type of data generated by the survey question What is your favourite food? is: 
A numerical and discrete 
B numerical and continuous 
C asample 
D categorical and nominal 
E categorical and ordinal 
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Questions 2-4 refer to the dot plot shown at right. - 
2345 
Es Score 
> æ] 2 The mean of the scores in the data is: 
a A 3.5 B 39 C 3 D 4 E 5 
2> : 
a> C3) 3 The mode for the data is: 
2 A 3.5 B 2 C 3 D 4 E 5 
cS 
== C3) 4 The dot plot is: 
e A symmetrical B positively skewed C negatively skewed 


D bi-modal E correlated 


Questions 5 and 6 refer to this box plot. rd 


2 4 6 8 10 12 14 16 18 20 22 


5 The interquartile range is: 
A 8 B 5 C 3 D 20 E 14 


6 The range is: 
A 5 B 3 C 20 D 14 E 8 


The sample standard deviation for the small data set 1, 1, 2, 3, 3 is: 
A 0.8 B 2 C 1 D 0.9 E 2.5 


8 The variables x and y in this scatter plot could be 


0:000 


described as having: 
no correlation ° e o 
a strong, positive correlation e 


A 

B 

C astrong, negative correlation . 
D a weak, negative correlation 

E 


a weak, positive correlation 


> xX 


ED 9 The equation of the line of best fit for a set of bivariate data is given by y = 2.5x — 3. An 
estimate for the value of x when y = 7 is: 
A -14 B 1.2 C 1.6 D 7 E 4 


ED 10 The equation of the line of best fit connecting the points (1, 1) and (4, 6) is: 


5 2 5 8 
A =5x+3 B = y- 2 C ma xd 
á dd ae dai ud. 
2 
D CE E jag 
3 3 3 
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Extended-response questions 
1 The number of flying foxes taking refuge in two different fig trees was recorded over a period of 
IT] 
z 
£5 
T 
mp 


14 days. The data collected are given here. 


56 | 38 | 47 | 59 | 63 | 43 | 49 | 51 | 60 | 77 | 71 | 48 | 50 | 62 
73 | 50 | 36 | 82 | 15 | 24 | 73 | 57 | 65 | 86 | 51 | 32 | 21 | 39 


a Find the IQR for: © 
i tree 1 = 
il tree 2. co 

b Identify any outliers for: = 
i tree | = 
ji tree 2. 

€ Draw parallel box plots for the data. 

d By comparing your box plots, describe 
the difference in the ways the flying 
foxes use the two fig trees for taking 
refuge. 

2 The approximate number of shoppers in an air-conditioned shopping plaza was recorded for 
14 days, along with the corresponding maximum daily outside temperatures for those days. 
5 8 11 | 12 | 13 | 14 
38 30 25 | 27 | 29 | 33 
1750 1450 850 | 700 | 950 | 1250 

a Draw a scatter plot for the number of shoppers versus the maximum daily temperatures, 
with the number of shoppers, correct to the nearest whole number, on the vertical axis, and 
describe the correlation between the variables as either positive, negative or none. 

b Use technology to determine the least squares regression line for the data, rounding 
coefficients to two decimal places. 
c Use your least squares regression equation to estimate: 
i the number of shoppers on a day, correct to the nearest whole number, with a maximum 
daily temperature of 24°C 
ii the maximum daily temperature, correct to one decimal place, if the number of shoppers 
at the plaza is 1500. 
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CHAPTER 


Logarithms a 
polynomials 


LEH 


T 


E 
E E The inverse of the exponential function, called the Pure water has a.pH value of 7 and is classified as 
= logarithm function, is used in many fields. The neutral. However, adding chemicals such as chlorine 
"^ common logarithm (know as the base 10 logarithm) can make the water either more acidic or more 
D" "s is helpful in representing very big and very small basic. In Olympic swimming pools, a pH level of 
be numbers, and in chemistry, logarithms are used 1.4 is ideal, as it matches the pH level of the human 
| when describing and measuring pH levels of a eye. Pool water with pH within a range of 7.2 to 7.8 
solution: pH = — log 49 (hydrogen ion in solution). allows there to be enough chlorine to act on any 
The term pH comes from the Latin potentia germs, while still making the water comfortable 


hydrogenii, or ‘capacity of hydrogen’. The pH scale for the swimmers (avoiding skin irritation or the 
has values from 0 (very acidic) to 14 (very alkaline). dreaded ‘eye burn’) and preventing damage to the 
As the pH scale is a logarithmic scale, a pH value of lining of the pool or its mechanical parts. 


. 5 is ten times more acidic than a pH value of 6. à; an 
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A host of additional online resources are 
included as part of your Interactive Textbook, 
including HOTmaths content, video 
demonstrations of all worked examples, 


auto-marked quizzes and much more. 


10A 
10B 
10€ 


10D 
10E 


10F 
10G 
10H 


Introducing logarithms (10A) 

Laws of logarithms (10A) 

Solving exponential equations using 
logarithms (104) 

Introducing polynomials (10A) 
Expanding and simplifying 

polynomials (10A) 

Division of polynomials (10A) 

The remainder and factor theorems (10A) 
Solving polynomial equations (10A) 


10! Graphs of polynomials (10A) 


NUMBER AND ALGEBRA 
Real numbers 


(104) Use the definition of a logarithm to 
establish and apply the laws of logarithms 
(ACMNA265) 


Patterns and algebra 


(104^) Investigate the concept of a polynomial 
and apply the factor and remainder theorems 
to solve problems (ACMNA266) 


Linear and non-linear relationships 


(10A) Apply understanding of polynomials 
to sketch a range of curves and describe the 
features of these curves from their equation 
(ACMNA268) 


© ACARA 
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Chapter 10 


10A Introducing logarithms 10a 


Learning intentions 

e To understand the form of a logarithm and its relationship with index form 
e To be able to convert between equivalent index and logarithmic forms 

To be able to evaluate simple logarithms both with and without technology 
To be able to solve simple logarithmic equations 


Logarithms (‘logical arithmetic’) are an important idea SS 


in mathematics and were invented by John Napier in 


the 17th century to simplify arithmetic calculations. 
Logarithms are linked directly to exponentials and can 
be used to solve a range of exponential equations. 


Recall that 2? = 8 (2 to the power 3 equals 8). We can 
also say that the logarithm of 8 to the base 2 equals 3 
and we write log, 8 = 3. So for exponential equations 
such as y = 2", a logarithm finds x for a given value of y. 


A logarithm can often be evaluated by hand but Seismologists calculate the magnitude of an earthquake 

calculators can also be used. using the logarithm of its intensity. The 2004 Sumatra 
earthquake of Richter magnitude 9.3 had 1000 times 

Logarithms can also be used to create logarithmic more intense shaking than the Richter magnitude 6.3 


‘ . . earthquake in Christchurch in 2011. 
scales, which are commonly used in science, 


economics and engineering. For example, the Richter 
scale, and the moment magnitude scale that replaced it, 
are logarithmic scales that illustrate the strength of an earthquake. 


| LESSON STARTER | vu: Can you work out logarithms? 


We know that 3? = 9, so log; 9 = 2. This means that log; 9 is equal to the index that makes 3 to the power 
of that index equal 9. Similarly, 10? = 1000 so log 19 1000 = 3. 
Now find the value of the following. 


e logio 100 e logio 10 000 e ]log516 
* logs 64 e log3 27 e log, 64 


KEY IDEAS 


B A logarithm of a number to a given base is the power (or index) to which the base is raised to 
give the number. 
e For example: log516 = 4 since 2! = 16, 
e The base a is written as a subscript to the operator word ‘log’; i.e. log4. 


Bi In general, if a* = y then log, y = x witha > 0 and y > 0. 
e We say ‘the logarithm of y to the base a is x’. 
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BUILDING UNDERSTANDING 


[1] State the missing values in this table. 


o State the value of the unknown number for each statement. 
2 to the power of what number gives 16? 
3 to the power of what number gives 81? 
7 to the power of what number gives 343? 
10 to the power of what number gives 10 000? 


e Give these numbers as fractions. 
a 0.0001 


Write an equivalent statement to the following. 


a logio 1000 = 3 D Pew 

SOLUTION EXPLANATION 

a 103 = 1000 log, y = x is equivalent to a* = y. 
b log,32=5 a* = y is equivalent to log, y = x. 
Now you try 


Write an equivalent statement to the following. 
a log;y 100 =2 Dos 


a Evaluate the following logarithms. 
i log58 ii logs 625 
b Evaluate the following. 


: 1 Fey 
Ì log 9 ii 1og49 0.001 
€ Evaluate, correct to three decimal places, using a calculator. 
i logio 7 ii logio 0.5 
Continued on next page 
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SOLUTION EXPLANATION 
a i log,8=3 Ask the question ‘2 to what power gives 8?’ 
(Note: 23 = 8.) 
ii logs 625 = 4 Sues res S S esum 
: 1 ik sull 
b i lg;--—2 BP M) 
£3 9 32 9 
ii logy) 0.001 = —3 = Sion 
103 1000 
c i 1ogj97 = 0.845 (to 3 d.p.) Use the log button on a calculator and use base 


10. (Some calculators will give log base 10 by 
pressing the log button.) 
ii logi9 0.5 = —0.301 (to 3 d.p.) Use the log button on a calculator. 


Now you try 


a Evaluate the following logarithms. 
i log, 16 ii log; 243 
b Evaluate the following. 


i logy ; ii log;9 0.01 
€ Evaluate, correct to three decimal places, using a calculator. 
i logjo5 ii logy) 0.45 


Find the value of x in these equations. 


a log,64 =x b log,x=6 
SOLUTION EXPLANATION 
a logy64=x log, y = x then a* = y. 
ALE = (ol 
m 43 = 64 
b logax 26 Write in index form: 
poc 26 22x2x2x2x2x2-264 
xe 
Now you try 
Find the value of x in these equations. 
a log4812 x b logsx=3 
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Exercise 10A 
FLUENCY 1-3, 4-5 (1/2) 2-6(1/2) 


1 Write an equivalent statement to the following. 


Example ta a i logy) 10000 = 4 ii log,32=5 
Example 1b bi 2=8 ii 3^-81 
Exampleta 2 Write the following in index form. 
a log;l16-24 b logy) 100 = 2 t€ log;27 =3 
d log» iz -2 e logj90.1 2 -1 f log; e -2 
4 9 
Exmpeth 3 Write the following in logarithmic form. 
a 2-8 hb 3-81 c 2232 d 2-216. e total ¢ 5321 
10 125 
Example2a 4 Evaluate the following logarithms. 
a log, 16 b log, 4 t log, 64 d log; 27 
e log;3 f logy 16 g logs 125 h logo 1000 
i log, 49 j log,, 121 k logy, 100000 | logy 729 
m log» | n logs 1 0 log37 1 p log, 1 
Example2h © Evaluate the following. 
1 1 1 
a log, — b log, — t€ log; — d logio — 
Bis £1 85g £10 109g 
1 1 1 1 
e log; — f log; — logs — h logg- 
8170 83 a1 g logs 625 88 g 
i logy 0.1 j log). 0.001 k logy) 0.00001 | log, 0.5 
m log, 0.125 n logs 0.2 0 logs 0.04 p log; 0.i 
Example2e 6 Evaluate, correct to three decimal places, using a calculator. i 
a logjo5 b log; 47 € logi;o 162 d logy 0.8 e logij90.17 f logy 25 
PROBLEM-SOLVING 7(1/2), 8 7(1/2), 8 7(4), 9 
Example3 7 Find the value of x in these equations. 
a log;27 =x b log, 32 =x t€ log, 64=x d logs 625 =x 
e logy) 1000 = x f logs 36 =x g logsx=4 h log3x24 
i logiox 23 j log3x = -2 k log4x = -1 | loggx 2 —3 
m log,27 —3 n log,32-5 0 log,64—3 p log,6422 
q log,81-4 r log, 10000 = 4 S log,05-2-1 t log40252 x 
8 Asingle bacterium cell divides into two every minute. 
a Complete this cell population table. 
b Write a rule for the population, P, after f minutes. 011[|2/13/]4|5 
€ Use your rule to find the population after 8 minutes. 1j2 
d Use trial and error to find the time (correct to the nearest minute) for the population to rise to 10000. 
e Write the exact answer to part d as a logarithm. 
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9 Evaluate: 
a logy 4 x log; 9 x log, 16 X logs 25 


b 2x logs 27 — 5 x logg 64 + 10 x logy 1000 


4 x logs 125 " 2 x log39 


logy 64 log;o 10 


10 10,11 11,12 
10 Consider a bacteria population growing such that the total increases 10-fold every hour. 
a Complete this table for the population (P) and logo P for 5 hours (h). 


DEM o 1 2 3 4 5 
E 10 100 


b Plot a graph of log;o P (y-axis) against hours (x-axis). What do you notice? 
c Find a rule linking log;o P with A. 


11 The Richter magnitude of an earthquake is determined from a logarithm of the amplitude of waves 
recorded by a seismograph. It uses log base 10. So for example, an earthquake of magnitude 3 is 
10 times more powerful than one with magnitude 2 and an earthquake of magnitude 7 is 100 times 
more powerful than one with magnitude 5. 
a Write the missing number. An earthquake of magnitude 6 is: 


i times more powerful than one of magnitude 5. 


ii times more powerful than one of magnitude 4. 


iii times more powerful than one of magnitude 2. 


b Write the missing number. An earthquake of magnitude 9 is: 


i times more powerful than one of magnitude 8. 


ii 1000 times more powerful than one of magnitude 


jii 106 times more powerful than one of magnitude 


12 Is it possible for a logarithm (of the form log,b) to give a negative result? If so, give an example and 


reasons. 
ENRICHMENT: Fractional logarithms = = 13(1/2) 


1 
13 We know that we can write V2 = 22, so log? V2 = ; and log; v2 = 3 Now evaluate the following 
without the use of a calculator. 


a log 12 b log 72 € log; V3 d logs 43 
e log; V7 f logy V10 g logio 4100 h log, 316 
i log; Yo j logs 125 k log, J64 | logs KESI 
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10B Laws of logarithms 10a 


Learning intentions 

e To know how to combine logarithms with the same base using the logarithm laws for addition and subtraction 
e To know properties of logarithms involving powers and the logarithm of 1 

e To be able to use logarithm properties to simplify expressions 


From the study of indices you will recall a number 
of index laws that can be used to manipulate 
expressions involving powers. Similarly, we have 
laws for logarithms and these can be derived using 
the index laws. 


Recall index law 1: a” x a” = a” +” 
Now let x = a” andy = a" (1) 


So m = logąx and n=log,y (2) 


From equation (1) xy = a" x a" Audiologists measure the loudness of sound in decibels (dB), 
— q"-*" (using index law 1) a logarithmic scale. Permanent hearing loss occurs after 
listening to 88 dB music 4 hours/day. Each 3 dB increase 


So: m+n= log, (xy) halves the safe time; at 100 dB hearing loss occurs in 15 
From (2) m+n= log, x + log,y minutes/day. 
So: log, (xy) = log, x + log, y 


This is a proof for one of the logarithm laws and we will develop the others later in this section. 


| LESSON STARTER | Gui; Proving a logarithm law 


In the introduction above there is a proof of the first logarithm law, which is considered in this section. 
It uses the first index law. 


e Now complete a similar proof for the second logarithm law, log, () = log, x — log, y, using the 
second index law. 


KEY IDEAS 


B Law 1: log,x+ log, y = log, (xy) 


e This relates to index law 1: a” x a” = a” +”, 


B Law 2: log;,x — log, y = log, (3 
e This relates to index law 2: a” + a" = a” =”, 


Bl Law 3: log, 3") = nlog,x 
e This relates to index law 3: (ag)? = gm xn, 


E Other properties of logarithms. 
e logl= 0, (a4 1) using a = 1 
* log4a= 1, using a! =a 


o Jag, - = log, xls log, x from law 3. 
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BUILDING UNDERSTANDING 


@ Complete the rules for logarithms using the given pronumerals. 


a log, (xy) = log, x + b log, () = 


€ log, b"=mx d log,a= 


e lui. .. f log, 5 = 


o State the missing numbers. 


a log| ]2 1 log,| ]20 


€ log,2+ log, = log, 8 log, 36 — log, = log,3 


e log, 34= = log,3 log, 3 = log, i 


© Evaluate: 
a log;o 100 b log, 32 € log; 27 
d -2logs25 e 4 log), 1000 f -6 log; 1 


Simplify the following. 
a log, 4 + log, 5 log, 22 — Tog 1 c 3log,2 
SOLUTION EXPLANATION 
a log,4 + log, 5 = log, 20 This is logarithm law 1: 
log; x + log,y = log, (xy) 
b log,22 — log, 11 = log,2 This uses logarithm law 2: 
log, x — log, y = log, £) 
(Note: log, x = log, 2.) 
c 3log,2= log; 23 Using logarithm law 3: nlog, x = log, x" 
= log, 8 
Now you try 
Simplify the following 
a log,3+ log, 8 b log, 32 — log, 16 c 2log,4 
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Simplify and evaluate the following expressions. 


a logo 1 b logs 5 
SOLUTION 

a logol=0 

b logs5=1 


€ log, = = los, 65" 


= —2 x logg6 
=-2x1 
2-2 


d 1og56 — log53 = log52 
= Íl 


Now you try 


Simplify and evaluate the following expressions. 


a log4l b log77 


Exercise 10B 


1 Simplify the following. 


t loge s d ]log56 — log53 


36 


EXPLANATION 


go 
oes 
Alternatively, use the rule log, i = — log, x. 


So loge = = — loge 36 
= -2 


logs ($) = oyad 2) 2 


t€ log3— d log315 — log35 


1, 2-5(1/2) 2-5(1/2) 


Exampesa a i log, 2+ log,7 ii log, 10 + log, 0.5 
Example 4h b i log, 12 - log, 6 ii 1og,77 — log, 11 
Example 4c c i 21og,3 ii 3log,4 
Exmpe4a 2 Simplify using the first logarithm law. 
a log,3 + log,2 b log, 5+ log,3 € log,7+ log,4 
d log,6+ log, 3 e log, 15 + log, 1 f log, 1+ log, 17 
Example 4b 3 Simplify using the second logarithm law. 
a log, 10 - log,5 b log, 36 — log, 12 € log, 100 — log, 10 
d log, 28 — log, 14 e log,3— log, 2 f 1og,7 — log,5 
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Example4e 4 Simplify using the third logarithm law. 


a 21og,3 b 21og,5 t€ 31log,3 
d 4log,2 e 5log,2 f 3log, 10 
Example 5a,b 5 Evaluate: 
a log31 blogz 1 € log,l 
d log44 e logjgl8 f log,a 
g 5logjl h 3log44 i zog; 7 
a 22) logy5 225 log3 243 
=] 10 —— | —— 
J 3 0810 2 10 
PROBLEM-SOLVING 6-7(1/2) 6-7(1/2) 6-8(1/3) 
Exmpesc 6 Simplify and evaluate. 
1 1 1 
a log- b log; — t€ log,— 
£2 4 £3 2] B4 64 
1 1 1 
d logs — e | — f logig ———— 
TES 5 "810305 10 190000 
Exmpest 7 Simplify and evaluate. 
a logs 10— log55 b log; 30 — log; 10 € log, 128 — log42 
d log48 + log42 e loggl6-4 logg4 f 1og;950 + logj92 
8 Simplify using a combination of log law number 3 with laws 1 and 2. 
a 21og42 + log35 b 41ogj92 + logjo3 
€ 31logj92 — logig4 d 51og;2 — log; 16 
e Llog; 4 + 2 log; 2 f log5;3- 5 logs 9 
d 37 Hopa E legs 16% bem 
3 82 3 82 4 85 5 85 


REASONING 9, 10 


1 1 1 
9 Recall that Vx = x2 and Wx = x3 and in general Vx = x". Use this to simplify the following. 


a log V8 b log, V32 
€ log, V16 d logy, V1000 
e log; V7 f logs J625 
10 Prove that: 
a log, : = —log, x using logarithm law 2 
b log, : = —log, x using logarithm law 3 
log,x 
11 Prove that log, Vx = ža using logarithm law 3. 
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ENRICHMENT: Proving the laws for logarithms = = 12 


12 Read the proof for logarithm law 1 in the introduction and then complete the following tasks. 
a Complete a proof giving all reasons for logarithm law 1: log, (xy) = log, x + log, y. 


b Complete a proof for logarithm law 2: log, () = log, x — log, y. 


€ Complete a proof for logarithm law 3: log, x" = n log, x. 
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Before the invention of the electronic calculator, multiplication and division of numbers with many digits was done with 
tables of logarithms or slide rules with logarithmic scales. 
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10C Solving exponential equations using 
logarithms 10a 


Learning Intentions 

e To know how to solve exponential equations by rewriting in logarithmic form using the given base 
e To be able to solve an exponential equation using base 10 

e To be able to use technology to evaluate logarithms 


When solving a simple exponential equation 

like 2* = 16 we know that the solution is x = 4 
because 24 = 16. Solving 2* = 10, however, 

is trickier and requires the use of logarithms. 
Depending on what calculator functions you 
have, one of two different methods can be chosen. 
These methods can be used to solve many types 
of problems in science and finance. 


The many applications of solving exponential equations include 
medical scientists calculating when a radioactive tracer has 
decayed; financiers determining when an investment doubles; 
and food scientists calculating the time for a bacteria population 
to reach food-poisoning levels. 


| LESSON STARTER | uui Trial and error versus logarithms 


Consider the equation 10* = 20. 


e First, use a calculator and trial and error to find a value of x (correct to three decimal places) that 
satisfies the equation. 

e Now write 10* = 20 in logarithmic form and use the log function on your calculator to find the value of x. 

e Check the accuracy of your value of x obtained by trial and error. 


KEY IDEAS 


E Solving for x if a* = y 


e Using the given base: x = log, y 


e Using base 10: gE = y 
logjoa* = logjoy (taking log), of both sides) 
xlogiga = logjoy (using law 3) 
CEOP ornar 
X =———— (dividing by log, a) 
logjo a 


W Most calculators can evaluate using log base 10, but CAS calculators can work with any base. 
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BUILDING UNDERSTANDING 


@ Give the logarithmic form of these equations. 
1 
a 2-8 b 42=2 


o9 State the missing number. 
a 5--125 


€ log, =3 


© Use a calculator to evaluate the following, correct to three decimal places. 
logio 12 


a logig7 b logio0.6 C logi? 


logio 7 


Solve the following using the given base. Round your answer to three decimal places. 


m 25287 b 50x 1.1% = 100 
SOLUTION EXPLANATION 
ag  — Ifa* = y then x = log, y. 
x= log57 This method can be used on calculators that 
= 2.807 (to 3 d.p.) have a log function log, y, where both a and y 


can be entered. 


b 50x 1.1*= 100 


(oJ = 2 Divide both sides by 50. 
x= log,,2 Write in logarithmic form, then use a 
= 7.273 (to 3 d.p.) calculator for the approximation. 
Now you try 


Solve the following using the given base. Round your answer to three decimal places. 
a yalo b 20x 1.2*= 60 


Solve using base 10 and evaluate, correct to three decimal places. 


g 3525s b 1000 x 0.93* = 100 
SOLUTION EXPLANATION 
a J= 
log) 3* = logyg5 Take log, of both sides. 
xlogj93 = log 195 Use law 3: log, x” = nlog, x. 
logig5 Divide by log 93. 
j logio 3 Use the log function on a calculator. 


= 1.465 (to 3 d.p.) 
Continued on next page 
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b 1000 x 0.93* = 100 


0.93* = 0.1 Divide both sides by 1000. 
logo 0.93* = log; 0.1 Take log;9 of both sides. 
x1og490.93 = log 190.1 Use law 3 and solve for x by dividing both sides 
logy 0.1 by logio 0.93. 
= logo 0.93 Use the log function on a calculator. 


= 31.729 (to 3 dp.) 


Now you try 


Solve using base 10 and evaluate, correct to three decimal places. 
c 2-1 b 200 x 0.85* = 50 


Exercise 10C 
1, 2-3(1/2) 2-4(1/2) 2-4(1/) 


1 Solve the following using the given base. Round your answer to three decimal places. 


Example 6a a i 4 =5 ii 3*2 13 
Example 6b b i 20x1.33*-280 ii 10x 1.6* 2 70 
Example6a 2 Solve the following using the given base and round to three decimal places where necessary. 
a 3-5 b 2%=11 c 5*=13 
d 1.2% = 3.5 e 2% =3.5 f 0.2* = 0.04 
Example6b 3 Solve the following using the given base and round to three decimal places where necessary. 
a 10x 2*=20 b 25x 3*=75 € 4x 1.5* = 20 
d 38x 1.7 29.5 e 300 x 0.9% = 150 f 73x 04* = 1.8 
Example7 4 Solve using base 10 and evaluate, correct to three decimal places. 
a 2*=6 b 3*=8 c 5=7 
d 11% =15 e 185225 f 0.9*20.5 
g 10x2*- 100 h 7x 3*=28 i 130 x 7 = 260 
j 4x 15*= 20 k 100 x 0.8* = 50 | 30x 0.7* = 20 
PROBLEM-SOLVING 5 5, 6 6,7 


9 The rule modelling a population (P) of mosquitoes is given 
by P = 8f, where t is measured in days. Find the number of 
days, correct to three decimal places where necessary, required 
for the population to reach: 
a 64 
b 200 
c 1000. 
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El 6 An investment of $10000 is expected to grow by 596 p.a. so the balance $A is given by the rule 
A = 10000 x 1.05", where n is the number of years. Find the time (to two decimal places) for the 


investment to grow to: 
a $20000 b $32000 c $100000. 


7 50 kg of a radioactive isotope in a set of spent nuclear fuel rods is decaying at a rate of 1% per year. 
The mass of the isotope (m kg) is therefore given by m = 50 x 0.99”, where n is the number of years. 
Find the time (to two decimal places) when the mass of the isotope reduces to: 
a 45kg b 40kg c 20kg. 


8 g9 9, 10 


8 The value of a bank balance increases by 10% per year. The initial amount is $2000. 
a Write a rule connecting the balance $A with the time (n years). 


b Find the time, correct to the nearest year, when the balance is double the original amount. 


9 The value of a Ferrari is expected to reduce by 8% per year. The original cost is $300000. 
a Find a rule linking the value of the Ferrari ($F) and the time (n years). 
b Find the time it takes for the value of the Ferrari to reduce to $150000. Round your answer to one 
decimal place. 


10 The half-life of a substance is the time it takes for the substance to reduce to half its original mass. 
Round answers to the nearest year. 
a Find the half-life of a 10 kg rock if its mass reduces by 1% per year. 
b Find the half-life of a 20 g crystal if its mass reduces by 0.05% per year. 


ENRICHMENT: Change of base formula = = 11 


11 If a* = y then we can write x = log, y. Alternatively, if a* = y we can find the logarithm of both sides, 
as shown here. 
a=y 
log, a* = logy y 
xlog,a = log,y 


_ logpy 

eS eR 

logy a 

log; y 

m log, a 


This is the change of base formula. 
a Use the change of base formula to write the following with base 10. 


i logj7 ii log316 iii logs1.3 
b Change to log base 10 and simplify. 
i logs10 ii 1og51000 iii log30.1 
€ Make x the subject and then change to base 10. Round your answer to three decimal places. 
i 3*=6 ii 9% = 13 iii 2x 1.3* 2 1.9 
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10D Introducing polynomials 10a 


Learning intentions 

e To know the general form of a polynomial 

e To know the meaning of the degree of a polynomial and the names of common polynomials 
* To beable to use function notation for a polynomial 


We are familiar with linear expressions such as 3x — 1 and 4 + 2 and with quadratic expressions such as 


x? — 3 and — Ax? + 2x — 4. These expressions are in fact part of a larger group called polynomials, which 
are sums of powers of a variable using whole number powers (0, 1,2, ...}. For example, 2x2 — 332 + 4 
is a cubic polynomial and 1 — 4x? + 3x? is a polynomial of degree 7. The study of polynomials opens up 
many ideas in the analysis of functions and graphing that are studied in many senior mathematics courses. 


All calculators perform calculations like log 43, sin 65, etc. by substituting numbers into polynomials. 
A calculator can't possibly store all potential results, so a specific polynomial from the Taylor series is 
coded for each calculator function button. (You might encounter Taylor series if you study mathematics 
at university; it refers to the fact that many different types of functions can be represented by an infinite 
sum of special terms.) 


BSH US: Is it a polynomial? 


A polynomial is an expression that includes sums of powers of x with whole number powers (0, 1,2, ...]. 
Decide, with reasons, whether the following are polynomials. 


e 52x x? 


» Vx + x2 
* 233 
x 


e 4^ -x-6 
e Axe 2x? + I 
e 5 


Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


KEY IDEAS 


B A polynomial is an expression of the form a, x" + a, _ x" ^ | + ++ + ajx + dg, where: 


e nis a positive integer or zero (0, 1,2, ...] 

© dy, 0,4... -.. ag are coefficients which can be any real number. 
e dg is the constant term 

e a,x" is the leading term 


B Naming polynomials 
Polynomials are named by the highest power of x. This is called the degree of the polynomial. 


* consíant For example: 2 

* linear For example: 3x — 7 

e quadratic For example: 2x? — 4x + 11 

e cubic For example: — 4x? + 6x2 — x + 3 
e quartic For example: x == 9) 


e of degree 8 For example: 3x8 — 4x? + x — 3 


E Function notation 

* A polynomial in x can be called P(x) 

For example: P(x) = 2x? — x is a cubic polynomial. 
e  P(Kk)is the value of the polynomial at x = k. 

For example: If P(x) — 2x3 — x, then: 

P(3) = 2(3? — (3) and P(—1) = 2(-1?? - (-1) 

= 5] =-2+1 
--] 


BUILDING UNDERSTANDING 


(1) A polynomial expression is given by 3x4 — 2x3 + 32 — x + 2. 
a How many terms does the polynomial have? 
D State the coefficient of: 
4 ii x iii x? 
€ What is the value of the constant term? 


| x 


e Decide if these polynomials are constant, linear, quadratic, cubic or quartic. 
à 2x-5 b 2-3 C x 2041 


d 14x32 e 6 f aAx-24.2 


© State the degree of each of these polynomials. 
a 28 c 42 - 2x41 
b 6-253 
€ -39 + 2x4 932 1 
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If P(x) = x — 3x? — x + 2, find: 


a P(2) b P(—3) 
SOLUTION EXPLANATION 
a3) 02) Substitute x — 2 and evaluate. 
Lg edge 
= —4 
DEDE = ee = Ea Substitute x = —3 and note (—3)? = —27 and 
= —-27-274+3+4+2 (-3)? = 9. 
= —49 
Now you try 


If P(x) = x? 232 — 3x + 4, find: 
a P(2) b P(-1) 


Decide if the following expressions are polynomials. 


a 42-14 7x4 b ax? — va + = 

SOLUTION EXPLANATION 

a yes Powers of x are whole numbers (0, 1,2, ...]. 
2 1 

b no 2 Ni cox oT poxd 


Powers include i and —1, which are not 


allowed in the polynomial family. 


Now you try 
Decide if the following expressions are polynomials. 1 
a gona b Stel 
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Exercise 10D 


1-8, 4(1/2) 2-4 2,4 
Examples 1 If P(x) = x3 — 3x” — 2x + 3, find: 
a P(2) b P(4) c P(-1) d P(-3) 
Examples. 2 If P(x) = 2x4 — 332 + 5x — 4, find: 
a P() b P(3) c P(-1) d P(-2) 
3 Evaluate the quadratic polynomial x? — x + 2, using: 
à x=4 b x=10 € x=-2 d x=-l 
Example9 4 Decide if the following are polynomials. 
a 33 -x-x-43 b 2mj5-342—4 C -3.2 
d eas T f 4-738 
x2 X E 
g Vx-2-x? h Vx Vx vx |o34d. 
X 
PROBLEM-SOLVING 5(1/2), 8 5(1/2), 7, 8 5(1/2), 6-8 
5 If P(x) = 3? — x? and Q(x) = 4 — 3x, find: 
a P(l) + QQ) b P3)-QCD c P(-2) - Q(-2) 
d Q(I)- PQ) e (P)? + (Q(1))? f (PCD?- (cp? 
6 Find the coefficient of x? in these polynomials. 
9024 3 2 = 3. A42 
à Pus = b Boyz? LI 3 i Poa? = 


7 Evaluate P(—2) for these polynomials. 
a P(x) = (x + 2)? 
b P(x)2(x-2)(x-T3)x-4 1) 
€ PQ)-i3G-5G-7) 


8 The height (P metres) of a roller coaster track above a platform is 
given by the equation P(x) = x? — 12x? + 35x, where x metres is 
the horizontal distance from the beginning of the platform. 

a Find the height of the track using: 
i x22 ii x23 ili x= 7. 


b Does the track height ever fall below the level of the platform? Polynomials are used in the design of 


If so, find a value of x for which this occurs. roller coasters. 


9 9, 10(*/2) 10-11 (1/2) 


What is the maximum number of terms in a polynomial of degree 7? 
What is the maximum number of terms in a polynomial of degree n? 
What is the minimum number of terms in a polynomial of degree 5? 


ao ao t 


What is the minimum number of terms in a polynomial of degree n? 
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10 If P(x) = xX — x? — 2x, evaluate and simplify these without the use of a calculator. 
a P I b P l 
2 3 
c P al d P _l 
2 4 


3 
1 1 3 3 
P{-—)+Pl(= h P(-—)+P{=— 
s (=) +G) Sa. 
11 If P(x) 2 2x — x? — 5x — 1, find the following and simplify where possible. 


a Pk) b P(b) c P(2a) d P(-a) 
e P(-2a) f P(-3K) g P(ab) h P(-ab) 


ENRICHMENT: Finding unknown coefficients = = 12 


12 If P(x) = x3 — 2x2 + bx + 3 and P(1) = 4, we can find the value of b as follows. 


P(1)-4 
(1)3 — 2(1)? +b) +3 =4 
2+b=4 
b=2 
a Use this method to find the value of b if P(x) 2 x? — 4x2 + bx — 2 and if: 
i P(1-25 
ii P(2) = —6 
iii P(—1) = —8 
iv P(-2)20 
v P(-1)22 
vi P(—3) = -1l. 
b If P(x) = x4 — 333 + k? — x + 2, find k if: 
i PQ) =2 
ii P(-2)20 
iii P(—1) = -15. 


c If P(x) =x + ax? + bx — 3 and P(1) = —1 and P(—2) = —1, find the values of a and b. 
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Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


Using calculators to work with polynomials (CAS) 


1 Define the polynomial P(x) = x? — 2x? + 5x + 4 and evaluate at x = —2. 


2 Expand and simplify (x? — x + 1)(x? + 2). 


Using the TI-Nspire: 


1 Ina Calculator page define the polynomial using 


(mew)-Actions»Define as shown. Evaluate for 
x= —2, p(-2). 


Define p(x) ex? -2: x245: x«4 Done || 


»(2) -22 


Ki 


2 Use (mm)>Algebra>Expand, then type in the 
expression and press enter. 


zm -x+ 1). (.2 «) 


x*-x243:x2-2: x42 


ISBN 978-1-108-77346-1 


Using the ClassPad: 


1 


€ Greenwood et al. 2020 


In the Main application, type and highlight the 
polynomial expression. Tap Interactive, Define, OK. 
Evaluate by typing p(—2). 


Pea] be [fecal |] eT Te 


Define p(x)2x3-2x245x«4 B| 


In the Main application, type and highlight 
expression. Tap Interactive, Transformation, 
expand. OK. EXE. 


ESESESCOCZDE2EU B 
expand((x2-x«1).(x242)) B 
x/À-x343-x2-2-342 
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Using calculators to work with polynomials (non-CAS) 


Define the polynomial P(x) = x? — 2x2 + 5x + 4 and evaluate at x = —2. 


Using the TI-Nspire CX non-CAS: Using the Casio: 

In a Calculator page define the polynomial using Select Equation then F3: Solver. Input, 

(mew) Actions» Define as shown. Evaluate for P(x) = x3 — 2x2 + 5x + 4 using the alphabetical 
X= —2, p(-2). keys to select P. Use the down arrow key to navigate 


to xand set it to x = —2. Use the up arrow key to 
navigate and hover over P and select F6 (SOLVE). 


Define p(x)ex?-2:x745-x+4 Dene E 


»(2) 22 | Eq: P=x°?-2x7+5x+4 
| 


x--2 
Lower -- 9x09 9 
Upper-9»x1o9 9 


RECALLJDELETE SOLVE 

E] Math) Des) [Norma] 

Eq: P=x°-2x7+5x+4 
P=-22 

Lft--22 

Rgt--22 

REPEAT 
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10E Expanding and simplifying polynomials 10a 


Learning intentions 
e o be able to apply the rules of expanding brackets to multiply polynomials 
e To understand that multiplying polynomials results in a polynomial of higher degree 


From your work on quadratics, you will remember how to 
use the distributive law to expand brackets. For example, 
(2x — D) (x + 5) expands to 2x2 + 10x — x — 5, and after 
collecting like terms this simplifies to 2x? + 9x — 5. In 

a similar way we can expand the product of two or more 
polynomials of any degree. To do this we also multiply 
every term in one polynomial with every term in the next 


polynomial. 


Polynomial 'secret key' technology enables secure 
communication between and within groups and is 
more efficient than standard encryption/decryption 
systems. Applications include video conferencing, 
military communications, and between the 
components of the loT (Internet of Things). 


| LESSON STARTER | Gus; The product of two quadratics 


The equation (x? — x + 3)(2x32 + x — 1) = 2x4 — x? + 4x? + 4x — 3 is written on the board. 


e Is the equation true for x = 1? 
e Js the equation true for x = —2? 
e How can you prove the equation to be true for all values of x? 


KEY IDEAS " 


E Expand products of polynomials by multiplying each term in one polynomial by each term in the 
next polynomial. 


E Simplify by collecting like terms. 


BUILDING UNDERSTANDING 


(1) Expand and simplify these quadratics. 
a x(x+2) b x-5(G-110 € (4x — 3)(2x — 5) 


® Collect like terms to simplify. 
d 2x4 3x2 +x Slay a oe 43-3 
b 5x6 + 2x4 — 325 — 5x* +. + 8 — 6x 


& Use substitution to confirm that this equation is true for the given x-values. 
(x3 — x + 3)(x2 + 2x 1) 2 4 2x4 - 220 x2 x 3 
a x=1 b x=0 
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Expand and simplify. 

a x(x — 422) b 24D) -x+4+1) 

SOLUTION EXPLANATION 

a x(x — 4x2) = 24 - 45 x3 x x! = x4 and x? x (—4x”) = —45? using 


index law 1. 


D (pec IE gece dy 


o 
=703 —x+1) +1 -—x4+1) VY d 4 


3 


-)3-P3.-3-x41 —x3 cancels with x°. 


=P +x- x+1 
Now you try 


Expand and simplify. 
2m m D 2G 245 — 3) 


If P(x) 2324 x — Land Q(x) = x + 2x + 3, expand and simplify the following. 


a P(x) x QO) b (00)? 

SOLUTION EXPLANATION 

a P(x) x Qx) Each term in the first polynomial 
= (x2 + x — 1) + 2x + 3) is multiplied by each term in the 


= x2(x3 + 2x + 3) + x + 2x + 3) — 100 + 2x + 3) second polynomial. 
= + 2x9 + 3x2 + x4 + 2x? + 3x — x3) — 2x -3 
= .x 4 x3. 5x4x-3 


b (Qo)? (Q(x)? = QC) x QC) 
= (x + 2x + 3)? Expand to gain 9 terms then collect 
= es a Oye as 3)08 eR and simplify. 


= P + 2x + 3) + 2x0 + 2x + 30 + 2x + 3) 
= x9 + 2x4 4 3x3 + 2x4 + 4x2 + 6x + 3x9 + 6x +9 
= x9 + 4x4 + 6x9 4+ 4x2 + 12x49 


Now you try 
If P(x) = x — x + 3 and Q(x) = x? + x — 4, expand and simplify the following. 
a P(x) x Qo) b (Pœ)? 
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Australian Curriculum Year 10 & 10A 3ed 


Exercise 10E 


1, 2-3(%), 4 2-3(%), 4 
1 Expand and simplify. 
a i x(x — 2x) 
ii x2(x7 + 4x) 
bi @@+ DE 4 2x - 3) 
ii Ge 1)@f +x- 1) 
lea 2 Expand and simplify. 
| a x(x-3) b x2(x2 — 1) c 2x2(1 + 3x) 
d x1-25 e x + 3x) f —3x2(x4 — x) 
g —2x3(x2 + x) h ex» -—x) i —4OQ* — 2x7) 
. 3 Expand and simplify. 
a (x2 + DG? + 2) b -)C+H c (x2 -y - 3x) 
d (2-2)089 -x-2) e (3 — x)(x* + 2x + 3) f @=2)@?=24+4 
g @ Sx - IG 4-32) h (3-522) à-x-1) i G-xDo'3-x-3) 


4 If P(x) 2x? — 2x + 1 and Q(x) = x? + x — 1, expand and simplify. 
a P(x) x O(n) 
b (Q()) 
c (P(x)? 


5 If P(x) 233 + 232 — x — 4and Q(x) = x? + x — 2, expand and simplify. 
a P(x) X Q(x) 
b (Q@)) 
c (P(x)? 


PROBLEM-SOLVING 6(%) 6(%), 7 6(%), 7,8 


6 If P(x) 23? — 5x 4+ 1 and Q(x) = x? + x, simplify. 
a P(x) + QC) 

Q(x) — P(x) 

5P(x) + 20(x) 

1 — PŒ) 

4 — (Q(x)? 

(P(x))? - (QC)? 


~ 0 c c c 


7 Find the square of P(x) in expanded form when P(x) = Q2 +x- 014. 


8 Show that (x2 —x — 1)? — Q2 — x + 1 = 4x — 422. 
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9 9, 10 


9 If P(x) and Q(x) are polynomials, does P(x)Q(x) = Q(x)P(x) for all values of x? 


10 Give the degree of the polynomial P(x) x Q(x) when: 
a P(x) is quadratic and Q(x) is linear 
b P(x) is quadratic and Q(x) is cubic 
€ P(x) is cubic and Q(x) is quartic 
d P(x) is of degree 7 and Q(x) is of degree 5. 


1i If P(x) is of degree m and Q(x) is of degree n and m > n, what is the highest possible degree of the 
following polynomials? 

P(x) + QQ) 

P(x) — Q(x) 

P(x) x Q(x) 

(P(x))? 

(P(x))* - O(a) 

(Q(x))3 


~ oO c c cC & 


ENRICHMENT: Triple expansions = = 12 


12 Expand and simplify. 
a x(x? + D(x- 1) 
b x3x-3)x-1) 
€ (x-2)(x-Dx--3) 
d (x44)Qx- D(x4 1) 
e (5x—2)(x — 2)(8x + 5) 
[I @e He 20343) 
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a log;9 100 = 2 b log,8=3 € log;120 


1 Express as a logarithm. B 
D PSW b 10° = 1000 ona 
2 Rewrite using exponential notation. Ņ 
Ə 
c 
co 
Find the value of x. [77] 
a log;jl6-x b log;8l =x b 
€ logj,l=x d logsx=4 = 
e logy g 100000 = x f log; 9 0.000001 = x N 


2 


4 Simplify the following, using logarithm laws. 


oo 


a logy 20 + log;950 b log i + log, 12 
€ log318 — log; 2 d log; 
e logio VIO f 1og424 — (log42 + log43) 


Solve and round each answer to three decimal places. Use either the given base or base 10. 
a 3-7 

b 1.2* = 200 

c 500(1.09)* = 1000 


o 


6 Explain why 4? — Vx + 6x — lis nota polynomial. 


Consider the polynomial P(x) = 3x* — 232 + x? + 7x + 8. Find: 
a P(0) 

b P(-l) 

c P(k) 


8 For the polynomial P(x) = 4x? + 332 + 2x + 1, state: 
a the degree of the polynomial 


-Ó 


b the constant term 
€ the coefficent of x? 
d the leading term. 


Expand and simplify the following. 
a6 XE 
b QG2- DG? + 2x + 6) 


[e 


10 If P(x) = x? + x + 2 and Q(x) = x^ + 2x, find the following in their simplest forms. 
a Pœ) + QO) 
b P(x) -— QO) 
e (Qo? 
d P(x) x Q(x) 
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10F Division of polynomials 10a 


Learning Intentions 

e To know the long division algorithm 

e To be able to carry out the long division algorithm to divide polynomials 

e To know how to express a polynomial using the quotient, divisor and remainder 


Division of polynomials requires the use of the long division 
algorithm. You may have used this algorithm for the division of 
whole numbers in primary school. 


Recall that 7 divided into 405 can be calculated in the 
following way. 


57 
7)405 7 into 4 does not go. 


5x7 35 X 7 into 40 gives 5 and 5 x 7 = 35. Acoustic engineers use complex 
55 Then subtract 405 — 350. mathematical procedures, including 
. . polynomial division, to analyse and 
7x7 49  T7into55 gives 7 and 7 x 7 = 49. electronically reproduce the vibrations that 
6 Subtract to give remainder 6. make sound; for designing headphones and 
synthesisers; and to analyse the architecture 
So 405 + 7 = 57 and 6 remainder. The 57 is called the quotient. required for a superb concert sound. 


Another way to write this is 405 = 7 x 57 + 6. 


We use this technique to divide polynomials. 


| LESSON STARTER | uud Recall long division 


Use long division to find the quotient and remainder for the following. 


e 832-43 e 2178-7 


KEY IDEAS 


E We use the long division algorithm to divide polynomials. 


E The result is not necessarily a polynomial. 
Example: 


dividend — x? -x2 +x-1 Bm 15 4 remainder 
x+2 / x42 


divisor quotient 


We can write this as: 
xi- x) x-12(x-2)92- 3x * 7) - 15 


| N, \ 


dividend divisor quotient remainder 
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BUILDING UNDERSTANDING 


(1) Use long division to find the remainder. 
a 208+9 b 143+7 


(2) Complete the equation with the missing numbers. 
a If182 + 3 = 60 remainder 2, then 182 = —— x 60 + ___.. 
b If2184 + 5 = 436 remainder 4, then 2184 = —— x 436+——. 


€ If617 + 7 = 88 remainder 1, then 617 =7 X ___ + ___. 


a Divide P(x) = + 2x27 -—x4+3 by (x — 2) and write in the form P(x) = (x — 2)0(x) + R, 


where R is the remainder. 


b Divide P(x) = 2x3 — x? + 3x — 1 by (x + 3) and write in the form P(x) = (x + 3)Q(x) + R. 


SOLUTION 


a x) .4x 4-7 
x—-2)])xv -2x^— x3 
xix — 2) x — 2x2 


4x2 - x43 
Ax(x = 2) ded 
Ix + 3 
T(x — 2) T= M 
17 


Be 2xé e438 Se =— DG Ax 7) + 17 


b 2x2 — Tx + 24 
x + 3)2 = x2 + 3x — 1 
Delet 3) cuv eee 


=x 43x = I 
aS) aie = es 
24, — 1 
24(x + 3) Wee: 
=73 


1. 2x3 — x2 + 3x — 1 = (x + 3) (2x2 — 7x + 24) — 73 


Now you try 


EXPLANATION 


First, divide x from (x — 2) into the 
leading term (i.e. x?). So divide x into x? 
to give x?. 

x2(x — 2) gives x? — 2x? and subtract 
froma d De =g h 

After subtraction, divide x into 4x2 to 
give 4x and repeat the process above. 
After subtraction, divide x into 7x to give 7. 


Subtract to give the remainder 17. 


First, divide x from (x + 3) into the 
leading term. So divide x into 2x? to 
give 2x2. 

After subtraction, divide x into —7x? to 
give —7x. 

After subtraction, divide x into 24x to 
give 24. 

Subtract to give the remainder —73. 


a Divide P(x) = X +x- 4x43 by (x — 1) and write in the form P(x) = (x — 1)Q(x) + R, 


where R is the remainder. 


b Divide P(x) = 3x3 — 2x2 + 5x — 2 by (x + 2) and write in the form P(x) = (x + 220 (x) + R. 
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Exercise 10F 
FLUENCY 2, 3, 4(1/2) 


Examplet2a 1 a Divide P(x) = x? + 32 — 3x + 2 by (x — 1) and write in the form P(x) = (x — 1)Q(x) + R, 
where R is the remainder. 
Example 12h b Divide P(x) = 2x3 — x? + 4x - 2 by (x + 2) and write in the form P(x) = (x + 227(Q()) + R. 


Example 2a 2 Divide P(x) = x? + x? — 2x + 3 by (x — 1) and write in the form P(x) = (x — 1)Q(x) + R, where R is 
the remainder. 


Example) 3 Divide P(x) = 332 — x2 + x + 2 by (x + 1) and write in the form P(x) = (x + 1)Q(x) + R, where R is 
the remainder. 


4 For each of the following, express in this form: 
Dividend = divisor x quotient + remainder (as in the examples) 


a (Qe 3? + 37=2)2 G2) b (2x9 + 2x2 —x - 3) + (x42) 

c (5x3 — 2x7 + 7x — 1) + (x + 3) d (= +x — 10x + 4) + (x-4) 

e (—2x3 — 232 — Sx 4+ 7) (x +4 f (=5x3 + 11x? — 2x — 20) + (x — 3) 
PROBLEM-SOLVING 5 5, 6(1/2) 5, 6(1/2) 


5 Divide and write in this form: 
Dividend = divisor x quotient + remainder 


a (= + 2x = x + 2) -+ = 39) b (8x5 — 2x4 + 3x3 — xX — 4x — 6) + (x + 1) 
6 Divide the following and express in the usual form. 

a (O-x-Dz(x242) b @42x2-3)+0-1) 

c (45-2) +(x +3) d Qf- 2 (x — 4) 


REASONING 7,8 


7 There are three values of k for which P(x) = x? — 2x? — x + 2 divided by (x — k) gives a remainder of 
zero. Find the three values of k. 


8 Prove that (6x? — 3732 + 32x + 15) + (x — 5) leaves remainder 0. 


9 Find the remainder when P(x) is divided by (2x — 1) given that: 


a P()220-x-4x42 b P(x) = -3x° + 2x7 - 7x + 5 

10 Find the remainder when P(x) = —3x* — x? — 232 — x — 1 is divided by these expressions. 
a x-1 b 2x -3 c —3x-2 
ENRICHMENT: When the remainder is not a constant = = 11 


Ti Divide the following and express in the form P(x) = divisor x Q(x) + R, where R is a function of x. 
a (8 —x2 4+ 3x4+2)+(0?-1) 
b (2x3 +x- 5x- 1) = (x? + 3) 
c (5x4 — x? + 2) + G3 — 2) 
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Applications and problem-solving 


The following problems will investigate practical situations drawing upon knowledge and skills developed 


throughout the chapter. In attempting to solve these problems, aim to identify the key information, use 
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions. 


Accumulating ants 


1 When worker ants look for food they leave a scent along their path so that other ants can find the food 
source. This can lead to ants accumulating quickly in an area away from their nest, like around small 
crumbs they find in a household kitchen. 


Scientists interested in the growth of the population of ants use exponential relations to describe 
this behaviour. They will use rules to predict ant numbers and model the population of ants by 


constructing suitable equations. 


a A rule for a population, P, of ants which has found some food in a kitchen pantry is given by 

P = 10 x 2?! where t is in hours after the food is first found. 

i What was the initial number of ants in the pantry when the food is first found? 

ii How many ants were in the pantry 2 hours after the food was found? 

iii After how many hours did the ant population reach 1000? Use logarithms and round to one 
decimal place. 

iv By what factor does the population increase each hour according to this rule? 

b Another group of ants has found the cat food in the laundry. The rule for the growth of this 
population of ants is given by P = Pg Xx 3?! where t is in hours and Po is the initial number of ants 
that found the cat food. 

i Give a rule for t in terms of P and Po using logarithms with the given base. 
ii Use your rule to find the number of hours it takes for the initial ant population to triple. 

€ A general ant population model around a food source is given by P = Po X at, where a and b are 
constants. 

i Log,P can be expressed in the form log,,P = mt + c. Find m and c in terms of Po, a and b and 
write the rule for log ,P. 
ii What does this tell you about the graph of log, P against £? 


Rabbit hutch design 


2 Parents are designing a rectangular rabbit hutch for their daughter's rabbit. 


The parents wish to use a fixed amount of material to construct a special type of hutch and try to 
maximise its volume. They also want to consider changing the design and the amount of material to 


maintain a fixed volume and improve the overall conditions for the rabbit. 


a They initially have 12 m of wood to make the edges of the 
frame, the sides of which they will then cover with chicken 
wire. The base area will be twice as long as it is wide as 


shown. 


2xm 
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i Find an expression for the allowable height of the hutch in terms of x. 

ii Hence, give a rule for the volume, V(x) m3, of the hutch in expanded 
form and state the possible values of x. 

iii Use technology to find the maximum possible volume of this hutch and the 
dimensions that give this volume. Round values to one decimal place. 

iv Repeat parts i and ii for p metres of wood to find a rule for the volume in 


terms of x and p. 
b The parents have decided they may need to purchase extra wood to give the rabbit the space it needs. 
They redraw their original design so that the base dimensions are (x + 10) cm and (x + 80) cm. The 
volume of their hutch, in cm?, is given by V(x) = x? + 60x? — 1900x — 24000. 
i Determine the height, in cm, of the design in terms of x, using division. 
ii If the parents settle on dimensions that use an x-value of 90, how many extra metres of wood 
will they need? 


Increasing sound 


3 Sound is measured in decibels, dB, with rule given by d = 10 log 105. where P is the power or 
0 


intensity of the sound measured in watts/cm? and Py is the weakest sound that the human ear can hear in 


watts/cm?. 


You will investigate the relationship between decibels and sound intensity for a human ear under 
certain conditions. You will consider properties of sound in common situations including rock 
concerts, street noise and home speakers. 


a Use the rule with Py = 10-16 to find: 
i the sound in decibels when P is 1074, the maximum intensity the human ear can tolerate before 
experiencing pain 
ii the intensity of sound at a rock concert when the sound is recorded as 100 decibels 
iii what 0 decibels represents in terms of the power P. 
b A sound is being recorded at different time intervals in a suburban street. Over the course of the 
day the sound ranges from 50 dB to 70 dB. Use Pp = Ome: 
i Find the range of the intensity P throughout the day. 
ii Describe the change in the intensity range compared to the change in decibel range. 
€ Two speakers emit sound intensity power of P, and P, where P, > P}. 
i Give a simplified rule, c, for the difference in decibels between the two speakers. 
ii If speaker 2 emits twice the power of speaker 1, what is the difference in decibels to the nearest 
decibel? 


iii Use your rule for c to complete the table on the 


fospeakers | * 10 |» 100 | x 1000 


right. | cor to speat | 
decibels,c | | | | 


iv Hence, if the increase in intensity is by a factor | Change in 


of 10”, give a rule for the change in decibels c in 
terms of n. 
V Using your rule what is the difference in decibels for a sound that is 100000 times more intense? 
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10G The remainder and factor theorems 10a 


Learning intentions 

e To know how to use the remainder theorem to find the remainder when a polynomial is divided by a linear 
expression 

e To understand that a remainder of zero implies that a divisor is a factor 

e To be able to use the factor theorem to decide if a linear expression is a factor of a polynomial 


Using long division we can show, after dividing 

(x — 2) into P(x) = xX — x? + 2x — 3, that 

P(x) = 2 -342x-32(x-2)029 + x 4) +5, 
where 5 is the remainder. 


Using the right-hand side to evaluate P(2), we have: 
P(2) = (2 — 2)(27+24+4)4+5 

=0x (27+24+4)+5 

=0+5 

=5 


This shows that the remainder when P(x) is divided 


by (x — 2) is P(2). The polynomial remainder theorem is used in algorithms 
for detecting and correcting errors that can occur in digital 


More generally, when P(x) is divided by (x — a) we data transmissions, such as from GPS satellites to a phone. 
Polynomials are exchanged using codes formed from 


obtain: coefficients. 


P(x) = (x -— a)Q(x) +R 
So P(a) 20x O(a) +R 
=R 


So the remainder is P(a) and this result is called the remainder theorem. This means that we can find the 
remainder when dividing P(x) by (x — a) simply by evaluating P(a). 


We also know that when factors are divided into a number there is zero remainder. So if P(x) is divided 
by (x — a) and the remainder P(a) is zero, then (x — a) is a factor of P(x). This result is called the factor 


theorem. 


| LESSON STARTER | Game Which way is quicker? 


A polynomial P(x) = x? — 3x? + 6x — 4 is divided by (x — 2). 


e Show, using long division, that the remainder is 4. 

* Find P(2). What do you notice? 

* Explain how you can find the remainder when P(x) is divided by: 
a x-3 b x-5 

e Show that when P(x) is divided by (x + 1) the remainder is — 14. 

e What would be the remainder when P(x) is divided by (x — 1)? What do you notice and what does this 
say about (x — 1) in relation to P(x)? 
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KEY IDEAS 


B Remainder theorem: When a polynomial P(x) is divided by (x — a) the remainder is P(a). 
e When dividing by (x — 3) the remainder is P(3). 
e When dividing by (x + 2) the remainder is P(—2). 


E Factor theorem: When P(x) is divided by (x — a) and the remainder is zero (i.e. P(a) = 0), 
then (x — a) is a factor of P(x). 


Pœ) =r = 37 3x 10 P(2) =0 
= (x- 2)(x2 —x-—5) (x — 2) is a factor with zero remainder. 
factor quotient 


BUILDING UNDERSTANDING 


(1) If P(x) = 2x3 — x? — x — 1, find the value of the following. 
a P(l b P(3) c P(—2) d P(—4) 


e What value of x do you substitute into P(x) to find the remainder when a polynomial P(x) is 
divided by: 
a x-3? b x42? 


e What is the remainder when an expression is divided by one of its factors? 


Find the remainder when P(x) = x? — 532 — x + 4 is divided by: 


a x-2 b x+1 
SOLUTION EXPLANATION 
a C3) =x — 5x- I For (x — 2) substitute x = 2. 
P(2) = (2)? —5(@2)? -24+4 Using the remainder theorem, P(2) gives the 
puo dU qp remainder. 
--]0 
The remainder is —10. 
b P(x) = x — 5x2 -x4+4 For (x + 1) substitute x = —1. 
Pel celu (Note: (-1)? = -1, (-1)* = 1 and -(-1) = 1.) 
--]l 


The remainder is —1. 


Now you try 
Find the remainder when P(x) = x? — 4x2 + 6x — 1 is divided by: 
a x-1 b x+2 
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10G 


Decide whether each of the following is a factor of P(x) = x? + x? — 3x — 6. 


a x+1 b x-2 
SOLUTION EXPLANATION 
a P(x) =x ene If (x + 1) is a factor of P(x), then P(—1) = 0. 
Pl) =-14+1+4+3-6 This is not true as the remainder is —3. 
= -3 
^. (x + 1) is not a factor. 
b P(x) =x 4 x2 —3x-6 Substitute x = 2 to evaluate P(2). 
P2)=8+4-6-6 Since P(2) = 0, (x — 2) is a factor of P(x). 
= (0) 


^. (x — 2) is a factor. 


Now you try 


Decide whether each of the following is a factor of P(x) = 2x2 — 332 — 11x + 6. 


Find the value of k such that (x? — x2 + 2x + k) + (x — 1) has a remainder of 5. 


SOLUTION EXPLANATION 
Let P(x) = 3? — x? + 2x +k. 
PQ) =5 The remainder is P(1), which is 5. 
(1)? — a? +201) +k =5 Substitute x = 1 and solve for k. 
2+k=5 
k=3 
Now you try 


Find the value of k such that (x3 + 2x? — x + k) + (x — 2) has a remainder of 12. 
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Exercise 10G 
FLUENCY 1, 2-4(1/2) 


Examples. 1 Find the remainder when P(x) = x? — 2x? + 3x — 1 is divided by: 
a x-2 b x+1 € x+3 


Examplets. 2 Find the remainder when P(x) = x? — 2x2 + 7x — 3 is divided by: 
a x-1 b x-2 € x-3 d x—4 
e x44 f x42 g x41 h x+3 


3 Find the remainder when P(x) = x^ — x? + 3x? is divided by: 
a x-1 b x-2 € x-2 d xl 


Eempei4 4 Decide which of the following are factors of P(x) = x — 4x24 x46. 


a x-1 b x+1 c x-2 d x+2 

e x-3 f x+3 g x-4 h x+4 
5 Decide which of the following are factors of P(x) = x4 — 2x3 — 25x? + 26x + 120. 

a x-2 b x+2 € x+3 d x—3 

e x-4 Í x+4 g x-5 h x+5 

PROBLEM-SOLVING 6(1/2) 6-7 (1/2) 6-7 (1/2) 
6 Use the factor theorem and trial and error to find a linear factor of these polynomials. 

a P(x) =x + 2x27 + Tx + 6 b P@ = +2x27-x-2 

c Pw =P 4x2 4446 d P(x) =x -2x-4 
7 Use the factor theorem to find all three linear factors of these polynomials. 

a PQ) =x -2x*-x4+2 b P(x) =x? — 2x7 - 5x +6 

c Px) =e -— 4x7 +246 d P(x) =x — 2x? — 19x + 20 


REASONING 8, 9, 10(1/2) 


bampet 8 For what value of k will (x° — 2x2 + 5x + k) + (x — 1) have the following remainders? 
a 0 b 2 c —10 d 100 


9 For what value of k will (x4 — 2x3 + x2 — x + k) + (x + 2) have zero remainder? 


10 Find the value of k in these polynomials. 
a P(x) =x + 2x? + kx — 4 and when divided by (x — 1) the remainder is 4. 
b P(x) 23) — x2 + kx — 3 and when divided by (x + 1) the remainder is —6. 
€ P(x) 223 + kx? + 3x — 4 and when divided by (x + 2) the remainder is —6. 
d P(x) = kx? + 7x? — x — 4 and when divided by (x — 2) the remainder is —2. 


Ti Find the value of k when: 
a (x + 2) isa factor of i — kx? — 2x — 4 b («— 3) isa factor of 2x3 + 222 — kx — 3. 


ENRICHMENT: Simultaneous coefficients = - 12 


12 Use simultaneous equations and the given information to find the value of a and b in these cubics. 
a P(x) = + ax? + bx — 3and P(1) = -1and P2) = 5 
b P(x) = 2x? — ax? — bx — 1 and P(-1) = -10 and P(-2) = -37 
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10H Solving polynomial equations 10a 


Learning intentions 

e To know how to find a factor of a polynomial using the factor theorem 

e To be able to factorise a polynomial using division by a known factor 

e To be able to apply the Null Factor Law to solve a polynomial equation in factorised form 


We know from our work with quadratics that the Null Factor Law can be used to solve a quadratic 
equation in factorised form. 


xX — 3x- 40=0 


For example: @-89&+5)=0 


Using the Null Factor Law: 


x-8=0 orx+5=0 
x=8 or x=-5 


We can also apply this method to solve higher degree polynomials. 


If a polynomial is not in a factorised form, we use the remainder and factor theorems to help find its 
factors. Long division can also be used in this process. 


Solving complex, realistic polynomial equations occurs in civil, aerospace, electrical, industrial and mechanical 
engineering. Architects apply polynomial modelling to solve 3D structural problems, such as the curved 
supports in the Disney Concert Hall, Los Angeles. 


RANG Solving a cubic 


Consider the cubic equation P(x) = 0, where P(x) = x? + 6x2 + 5x — 12. 


e Explain why (x — 1) is a factor of P(x). 

e Use long division to find P(x) + (x — 1). 

e Write P(x) in the form (x — 1)Q(x). 

e Now complete the factorisation of P(x). 

e Show how the Null Factor Law can be used to solve P(x) = 0. Why are there three solutions? 
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KEY IDEAS 


B A polynomial equation of the form P(x) = 0 can be solved by: 
e factorising P(x) 
e using the Null Factor Law: If a x b x c = 0 then a = 0, b = O or c =0. 


E To factorise a polynomial follow these steps. 

* Find one factor using the remainder and factor theorems. Start with (x — 1) using P(1) or 
(x + 1) using P(—1). If required, move to (x — 2) or (x + 2) etc. 

* A good idea is to first consider factors of the constant term of the polynomial to reduce the 
number of trials. 

e Use long division to find the quotient after dividing by the factor. 

e  Factorise the quotient (if possible). 

* Continue until P(x) is fully factorised. 


BUILDING UNDERSTANDING 
(1) Give a reason why (x + 1) is a factor of P(x) = X = x= 6. (Hint: Find P(—1).) 


e Use the Null Factor Law to solve these quadratic equations. 


a (x—D(x4-3)20 b x*-x-12=0 


Solve for x. 
a (x—1)@4+2)@+4+5)=0 b (2x- 3)\(x+7)Gx4+ 1) 20 
SOLUTION EXPLANATION 
a «-1)@+2)@+4+5)=0 Using the Null Factor Law, if a x bx c = 0 
x-l=0 o x+2=0 0o x+5=0 then a 2 Ooh 2 Oorc — O. 
x= 1 x= —2 x= —5 
b 2x-3)x-4 7)3x+4+ 1) 20 Equate each factor to 0 and solve for the 
2x —-3=0 or x+7=0 or 3x+1=0 three values of x. 
2o Em 3) x--—] 3x = —1 
x= 2 x=- x= = 
2) 3 
Now you try 
Solve for x. 
a (x—-2)x-1)x*-6)20 b (2x—- 1)(x+ 3)(5x+ 2) 20 
Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Solve x? + 2x2 — 5x — 6 = 0. 


SOLUTION 
Let P(x) =x + 2x? — 5x — 6. 
P(1)=1+2-5-6#0 
P(—1)=-1+2+5-6=0 
“. x + Lis a factor. 
x?4x—6 
x+1)3422—5x—6 
3.10) ga. 


D aS 

x(x + 1) +x 
—6x — 6 
—6(x + 1) —6x —6 
0 


MPG) («+ DG?-4x-—6) 
= (Gear ING dp Bee = 2) 
Solve P(x) = 0: 
Gea IDs sk S9 6o = 2) =O 
ipae mex $30 or r—2=0 
x=-1 x=-3 a 


Now you try 


Solve x? + 2x2 — 11x — 12 = 0. 


Exercise 10H 


1 Solve for x. 
Example 16a a i (x-D(x-4)(x-2)20 
Example 16b b i Qx-5)xc-4)8x + 2) 


Examplet6 2 Solve for x using the Null Factor Law. 
a (x-3)x-2(x-120 


€ (x-4)x44(x-3) 20 
e Qx- D(x-3)8x42) 20 
g (x+5)ax+ nai im -o 
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EXPLANATION 

Try to find a factor using the remainder and 
factor theorems. Start with (x — 1) using P(1) 
or (x + 1) using P(—1). If required, move to 
(x — 2) or (x + 2) or others using factors of 6. 
P(—1) = 0 so (x + 1) is a factor. 

Divide (x 4- 1) into P(x) to find the quotient 
using long division. 


Note that the remainder is 0, as expected 
AY) oy 

P(x) = (x + 1)Q(x) + R but R = 0. 

x? + x — 6 factorises to (x + 3)(x — 2). 
Use the Null Factor Law to now solve for x. 


1, 2-3("/2) 2-3 (1/2) 2-3(1/3) 


ii (Qx-T-5(x-7(-4-3)20 
ii (5x-DQOGx-8)x-2)20 


b («+2(x+7)@- 1) =0 


d (<+5)a-a(x+5) -0 
f (4x - 1)(5x — 2)(7x+ 2) 20 
(5x + 3)(19x + 2) (x — :) =0 


z 
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Example17 3 For each of the following cubic equations, follow these steps as in Example 17. 
e Use the factor theorem to find a factor. 
e Use long division to find the quotient. 
e Factorise the quotient. 
e Write the polynomial in a fully factorised form. 
e Use the Null Factor Law to solve for x. 


a oO—-4)?-x4-620 b x4 6x7 4+ 11x+6=0 

xX — 6x2 + llx -6=0 d x — 8x27 + 19x- 1220 

xX — 3x2 — 16x -— 12 =0 f 24+ 6x2-x-30=0 
PROBLEM-SOLVING 4 4,5 5.6 


4 Use the quadratic formula to solve for x, expressing your answers in exact form. 
a x-Do2-2x-4)20 b (x2) + 6x + 10) 20 


5 Solve by first taking out a common factor. 
a 2x - 14x? + Mx + 30=0 b 3x3 + 12x? + 3x - 18 =0 


6 Solve for x. 
a x-13x 41220 b x-7x-620 


REASONING 7,8 


7 State the maximum number of solutions to P(x) = 0 when P(x) is of degree: 
a 3 b 4 C n. 


8 Show that the following equations can be factorised easily without the use of long division, and then 
give the solutions. 
a oQ-x220 
b P427=0 
c x-2-12x20 
d 2° + 4:44 23=0 


9 Explain why x^ + x? = 0 has only one solution. 


10 Explain why (x — 2)(x2 — 3x + 3) = 0 has only one solution. 


ENRICHMENT: Quartics with four factors = = 11 


Ti Factorising a quartic may require two applications of the factor theorem and long division. Solve these 
quartics by factorising the left-hand side first. 
a x^ 8x4 17x? - 2x-24=0 
b xt — 2x3 — 11x? + 12x + 36 =0 
c x44 X - 11x? - 9x + 18=0 
d 2x4 - 3x3 — 7x? + 12x - 420 
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Using calculators to factorise and solve polynomials (CAS 


1 Define the polynomial P(x) = x? — 2x2 — 5x + 6 and factorise. 
2 Solve x» — 2x* — 5x + 6 = 0. 


Using the TI-Nspire: Using the ClassPad: 

1 Ina Calculator page define the polynomial using 1 Inthe Main application, type and highlight the 
(mew) Actions» Define. Factor the polynomial using polynomial. Tap Interactive, Define. Type p for 
(meu) Algebra» Factor as shown. function name and tap OK. Type p(x) in the 

next entry line. Highlight and tap Interactive, 
MA Te Y M Transformation, factor, factor. 
Define p(x)-x? -2: x2-5: x«6 Done — 
* Edit Action Interactive ix! 
factor(p(x)) (x-3): (x=1): (x+2) 
| Define pCar2-ae^3-2ar^2-5r [4] 
d 
factort pias pid 
(x2)- (71) Cc 3 
Oo 
i: i 
mth 
ajajia] |> jæ y |rt |t 
Ig Decimal Real Deg am|) 

2 Solve using >Algebra>Solve. Then type 2 Type and highlight p(x) = 0, Tap Interactive, 

p(x) = 0, x as shown. Advanced, Solve. 


Alternatively, use Solve using >Algebra>Zeros 


for solving equations equalling zero. LEM si 


| 1.1 E 
Define p(x)=x?-2: x2-5: x46 Done i facto (KED) 
(xt2) + (x71) * (x-3) 
solve(p(x)=0,x) x=-2 or x=1 or x=3 solve(p(x)=0, x) 
{x=-2, x=1, x=3} 
zeros(p(cc),x) 1233) D al 


m Trio [ano teMS| (8 | O| O 


sin | cos | tan 


rv ll + | | fis | ans | EXE 
Alg Standard Real Deg 


| Math! [Line | mg l " EN > 
Math? | pu | om | In |logg| VG 
Maths im | xe | x logs) solvec 
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Using calculators to find the solutions of polynomials equal to 0 (non-CAS) 


Find the roots of the polynomial: x? — 232 — 5x + 6 i.e. the solutions of x? — 232 — 5x + 6 = 0. 


Using the TI-Nspire CX non-CAS: Using the Casio: 
In a Calculator page choose (mev)- Algebra» Polynomial In the Equation application, select F2: Polynomial and 
Tools>Find Roots of a Polynomial. When prompted enter F2 (3) for a cubic equation. Enter the coefficients 
the degree of the polynomial (3) and enter each of sequentially and then select F1 (SOLVE). 
the coefficients: 1, —2, —5 and 6. The solutions of the 
polynomial equal to zero are given as a set of x-values: E]  MathlDes) Norm) 
-2, 1 and 3. aX? +bX2 +cX+d=0 
a b c 
C -2 -5 6J 
oee as E ia] {1243} 
1 
| SOLVE MARJI ICLEARI| EDIT 
[E] Math Deg Norm] 
ax? +bX2 +cX+d=0 
X1 
X2 1 
X3 -2 
3 
REPEAT 
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10! Graphs of polynomials 10a 


Learning intentions 
e To know the shape of the graphs of the basic polynomials y = x3 and v= x4 
e To know the shape of a graph of a cubic polynomial with three different factors 
To be able to find the axis intercepts of a cubic graph 
e To know how to use the shape and intercepts to sketch a cubic graph 


So far in Year 10 we have studied graphs of 
linear equations (straight lines) and graphs 
of quadratic equations (parabolas). We 
have also looked at graphs of circles, 
exponentials and hyperbolas. In this 
section we introduce the graphs of 
polynomials by focusing on those of 
degree 3 and 4. We start by considering the 
basic cubic y — x? and quartic y — x^, and 


then explore other cubics and quartics in 
factorised form. 


A spline is a curve formed by joining sections of various polynomial 
graphs. Splines are used in motion planning algorithms including 
for robots avoiding obstacles, self-driving cars parallel parking, and 
industrial robots' joint and hand trajectories. 


EZSIBLB Plotting y = x? and y = x4 


Complete the table before plotting points and considering the discussion y 
points below. A 
16 
1 1 E 
-2 |-1 75 0 2 1 2 12 
10 
8- 
——-64——— 
4 
le] 
* Describe the features and shape of each graph. < > x 
* Describe the differences between the graphs of y = x? and y = x^. -2 ET 12 
Where do they intersect? L4 
L6 
8 
10 
12- 
14 
16 
Y 
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KEY IDEAS 


Bi Graphs of basic polynomials 


e. y=x e. 


(1, 1) 
E >x 
(i) 
gradient = 0 
at (0, 0) 4 


Y 
Bi To sketch cubic graphs in factorised form with three different factors: 
* Find the three x-intercepts using the Null Factor Law. 
* Find the y-intercept. 
* Connect points to sketch a positive or negative cubic graph. 
Positive cubic Negative cubic 
(The coefficient of x? is positive.) (The coefficient of x? is negative.) 
y-2(x- 14+ 2)@ +3) y=-%+4)@-2)@+4 1) 


E Further consideration is needed to find turning points of cubics, as they are not located 
symmetrically between x-intercepts. This will be studied at more senior levels of mathematics. 


BUILDING UNDERSTANDING 


Q Join the given x- and y-intercepts to form a smooth cubic curve. Each graph has been started for 
you on the right-hand side. 
a y 


A 
34 


e Find the x- and y-intercepts of the graphs of these cubics. 
a yc(xc-lx-3G-4) b y=—2x(x + 7)(x — 5) 
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Sketch the graphs of the following by finding the x- and y-intercepts. 


a y-(xc-2)x— 1I)@— 3) 


SOLUTION 
c ge Gear Dice — IX: — 3) 
y-intercept at x — 0: 
y= HEC 
=6 
x-intercepts at y = 0: 
0-2 @+2)@ —- 1)@ —- 3) 


See) ce x=-l=0 or x-=-3=0 


ipee — SEI 


y 


b y=—x(x + 3)(x — 2) 
y-intercept at x = 0: 
y= MO 0 
x-intercepts at y = 0: 
0 2 —x(x + 3)(x — 2) 
o =L=0 oF x4 3=0 


icem x=-3 


Now you try 


b y=—x(x + 3) — 2) 


EXPLANATION 
Substitute x = 0 to find the y-intercept. 


Substitute y = 0 to find the x-intercepts. 
Use the Null Factor Law. 


Mark the four intercepts and connect to 
form a positive cubic graph. 

The coefficient of x? in the expansion of y 
is positive, so the graph points upwards to 
the right. 


Find the y-intercept using x = 0. 


The three factors are —x, x + 3 and x — 2. 


The coefficient of x? in the expansion of y is 
negative, so the graph points downwards at 
the right. 


Sketch the graphs of the following by finding the x- and y-intercepts. 


a y-(xc-3)x-1D(x-2) 
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Exercise 101 


1, 2(1/2), 3 2(1/2), 3 


t: 1 Sketch the graphs of the following by finding the x- and y-intercepts. 
a y-(x-3(x-2)(x-5) 
b y= -x(x + 1)(x - 3) 


Examples 2 Sketch the graphs of the following by finding x- and y-intercepts. 


a y-(x-2(x-Dx-3) b y2(x-3)x- 4x4 1) 

€ y-(x—-5(x- I+ 2) d y-3e36-26- 1) 

e y=x(x-— 2)(x + 3) f y=x(x-— 5) (x+ 1) 

g y= -—2x(x - 1)(x +3) h y= -pe -DbG-3) 

i ys-(x-42)x-44)(x- 1) j »--e«»(s- ien 


3 Sketch y = x2, y = x? and y = x‘ on the same set of axes. 


PROBLEM-SOLVING 4,5 4,5 4-6 


4 Sketch the graph of: 
a y--o 
b y=- 


5 Find a cubic rule for these graphs. 
a y b 


» x 
6 Sketch these quartics, making use of the Null Factor Law for x-intercepts. 
ay=@-5)@-3)@4+ I@ + 2) 
b y= x(x + 4x4 ID - 4) 
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REASONING 


7 We know that the graph of y = (x — 2)? — 1 is the graph y = x? translated 2 units to the right and 
1 unit down. Use this idea to sketch graphs of the following. 


a y-(x-2?-1 b y=(«+4+2)3 c y--2 
d y=x4-1 e y=(x+3)4 f y=@-2)4-3 
8 Ifa polynomial has a repeated factor (x — a), then the point at x = a is y 


an x-intercept and also a turning point; e.g. y = x(x — 2)? as shown. 


Now sketch these polynomials. 


a y=x(x— 3)? b y= —2x(x + 1)? O ; x 
€ y= -—(x+ 2)2(x - 3) d y=(x+4 («4 1)? 

e y2Q- 3G 1)? f y= -x2(x + 2)(x— 2) 

ENRICHMENT: Polynomial with the lot = 5 9 


9 To sketch a graph of a polynomial that is not in factorised form you must factorise the polynomial to 
help find the x-intercepts. 
Complete the following for each polynomial. 


i Find the y-intercept. 
ii Factorise the polynomial using the factor theorem and long division. 
iii Find the x-intercepts. 
iv Sketch the graph. 
a y=r44724+x-6 
b y=x— 7x2 4+ 7x4 15 
€ yox 42x — 9x - 2x48 
d y= xt — 34x? + 225 
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Using calculators to sketch polynomials (CAS) 


1 Sketch the graphs of y = x? and y = x* on the same set of axes and find the intersection points. 
2 Sketch P(x) = x? + 2x2 — 11x — 12 and find the x-intercepts. 


Using the TI-Nspire: Using the ClassPad: 

1 Ina Graphs page, enter the rules y = x?andy- x4, 1 In the Graph&Table application, enter the rules 
Adjust the scale using Window Settings and find y1 = x? and y2 = x“. Tap [ES] to adjust the 
their intersection points using (vev)- Analyze scale. Tap B to see the graph. Tap Analysis, 
Graph Intersection. G-Solve, Intersect. 

Alternatively, use (new) Geometry»Points & Q Edit Zoom Analysis € 


Lines >Intersection Point(s) to display all three es) ea] Ca [eg [ov] 
intersections simultaneously as shown. 7 i 


2 Enter the rule P(x) = x9 + 2x? — 11x — 12. 2 Enter the rule y1 = x? + 2x? — 11x — 12. 
Adjust the scale using Window Settings. Find the Tap | to see the graph. Adjust the scale by 
x-intercepts using Trace>Graph Trace or using tapping on [E]. Tap Analysis, G-Solve, root to find 
Analyze Graph>Zero and set the lower and upper x-intercepts. 


bounds by scrolling left and right. 


M 1.7 i 
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Using calculators to sketch polynomials (non-CAS) 


1 Sketch the graphs of y = x? and y = x^ on the same set of axes and find the intersection points. 
2 Sketch P(x) = x? + 2x2 — 11x — 12 and find the x-intercepts. 


Using the CX non-CAS: Using the Casio: 


1 Ina Graphs page, enter the rules y= x2 and y= x^. 1 
Adjust the scale using Window Settings and find their 
intersection points using (mew)-Analyze Graph 
>Intersection. Alternatively, use 
>Geometry>Points & Lines >Intersection Point(s) to 
display all three intersections simultaneously as 
shown. 


2 Enter the rule P(x) = x3 + 2x? — 11x — 12. 2 


Adjust the scale using Window Settings. Find the 
x-intercepts using Trace>Graph Trace or using 
Analyze Graph>Zero and set the lower and upper 
bounds by scrolling left and right. 
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In the Graph application enter the rule Y1 = x? 
and Y2 — x^ followed by EXE. Select F6 
(DRAW) to see the graph. To adjust the viewing 
window, select SHIFT F3 (V-Window), and enter 
appropriate values for Xmin, Xmax, Xscale, 
Ymin, Ymax, and Yscale and select EXE. Select 
SHIFT F5 (G-Solv) then F5 (INTSECT). 


Ë [EXE]:Show coordinates 
lzx? y 


In the Graph application enter the rule 

Y1 = x3 + 2x? — 11x — 12 followed by EXE. 
Select F6 (DRAW) to see the graph. To adjust the 
viewing window, select F2 (Zoom), F5 (AUTO) 
then EXE. Select SHIFT F5 (G-Solv) then F1 
(ROOT) to view the x-intercepts. 


B] [EXE]:Show coordinates 
Yi-x^(3)-2x?-11x-[l2 
an 
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Chapter 10 


Making a tray of maximum volume 


By using a rectangular piece of sheet metal, a square of side length xcm can be cut out and the sides 


folded up to form an open top tray as shown. 


x cm 


Preliminary task 
For this task assume that the width of the metal sheet is 10 cm and the length of the metal sheet is 20 cm. 


a 
b 


If x = 2, find the dimensions of the open top tray and its volume. 

Find expressions in terms of x for the length and the width of the base of the tray, as well as the 
tray’s volume. 

What is the maximum value of x? Give a reason. 

Plot a graph of volume against x for x between 0 and 5 using technology or otherwise. 
Determine the value of x which gives a maximum volume correct to one decimal place. Also find 
the maximum volume of the tray. 


Modelling task 


on 


The problem is to find the size of the square cut-out to maximise the volume of the tray. Write 
down all the relevant information that will help solve this problem. 

Choose a length and width of the original metal sheet. 

Determine the allowable values of x. 


Derive an expression for the length and width of the base of the tray in terms of x. 

Derive an expression for the volume of the tray in terms of x. 

Sketch a graph of volume vs x for your allowable values of x. Graph by hand, plotting points 

to help. 

Estimate the value of x and hence the size of the cut out which gives a maximum volume and find 
the maximum volume. 


Evaluate 
and | 
verify 


Use technology to sketch the graph from part f above. 
Use this graph to verify your results from part g above. 


Summarise your results and describe any key findings. 


Extension question 


Explore the effect on your results if different lengths and widths are chosen for the metal sheet. 
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The logarithmic graph 


You will be familiar with the shape of an exponential curve, which in 


its basic form is a graph of the rule y = a*, where a > 0 and a # 1. 


This is shown here. 


The graph of a logarithmic equation can also be plotted to form a curve that 


holds a special relationship with the exponential curve. 


Forming the logarithmic curve 


a Complete the table of values for y = 2* and y = log, x. 


ES E 


0 


1 


alo 
NI 


b On a set of axes with —8 < x < 8 and —8 < y < 8, plot the graphs of: 
ii 
€ On the same set of axes, now sketch the graph of y = x. 


ity 27 


Features of the logarithmic graph 


a What is the equation of the asymptote of: 


i y=2*? 


y = logo x. 


y = logs x? 


b What special position is held by the graph y = x between the two graphs of y = 2* and y = log, x? 


€ Describe the general shape of a logarithmic curve. 


Different bases 


a Use technology or plot the following equations by hand to compare these logarithmic curves with 


different bases. 
i y-logox ii 


€ Describe the effect of changing the base when graphing these logarithmic curves. 
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y = log3x 
b Describe at least two common features of these three logarithmic curves. 
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1 Simplify the following without the use of a TERRE ETERPEHIRRREEIE ERR 


calculator. on a question, check out the "Working 
21 ted 16 with unfamiliar problems' poster at 
a 083 ^ — 1083 E the end of the book to help you. 


b —log, 1 + 3log54 


€ logs V125 + logs i 


d 21og527 + log59 


2 Solve these equations using log base 10. Round your answers to two decimal places. 
qe cy b 0.2*=10 QUIA 


3 Solve for x: 21ogjox = logio (5x + 6) 


4 Given that log, 3 = p and log, 2 = q, find an expression for log, (4.5a?). 


Problems and challenges 


5 Solve these inequalities using log base 10. Round your answers to two decimal places. 
a 3*> 10 b 05% <7 


6 If y=a x 2" and the graph of y passes through (—1, 2) and (3, 6), find the exact values of a and b. 


7 An amount of money is invested at 10% p.a., compound interest. How long will it take for the money 
to double? Give an exact value. 


8 Find the remainder when x^ — 3x3 + 6x? — 6x + 6 is divided by @ + 2). 
9 x + ax? + bx — 24 is divisible by (x + 3) and (x — 2). Find the values of a and b. 


10 Prove the following, using division. 
a x -— æ = (x -— a) (x + ax + a?) b +æ = (+ a)? — ax + a’) 


Tl Solve for x. 
Gee IG v Neve o es b 3-3-16x416»20 


12 A cubic graph has a y-intercept at 2, a turning point at (3, 0) and another x-intercept at —2. Find the 
rule for the graph. 


13 Given that x? — 5x + 1 = 0, find the value of xt — 2x3 — 1632 + 13x + 14 without solving the first 
equation. 


14 A quartic graph has a turning point at (0, 0) and two x-intercepts at 3 and —3. Find the rule for the 
graph if it also passes through (2, 2). 
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Definition Other properties 


logay = xis equivalent to a*— y, a > 0 *log;1 —0 (a? — 1) 


aa 8 elog,a =1 (a! =a) 
e log28 = 3 since 2°=8 go EE ME 
e log;9100 = 2 since 10? = 100 Jax — —005X = 

1 __3 since 33 = 1 Logarithms (10A) 
* logs 27 3 since 3 7 
e [0g150.001 = —3 since 10-3 = 0.001 


Log law 3 | 


Log law 1 NU. logax? = nlogox | 
al 
log4x + logay = loga(xy) Log law 2 e.g. log,8? = i log,8 | 


e.g. log45 + log46 = log, 30 log; x loga y =loga(y) 
e.g. l0g318 — log32 = log39 


Solving exponential equations 
gs or gH 
x= 10925 log192* = 109195 
X 109492 = 109105 


Polynomial of degree n Expanding polynomials 
an X + Ap 4X1 +... + ag? Example: 
e.g. cubic x? — 2x2 + 3x — 4 (x? — 1)(x? + 2x - 3) 
logi05 Powers of x are whole numbers. = d a > = WE b + 2x -3) 
ju X^ + 2x? — 3x^— x — 2x - 3 
109102 x^ + 2x3 - Ax? -2x +3 


Remainder theorem 
If P(x) is divided by (x — a) then the 
remainder is P(a). Polynomials (10A) 
Factor theorem 
If P(x) is divided by (x — a) and 


Division 
(po — Be ae ese i) Q3 — 11) 
x?-x« 4 


X—1)8-2x?45x41 


x2(x—-1) x3-x? 


E 
P(a) = 0 then (x — a) is a factor of P(x). —x(x-1) KR 
4x--1 

4(X—1) axel 

5 


we X38 — 2x2 + 5x 41 = (x—- 1)? — x 4-4) 45 


A wd Muf 


dividend divisor quotient remainder 


Null Factor Law 


(x + 20x — 3(2x + 1) 20 
xX+2=0 or x—3=0 or 2x+1=0 | 
| 


x=-2 X= 


Factorising 
e Find one factor using the 


factor theorem. 

e Use long division to 
find the quotient. 

e Factorise the quotient. 
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Chapter checklist: Success criteria 


v 
to 1. Ican convert between index form and logarithmic form. 
c=. e.g. Write an equivalent statement in index form for logo 8 = 3 and in logarithm form for 
= Writ ivalent stat t in index form for logo 8 = 3 and in logarithm form f 
ET 3^ — gt. 
c 
= |Q 2. | can evaluate a logarithm. 
© e.g. Evaluate logy 64. (m) 
c 3. Ican evaluate a logarithm using a calculator. 
= e.g. Evaluate log10 8 correct to three decimal places. (m) 
= 4. | can solve a simple logarithmic equation. 
e.g. Find the value of x in the equation logg x = 5. 
e 
5. Ican apply logarithm laws. 
e.g. Simplify logo 5 + logo 3 and 2 logs 3 + logo 7. 
6. | can evaluate logarithmic expressions by simplifying. 
e.g. Simplify and evaluate logs 10 — logs 2 + log; 1. (m) 
7. lcan solve an exponential equation using logarithms with the given base. 
e.g. Solve 3X = 20 correct to three decimal places using the given base. (m) 
8. Ican solve exponential equations using base 10. 
e.g. Solve 2 x 1.1% = 6 using base 10 and correct to three decimal places. (m) 
C 9. | can identify a polynomial. 
e.g. Which of the following expressions are polynomials? 2x? — - and 3x9 = 2x + 7. 
X 
[p | 10. | can evaluate a polynomial for a given value. (m) 
e.g. If P(x) = 2x? — x? + 3, find P(—2). 
© 11.1 can expand and simplify polynomials. 
e.g. Expand and simplify (x? + 3x — 2) (2x? — x + 4). 
12. | can divide polynomials. 
e.g. Divide P(x) = x? — 2x? + 3x + 6 by (x + 1) and write in the form (m) 
P(x) = (x + 1) Q(x) + R, where R is the remainder. 
Lus | 13. I can find the remainder using the remainder theorem. 
e.g. Find the remainder when P(x) — x3 — 2x2 + 3x — 4 is divided by (x — 3). 
e 14. | can decide whether a linear expression is a factor of a polynomial using the 
factor theorem. (m) 
e.g. Decide if (x + 2) is a factor of P(x) = x3 + 3x2 — x — 6. 
15.1 can apply the remainder theorem to find a missing value. 
e.g. Find the value of k such that (x° — 2x2 + kx — 2) = (x — 3) has a remainder of 4. @ 
10H 16. | can apply the Null Factor Law to solve polynomial equations. 
e.g. Solve (2x + 5) (x — 3) (x 4- 2) = 0 for x. (m) 
17. | can factorise and solve a cubic equation. 
i e.g. Solve x3 — 5x? + 2x + 8 = 0. (m) 
18. | can sketch a cubic graph labelling intercepts. 
e.g. Sketch y = (x — 5) (x + 1) (x — 2) labelling x- and y-intercepts. (m) 
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e 


Short-answer questions 
Write the following in logarithmic form. i 
IT] 
= 
£5 
T 
(a 


a 2t=16 b 10° = 1000 C ac EE 
m 2 Write the following in index form. 
a log481—4 b logy c = -2 € logj90.1 = —1 
eB 
m 3 Evaluate the following. = 
a logy 1000 b log; 81 C log, 16 pe 
1 1 = 
d log;l e logi — f logs — cD 
87 £3 7 £5 125 = 
g log, 0.25 h log), 0.0001 i log; 0.1 
m 4 Simplify using the laws for logarithms. 
a log,4+ log,2 b log,7 + log, 3 € log, 24 + log, 6 
d log, 1000 — log, 100 e 2log,2 f 3log, 10 
g logy 25 + log; 94 h log, 60 — log; 20 i log, V8 
| wc | 5 Solve these equations using logarithms with the given base. 
a 3-6 b 20x 1.2* = 40 
| | 6 Solve for x, in exact form, using base 10. 
a 2*= 13 b 100 x 0.8* = 200 
C 7 IfP() =x -— x? — x — 1, find: 
a P(0) b P(2) c P(-1) d P(-3). 
C3 8 Expand and simplify. 
a (x24 2)(x7 + 1) b x3(x2 — x - 3) 
c @ +x- 3) - 1) d @ x-3)) +x- 1) 
Ca 9 Use long division to express each of the following in this form: 
Dividend = divisor x quotient + remainder 
a (O-2-2x-3)-2(x- 1) 
b (G-32-x-10D-zG-1 
c (2x2 — x2 + 4x — 7) + (x +2) 
d (—2x3 — x2 — 3x — 4) + (x — 3) 
406 10 Use the remainder theorem to find the remainder when P(x) = 2y = 2x2 + 4x = 7 is 
divided by: 
a x-1l b x+2 € x43 d x-3. 
11 Using the factor theorem, decide if the following are factors of P(x) = x? — 2x? — 11x + 12. 
a x«l b x-1 € x—4 d x43 
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12 Solve these cubic equations. 
a (x—-3)x—-0D)(x4-2) 20 b (x—-5Qx-3)8x*-1) 20 


C9) 13 Factorise and solve these cubic equations. 
= a xw+4+x-6=0 b x3 — 9x? + 8x + 60 =0 
a3 
S | | 14 Sketch the graphs of these polynomials. 
e a y=x b y-G-DG-D(- 4) 
= € y= x(x -— 3)(x + 2) d y=x4 
js 
E 
=s 
= Multiple-choice questions 
e 
C9 1 Which of the following is equivalent to 5? — 125? 
A log,125-5 B log35=125 C logs125=3 D 1253-5 E 1ogj5325 
C9 2 If log, 64 = x, then x is equal to: 
A 5 B 6 C 32 D 128 E 64 
X — 1 . 
m 3 If5*- E wa x is equal to: 
A logio 5 B log,5 C logio7 D log75 E logs7 
]. ui 
C9 4 logs. simplifies to: 
A -1 B 1 C 36 D 6 E 0 
5 x6 — 2x? + 1 is a polynomial of degree: 
A 1 B -2 C 2 D 6 E 0 
| | 6 Which of these is a polynomial? 
1 
A x24 x2 B xax C Breet D 4°-23-1 E tax 
x 
400 7 IfP(x)- x? — x and Q(x) = —2x? + 1, then P(-1) — Q(1) is equal to: 
A 1 B -l C 2 D 3 E -3 
C9 8 The remainder when P(x) = 222 + 4x2 — x — 5 is divided by (x + 1) is: 
A -4 B -2 C -10 DO E -1 
C9) 9 The three solutions to (x — 3)(x + 5) 2x — 1) = 0 are x equals: 
A B =l and 2 B 5,—3 and at C —5,3 and x 
3 5 2 2 
D —5,3andl E -5,3 and > 
[ow | 10 The equation of this graph could be: 
A y-cx(x-45)x- 1) 
B y=(4+5)@4+ ID@ +3) 
C y-(x-5(x- 1)(x +3) 
D y2(x—-5)(x-1)(x-3) 
E y (xc 5)x-1)(x-3) 
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Extended-response questions 


1 A share portfolio initially valued at $100000 is invested, compounding continuously at a rate 
equivalent to 10% per annum. 


a 


O. 


If $A is the value of the investment and n is the number of years, which of the following is 
the correct rule linking A and n? 


A A= 100000 x 0.1” B A= 100000 x 1.1” C A= Er 

100000 
Find the value of the investment, correct to the nearest dollar, after: = 
i 2 years ii 18 months iii 10.5 years. co 
Find the time, correct to two decimal places, when the investment is expected to have <, 
increased in value to: cD 
i $200000 ii $180000 iii $0.5 million. = 


T 
/ 
/ 


/ 


2 
N ^ 
LA f. L [a ^on 
k 


2 A cubic polynomial has the rule P(x) = x? — 5x? — 17x + 21. 


i — —^ 0D & c c 
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Find: 

i P(-1) ii PC). 
Explain why (x — 1) is a factor of P(x). 

Divide P(x) by (x — 1) to find the quotient. 

Factorise P(x) completely. 

Solve P(x) = 0. 

Find P(0). 

Sketch a graph of P(x), labelling x- and y-intercepts. 
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Measurement 


Short-answer questions 


1 Find the perimeter and area of these shapes. Give answers correct to one decimal place where 
necessary. You will need to use Pythagoras’ theorem for part C. 


: à 3cm b C 50 mm 
> 0.2 m H 
ge 30 mm 
i Ll 
2 90 mm 
g 4 cm 
N 
= 10cm 
e 2 Find the surface area and volume for these solids. Give your answers to one decimal place. 
a b C 
E> 
6cm 
3 A rectangular prism has length 5 cm, width 3 cm and volume 27 cm’. 
a Find the height of the prism. 
b Find the total surface area of the prism. 
4 A cone has volume 90 cm? and height 10 cm. Find the exact radius of the cone. 
Multiple-choice questions 
El 1 Correct to two decimal places, the perimeter and area, respectively, for this shape are: 
A 12.71 em, 16.77 cm? 5cm 
B 20.71 cm, 22.07 cm? a 
2 
C 25.42 cm, 29.14 cm dem 
D 18.36 cm, 43.27 cm? 
E 17.71 om, 17.25 cm? a 
2 0.04 m? is equivalent to: 
A 4cm? B 40 mm C 0.0004cm? D 400 cm? E 0.00004 km? 
3 A square-based pyramid has base area 30 m? and height 7 m. Its volume is: 
A 105m? B 70n? C 2107m’ D 210m? E 140m? 
4 The curved surface area of this half cylinder, in exact form, is: 
A 80zcm? B 1057 cm? C 92.57 cm? 
D 1207 cm? E 1602 cm? ion 
16cm 
9 The volume of a sphere of diameter 30 cm is closest to: 
A 113097cm3 B 2827cm? C 11310cm? D 14137cem? E 7069cn? 
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Extended-response question 


A cylindrical glass vase is packaged inside a box that is a rectangular prism, so that the vase 
touches the box on all four sides and is the same height as the box. The vase has a diameter of 8 cm 
and height 15 cm. Round your answers to two decimal places where necessary. 

a Find the volume of the vase. 

b Find the volume of space inside the box but outside the vase. 

€ A glass stirring rod is included in the vase. Find the length of the longest rod that can be 
packaged inside the vase. 

d Find the difference in the length of rod in part € and the longest rod that can fit inside the empty 
box. Round your answer to two decimal places. 


Parabolas and other graphs 


g M98IA8J J3]Saulag B 


Short-answer questions 


1 Sketch the following parabolas and state the transformations from y = x”. 
a y-3x b y=-(x +2)? c y=x +5 

2 Consider the quadratic y = x? + 4x — 5. 
a Find the y-intercept. b Find the x-intercepts by factorising. 
€ Use symmetry to find the turning point. d Sketch the graph. 


3 Consider the quadratic y = —2(x — 3)? + 8. 
a State the coordinates of the turning point and whether it is a maximum or minimum. 
b Find the y-intercept. 
c Find the x-intercepts by factorising. 
d Sketch the graph. 


4 Sketch the following quadratics by first completing the square. 
a y=x +6x+2 b y=x-5x+8 


5 Consider the quadratic y = 2x? — 4x — 7. 
a Use the discriminant to determine the number of x-intercepts of the graph. 
b Sketch its graph using the quadratic formula. Round x-intercepts to one decimal place. 
€ Find the points of intersection of the quadratic and the line y = —6x — 3 by solving 
simultaneously. 


6 Sketch the following graphs, labelling key features. 
a x-yz4 b -y.z10 


7 Find the coordinates of the points of intersection of the graphs of the following. 


a x? +y = 15 and y = 2x b y=Žandy=8x 
8 Sketch the graphs of the following relations. Label important features. 
a (x—2)2+(y4+1)2?=16 b y=2*t341 Boy -— 
x+2 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


796 


Semester review 2 


N 
= 
= 


2 
@ 
p 
i 
@ 
md 
e» 
@ 
= 
@ 
o» 


Essential Mathematics for the 


Multiple-choice questions 


1 The graph of y = (x — 2)? + 3 could be: 


A 
D 


3 7 
O X 
(72,3) 
(2,-3) s at x 
Y 
y E y 
A 
7 
4 
(2, 3) (2, 3) : 
0 x O| 
y 


2 The graph of y = x? — 4x has a turning point with coordinates: 


A 


(2, —4) B (0,—4) C (4,0) D (-2,12) E (1-3) 


3 For the quadratic y = ax? + bx + c, b? — 4ac < 0, we know that the graph has: 


A 


mom ug 


a maximum turning point 
two x-intercepts 

no y-intercept 

no x-intercepts 

a minimum turning point 


4 The graph with equation x2 + y? = 9 is: 


> 


mom ow 


a circle with radius 9 

a parabola with turning point (0, 9) 

a circle with radius 3 

a hyperbola with asymptote at x — 3 

an exponential curve with y-intercept (0, 3) 


5 The equations of the asymptotes of y = 1 + 3 are: 


A 
B 


moo 


x=0,y=0 
x=0,y=3 
x=3,y=0 
x=0,y=-3 
x=-3,y=3 
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Extended-response question 


A roller coaster has a section modelled by the equation h = ae — 120x + 1100), where A is the 


height above the ground and x is the horizontal distance from the start of the section. All distances 

are measured in metres and x can take all values between 0 and 200 metres. 

a Sketch the graph of h vs x for 0 < x < 200, labelling the endpoints. 

b What is the height above ground at the start of the section? 

€ The roller coaster travels through an underground tunnel. At what positions from the start will it 
enter and leave the tunnel? 

d What is the maximum height the roller coaster reaches? 

e What is the maximum depth the roller coaster reaches? 


Probability 


g M93IA8J J3]S9ulag B 


Short-answer questions 


1 Consider events A and B. Event A is the set of letters in the word ‘grape’ and event B is the set 
of letters in the word ‘apricot’: 
A= {g,r,a, p,e} B= {a, p, r, i, c, 0, t} 
a Represent the two events A and B in a Venn diagram. 
b Tfa letter is randomly selected from the alphabet, find: 
i Pr(A) ii Pr(AnB) iii Pr(AU B) iv Pr(B’). 
€ Are the events A and B mutually exclusive? Why or why not? 


2 The Venn diagram shows the distribution of elements in A B 


two sets, A and B. 
a Transfer the information in the Venn diagram to a B 


two-way table. 


4 
b Find: 
i n(AP B) il n(A’OB) iii n(B’) iv n(AU B). 
€ Find: 
i Pr(AQB) ii Pr(An B) ili Pr(B) iv Pr(B|A). 


3 Two events, A and B, are such that Pr(A) = 0.24, Pr(B) = 0.57 and Pr(A UB) = 0.63. Find: 
a Pr(ANB) b Pr(A’OB’). 


4 Two fair 4-sided dice numbered 1 to 4 are rolled and the total is noted. 
a List the sample space as a table. b State the total number of outcomes. 
€ Find the probability of obtaining: 
i asumof4 ii asum of at least 5 iii a sum of 7, given the sum is at least 5. 


5 Ina group of 12 friends, 8 study German, 4 study German only and 2 study neither German nor 
Mandarin. Let A be the event “studies German’ and let B be the event ‘studies Mandarin’. 
a Summarise the information in a Venn diagram. 
b Find: 
i Pr(A) ii Pr(A|B). 
€ State whether or not the events A and B are independent. 
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Multiple-choice questions 


1 The number of tails obtained from 100 tosses of two fair coins is shown in the table. 


0 1 2 
23 | 57 | 20 


From this table, the experimental probability of obtaining two tails is: 


= A 0.23 B 0.25 C 02 D 0.5 E 0.77 
p 

rem 2 From the given two-way table Pr(A r^ B^) is: 

@ 

uà 1 2 1 

@ 2 

= D + e i 

@ 5 3 

N 6 12 


3 Two events, A and B, are such that Pr(A) = 0.7, Pr(B) = 0.4 and Pr(A A B) = 0.3. Pr(A UB) is 


equal to: 
A 1.4 B 0.8 C 0.6 D 0 E 0.58 
4 From the information in the Venn diagram, Pr(A|B) is: A B 
5 B é c 4 
12 5 7 
4 1 
D — E - 
9 3 3 


9 A bag of 5 marbles contains 2 green ones. Two marbles are randomly selected without 
replacement. The probability of selecting the 2 green marbles is: 
9 p gi Re pu 
20 25 10 5 25 


Extended-response question 


Lindiana Jones selects two weights from her pocket to sit on a weight-sensitive trigger device after 
removing the goblet of fire. Her pocket contains three weights, each weighing 200 g, and five weights, 
each weighing 250 g. The two weights are selected randomly without replacement. Use a tree 
diagram to help answer the following. 


a Find the probability that Lindiana selects two weights totalling: 
i 400g ii 450g iii 500 g. 

b Ifthe total weight selected is less than 480 g, a poison dart will shoot from the wall. Find the 
probability that Lindiana is at risk from the poison dart. 

c By feeling the weight of her selection, Lindiana knows that the total weight is more than 420 g. 
Given this information, what is the probability that the poison dart will be fired from the wall? 
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Statistics 


Short-answer questions 


1 Twenty people are surveyed to find out 
how many days in the past completed 
month they used public transport. The 
results are as follows. 
7, 16, 22, 23, 28, 12, 18, 4, 0, 5 
8, 19, 20, 22, 14, 9, 21, 24, 11, 10 

a Organise the data into a frequency table 
with class intervals of 5 and include a 
percentage frequency column. 

b Construct a histogram for the data, 


showing both the frequency and the 
percentage frequency on the one graph. 
€ i State the frequency of people who used public transport on 10 or more days. 
ii State the percentage of people who used public transport on fewer than 15 days. 
iii State the most common interval of days for which public transport was used. Can you 
think of a reason for this? 


2 By first finding quartiles and checking for outliers, draw box plots for the following data sets. 
a 8,10,2,17,6,25,12, 7, 12, 15,4 
b 5.7, 4.8, 5.3, 5.6, 6.2, 5.7, 5.8, 5.1, 2.6, 4.8, 5.7, 8.3, 7.1, 6.8 


3 Farsan's bank balance over 12 months is recorded below. 


J F M A M J J A S 0 N D 
1500 | 2100 | 2300 | 2500 | 2200 | 1500 | 1200 | 1600 | 2000 | 2200 | 1700 | 2000 


Plot the time-series for the 12 months. 


Describe the way in which the bank balance has changed over the 12 months. 
Between which consecutive months did the biggest change in the bank balance occur? 


2 o g ® 


What is the overall change in the bank balance over the year? 


4 Consider the variables x and y and the corresponding bivariate data below. 


4 5 6 7 8 9 | 10 
2.1 |25| 3.1) 28] 4 | 36] 49 


Draw a scatter plot for the data. 


Describe the correlation between x and y as either positive, negative or none. 
Fit a line of good fit by eye to the data on the scatter plot. 


2 o g £t 


Use your line of good fit to estimate: 
i ywhenx=7.5 
ii x when y = 5.5. 
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different age groups. 


E 9 The back-to-back stem-and-leaf plot below shows the number of DVDs owned by people in two 
CN 


Over 40 Leaf | Stem | Under 40 Leaf 
9766432| 0 |78 
= 643220, 1 |25578 
@ 83| 2 |446 
= 3 269 
Fut 4 |18 
D 4|2| means 24 DVDs and |2|6 means 26 DVDs 
pur] 
ES a By considering the centre and spread of the data, state with reasons: 
= i Which data set will have the higher mean? 
@ ii Which data set will have the smaller standard deviation? 
N b Calculate the mean and sample standard deviation for each data set. Round your answers to 
one decimal place where necessary. 
Multiple-choice questions 
1 For the given stem-and-leaf plot, the range and median, respectively, of the data are: 
Stem | Leaf 
0/2267 
11012358 
233579 
1|5 means 15 
A 20, 12.5 B 7,12 C 27, 12.5 D 29,3 E 27513 
2 The interquartile range (IQR) for the data set 2, 3, 3, 7, 8, 8, 10, 13, 15 is: 
A 5 B 8.5 C 7 D 13 E 8 
3 The best description of the correlation between the variables 
for the scatter plot shown is: 
A weak, negative 
B strong, positive 
C strong, negative 
D weak, positive 
E nocorrelation 
4 Aline of best fit passes through the points (10, 8) and (15, 18). The equation of the line is: 
A ya ire B y22x- 12 C yore 
D f= 2446 E yc 
5 The mean and sample standard deviation of the small data set 2, 6, 7, 10 and 12, correct to one 
decimal place, are: 
A x=7A4ands = 3.8 B x=7ands = 3.7 C x=7A4Aands = 3.4 
D x=7ands=7.7 E x=27.lands=9.9 
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Extended-response question 


After a month of watering with a set number of millilitres of water per day, the height of a group of 
the same species of plant is recorded below. 


8 5 10 14 12 15 18 
25 27 34 40 35 38 45 


a Using ‘Water’ for the x-axis and rounding coefficients to two decimal places, find the equation 


of the least squares regression line. 
b Use your least squares regression line to estimate the height (to the nearest cm) of a plant 
watered with 16 mL of water per day. 


Logarithms and polynomials 


Short-answer questions 


1 Simplify where necessary and evaluate. 


a log464 b logs x € log;, 1000 d log;l 
e log42 + log48 f 1og454 — log46 g logg8 h log,a? 
2 Solve for x. 
a logg2162 x b log,2723 € logax-4 
3 a Solve for x using the given base. 
i 3*-230 ii 15 x 2.4* = 60 
b Solve for x using base 10 and evaluate, correct to three decimal places. 
i 7 = 120 ii 2000 x 0.87* = 500 
4 Consider the polynomials P(x) = x? + 332 — 4x — 6 and Q(x) = 2x3 — 3x — 4. 
a Find: 
i P(2) ii P(-1) iii Q(—3) iv Q(1). 
b Expand and simplify. 
i P(x) x QQ) ii (Q@))? 


5 Divide P(x) = xX — 4x? + 2x + 7 by (x — 3) and write in the form P(x) = (x — 3)Q(x) + R, 
where Q(x) is the quotient and R is the remainder. 


6 Find the remainder when P(x) = x? — 2x? — 13x — 10 is divided by each of the following and, 
hence, state if it is a factor. 
a x-1 b x+2 € x-3 


7 Solve for x. 
a (x4 D(x—-3)x46)-20 
b —x(Qx- 5)(x +2) 20 
C x-5242x—-8-20 
d 2x3 — 3x7- 3x4+2=0 
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Multiple-choice questions 


1 The value of log, 16 is: 


A 8 B 256 C 216 D i E 4 
Cv f ; 
> 2 An equivalent statement to 3* = 20 is: 
a A x= log; 20 B 20 = log3x C x= logs) 3 
=> 20 
a D 3= log, 20 E x=1 a 
= X X O810 3 
KS 
g 3 The expression that is not a polynomial is: 
ES A 3241 B 2-554 B dcus 
= D Ae E E 5x9 + 24 = 3x2 =x 
PT) x 
N 4 When P(x) = x^ — 3x3 + 2x + 1 is divided by (x — 2), the remainder is: 
A 37 B 2 C -3 D 13 E 5 


5 A possible graph of y 2 —x(x + 3)(x — 2) is: 


A y 

C o * 

-34 O i 

D y 
x 
-3 2 
-30 " 
Y 


Extended-response question 


A section of a train track that heads through a valley and then over a mountain is modelled by the 
equation P(x) = —2x3 + 33? + 23x — 12 for -5 <x « 6. 

a Show that (x + 3) is a factor of P(x). 

b Hence, factorise P(x) using division. 


€ Sketch a graph of this section of the track, labelling axes intercepts and endpoints. 
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AAA 130 

AAS 112 

addition rule 609 

algebraic fractions 11, 16 
alternate angles 103, 288 
alternate segment theorem 165 
ambiguous case 307 
amplitude 336 

angle of depression 288 

angle of elevation 288 

apex 461 

associative 5 

asymptote 239-40, 571, 578 
axis of symmetry 509, 518, 527, 540 


binomial products 358 
bisect 118 

bivariate data 701, 719 
box plot 679 

branch probabilities 629 


capacity 469 

Cartesian equation 562 

chance 594, 629 

chord 139-40 

chord theorem 1 140 

chord theorem 2 140 

chord theorem 3 140 

chord theorem 4 140 

circle 139-40, 148, 157, 165, 431, 446, 
562, 577 

circle theorem 1 148 

circle theorem 2 148 

circle theorem 3 157 

circle theorem 4 157 

circumference 140, 148, 157, 431 

coefficient 4, 371 

coefficients 386, 753 

cointerior angles 103 

column graph 663 

common factors 11, 364 

commutative 5 

complement 601 

complementary 102 

complete the square 380, 399 

completing the square 533 

composite solids 454 

compound interest 254 

conditional probability 614 

cone 461, 476 

congruence 111-112 

congruent 111 

constant 753 

constant term 4, 371, 753, 774 

corresponding angles 103, 111-112, 
124, 130 

cos(0) 275, 281, 314 

cosine rule 314 
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cubic 753, 780 
cyclic quadrilateral 157 
cylinder 454 


decay 248 

dependent variable 695 

difference of perfect squares (DOPS) 
359, 364 

dilates 518 

dilation 509 

discriminant 404, 540, 552 

distributive law 5, 201, 358 

dot plot 663 


elimination 71 

empty set 600 

equally likely 595 

equally likely outcomes 594 

equation 44, 66, 80, 393, 533, 540, 552, 
577, 712, 719 

equidistant 140 

event 594—5, 600-01, 609, 
614, 640 

experimental probability 595 

exponential 240 

exponential equation 235, 578 

exponential formula 248 

exponential relations 239 

expression 4—5, 358 

exterior angle 104 

exterior angle theorem 104 

extrapolation 712, 719 


factor theorem 770 

factorisation 5 

factorise 364, 376, 380, 386, 399, 
527, 774 

five-figure summary 672 

function notation 753 


gradient 35, 44, 58, 65, 780 
gradient-intercept form 35 
grouping 364, 377 

growth 248 


half plane 80 

highest common factor (HCF) 5 
histograms 663 

hyperbola 571, 578 

hypotenuse 52, 112, 275, 438 


identity 5 

independent 640 
independent variable 695 
index law 1 212, 743 
index law 2 212, 743 
index law 3 212, 743 
index law 4 212 
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index law 5 212 

inequality signs 29 

infinite non-recurring decimal 191 
intercepts 35 

interpolation 712, 719 
interquartile range 672 
intersecting region 80 

intersection 600 

inverse 5 

inverse operations 21 

inverse trigonometric functions 281 
inverted 518 

irrational numbers 191 


kites 103 


leading term 753 

least squares 719 

length of a line segment 52 

like surds 197 

like terms 5, 21, 358, 759 

limits of accuracy 491 

line of best fit 712 

linear 695, 753 

linear equation 21 

linear inequalities 30 

linear regression 719 

logarithm 738 

long run proportion 595 

lower boundaries 491 

lower fence 673 

lower quartile 672 

lowest common denominator (LCD) 
16,21 


major arc 139 

major sector 139 

major segment 139 

maximum turning point 533 

maximum value 672, 679 

mean 663, 673, 687 

measures of spread 672 

median 663, 672-3 

midpoint 52 

minimum turning point 509, 
533, 545 

minimum value 672 

minor arc 139 

minor sector 139 

minor segment 139 

mode 663 

monic quadratics 371 

mutually exclusive 600, 610 


net 454 

non-monic 376 

null 600 

Null Factor Law 386, 399, 527, 
552, 774 
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of degree 753 

only 601 

outcome 594-5, 629, 640 
outlier 673, 679, 701 
outliers 673 


parabola 509, 518, 533, 551 

parallel box plots 679 

parallel lines 58, 65, 103, 288 

parallelogram 119, 446 

parallelograms 103 

per annum 248 

perfect square 191, 380 

perfect squares 359 

perimeter 431 

period 336 

perpendicular lines 58 

point of contact 165 

point of intersection 65, 80 

polygons 104 

polynomial 753, 759, 764, 
770, 774 

polynomial equation 774 

population 657, 687 

population standard deviation 687 

principal 254, 259 

pronumeral 4—5, 66, 358 

pyramid 461, 476 

Pythagoras’ theorem 52, 438 


quadratic 509, 518, 533, 753 
quadratic formula 404, 540, 552 
quadrilaterals 103 

quartic 753 


range 672 

rate of interest 254 

rational indices 230 

rational numbers 191 
rationalising a denominator 207 
real number 191, 359, 753 
reciprocal 11 

rectangle 119, 446 

rectangles 103 


Essential Mathematics for the 


ISBN 978-1-108-77346-1 


rectangular hyperbola 571 
recurring decimal 191 
reference angle 328, 336 
reflection 509, 571 
regular polygons 104 
remainder theorem 770 
replacement 621 
revolution 102 

rhombus 119, 446 
rhombuses 103 

RHS 112 


sample 657 

sample space 594, 600, 615, 
621, 629 

sample standard deviation 687 

SAS 112 

scale factor 124 

scatter plot 701 

scientific notation 225-6 

secant 165, 171, 551 

sector 431 

set 600—01, 615 

significant figures 226 

similar 130 

similar figures 124 

similarity 124, 130 

simultaneous equations 65, 551 

simultaneous inequalities 80 

sin(0) 275, 281, 307, 327-8 

sine rule 307 

skewed 663 

sphere 481 

square 119 

square factor 191 

squares 103 

SSS 112 

standard deviation 687 

statistical data 657, 663 

stem-and-leaf plot 663 

substitution 66, 240, 552, 562, 571 

subtended 140, 148, 157 

supplementary 102—04, 157, 307 

surds 191, 197, 201, 364, 380 
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surveys 657 
symmetrical 663 
symmetry 336, 527 


tan(@) 275, 281, 327-8 
tangent 165, 171, 275, 551 
term 4—5, 358, 759 
terminating decimal 191 
time-series data 695 

total surface area 454, 461 
translates 518 

translation 509 

trapeziums 103 

tree diagrams 629 

trend line 712 

trial 594—5 

triangles 103, 111—112, 130, 307 
trigonometric ratio 275, 288 
true bearings (°T) 293 
turning point form 518, 533 
two-step experiments 621 
two-way table 601 


union 600 

unique 65 

unit circle 327, 335-6 
universal set 600 
upper fence 673 
upper quartile 672 
upright 518 


Venn diagram 600-01, 615 
vertex 509 

vertically opposite angles 102 
vertices 111, 157, 307 
volume 469, 476, 481 


with replacement 621, 629, 640 
without replacement 621, 629, 640 


x-intercept 35, 509, 518, 527, 533, 540 


y-intercept 35, 240, 509, 518, 527, 
533, 540 
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Answers 


Working with unfamiliar problems: Part 1 10a 11 b 28 c 20 d 


NO | 0 


1i 640 


1 x8 + 6x3y + 15x52 + 20:333 + 15324 + 635 + 8 12 Pto R: 145°, 1606 m; R to S: 295°, 789 m; S to Q: 51°, 


2 99 1542 m; Q to P: 270°, 1400 m 
3 a x=15 b x= 450 e x=6 18 y= Paw de tory= (eae 
4 | $56 

8 
5 24cm 
6 a i 11.8 seconds ii 6.5 seconds 

piii 

424 

7 XY¥=5.6cm 
8 35 
9 72 
10 Charlie 23 years, Bob 68 years 
a 

2 
12b=11 
BEA "s Hours — | istand 6th | 2nd and 5th | 3rd and 4th 
14 V = 27 cm3, TSA = 54 cm? % change 6.7% 18.3% 2594 
15 4 cm < thirdside < 20 cm. Its length is between the addition from equation i i 

and subtraction of the other two sides. % change 
16 785 from ‘rule of 8.3% 16.7% 25% 
Tn+i thumb’ 
18 10 
19 3:5 The percentage change per hour for the ‘rule of thumb’ 


is 1.6 points higher for the 1st and 6th hours, 1.6 points 
lower in the 2nd and 5th hours and the same in the middle 
two hours. Overall, this is quite an accurate 'rule of thumb'. 


Working with unfamiliar problems: Part 2 b The proportion of tide height change 


= los [cos(305) — cos(30r») | 

g x 4\5 2 

tai P= 3x x = orP = ae( 2) 
35 3 


i 15 1* V5 4 618034 
P=3x4"x - 2 
T V3 2 "(ry 
il A2—3x^6-3x—-[-2] + 
Fi a Chapter 1 
EY 2 
ix ax (z) est (2) 1A 
e n Buildi derstandi 
2 ullding understandin 
Area change = 3 x 4-7! x v) 9 9 
4 \3" 1C 
b The perimeter increases indefinitely as zo — oo aS 2 D 
n — oo. The area approaches a finite value as area change 3a 1 b -4 c 4 d E 
V3 2 x alg) > 0asn > co. 4 a yes b yes c no 
4 4\9 5a 9 b -8 c -8 d -9 
2 77cm, 181cm 
3 2k(2V3 — 
( ve Now you try 
4 22 
1 Example 1 
5 y= ^ a 17a b 3ab2 € 2xy + 63?y 
6 x=0.9,y=3.3 Example 2 
7 16V 10cm a 18ab b -1052 c -2 
8 20 students; 6 with 100%, 7 with 75%, 7 with 76%, Example 3 2 
n = 82.85%. a 346 b 2x2 + xy c 4x9 
9 9—units 
8 
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Example 4 e True f False, 3 — (2-1) # (3-2) - 1 
a 2(x—5) b 3x(x + 3) g True h False, 8 + (4-2) 2 (8 +4) +2 
Example 5 49:3 T loe] 
13 2 2 
. b Itcould refer to either of the above, depending on 
Exercise 1A interpretation. 
iai 14a il 5a c ‘Half of the sum of a and b’ or ‘a plus b all divided by 2’. 
b i 2a% ii x2y 13 a p= (ae feeza- (1t: 
c | xy + 5y? ii 4ab + Gab? 2 4 
2 a 10a b 15d c 0 b P= (6+2)x-6,4= (3-2) -3x 
d 5xy e 4ab f 9r 2 4 
g 9b h -sê i —3n?n E S LANE, 
j -07a?b k 2gh+5 | 12xy - 3y dixxo olde ii 2 ^ 
m 3a 4 7b n 8jk- 7j 0 ab? + 10a2b 
EN _ 2 3.4 2 B 
p 2mn — mn q Sst — sft ro3xy? + 2xy 
3 a 12ab b 25ab € —6ad edi : 
Building understandin 
d —10Am e 30hr f 30bd/ 9 9 
g 1252 h -215245 i Barb! 1a] b > c 2 d 
j 24p3q k -18475 | 63m2pr 6 4 
a 2a 2 b 3 C mais d _ be 
mx n 3ab 0 E 3 Ta 4x Ba 
ab 
Br q 2b r —3x 3 a 5x b 4x oe gt 
4 3a 
y a 
s — t —— 
2 2 Now you try 
4 a 5x45 b 2x 4 8 
€ 3x- 15 d —20— 5b Example 6 
e —2y 4 6 f -7a- Tc a 3ab b 1-2x 
g 6m 18 h 4m — 12n + 20 Example 7 
i —2p- 6444 j 2x? + 10x a+ 
b 6 
k 6a? — 24a | —1232 + 16xy a 2a 
m 155? + 3yz — 24y n 36g — 18g? — 45gh i 
0 —8ab + 14a? — 20a p 14y2 — 14y3 — 28y Exercise 1B 
q —6a? + 3a? + 3a r —514 — 68 — 2r i a i 32 ii 2xy 
4 3 2 d cas i 
S: om em + 10m t x'-x bi dens EP 
u 35 — 6sr 2a 5x b -2x € -9b d -2y 
5 a 5x+ 23 b 10a + 26 1 4 3x 6b 
je e — j 22 
[: et +3 d ju 2p Ost g y 7 
e fe 3a x+2 b a-5 6-9  di-35 
g 3x2 + 15x h 152-7 
: . e 146b f 1-3 g 3-t h x-4 
i —11a8 j 9q* -— 943 1 42a 
6 a 3(x—3) b 4(x—2) c 10(y +2) i x+2 j 3-2x k a-1 | 3 
d 6(y +5) e x(x+7) f 2a(a + 4) re x44 
g x(x - 1) h 9y(y - 7) i x17) Ta dT din 
j x» - 4y) k 8a?(b 4- 5) | ab(Ta 1) 4 Ša 
m —5r(r + 1) n -6mn(1+3n) 0 -y(y+ 8z) la e5 B 
7 a -32 b 7 c 61 d 12 : T. 1 
"mU s E h 1 i ! 79 
2 5 5 18 
8 a 2x24 6x b x2- 5x 5a 3 b 3 505 
9 a P=4x-4,A=x -2x-4 3 4 1 
= CR d = e — f — 
b P=4x+2,A=3x-1 4 3 25 
€ P=4x+14,A=7x+4+ 12 5 2 zu 
10 a (-2)(-2) = 4, negative signs cancel dian h 5 nes 
2 "o 
Mob de <0 6 a x+1 b 2 c 4 
c (—2)° = (-2)(-2)(-2) = -8 á +3 
fl a True b False, 1—52 z 2 — 1 7a 3x Z^ dor 
1-90 M 
c True d False, — 4 = 2 
2*1 a 4 e 4 in 
x 7x b-1 
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$a p & MEE 
x+3 1-x 2 
q 10x x-1 35x? 
3 2x (2—x)(x- 1 
9 a x-1 b 3(x + 2) c 2(x- 3) 
d e —3 f 4(x— 1) 
x42 1-x 
10 a-c Factorise and cancel to 1. 
fia 1—-x-2-(x- 1) 
ge i cde ii Ż 
3 x 
ipa 5t b x p 
2 3 
d 3 e 41) t i 
2(x + 2) (a+1)(a-3 
x-y h (y + 2) 
g xy * 
1C 
Building understanding 
12a 2x-4 b -x-6 c —6x+ 12 
2 a B b 1 c 3 d U 
6 15 14 6 
3a 12 b 6 c 14 d 2x 
Now you try 
Example 8 
å 5 — 2a b 3a + 8 
6 4a 
Example 9 
5x — 4 13x — 6 
a b 
6 10 
Example 10 
tld 
(x — 5)(x + 1) 
Exercise 1C 
1-31 1 — 2a j 3724 
4 10 
bi at+6 ii 3a + 35 
3a Ta 
2 a 3a + 14 b 4a+3 
21 8 
3 — 15b 4x - 6 
c d 
10 15 
" 1 - 6a t 2a 
9 15 
g 3x h 11b 
20 14 
3-a 2a + 15 b 3a +8 
3a 4a 
ü Ta — 27 d 16 — 3b 
9a 4b 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


ISBN 978-1-108-77346-1 


24 
x+5 

6 
—2x + 38 


15 
14x - 8 


21 
x 14 


30 
—3x + 10 


4 
Tx + 22 
(x + 1)(x + 4) 
3x — 1 
(x — 3)(x + 5) 
—21 


(2x — 1)(x — 4) 


41 - 7x 


(2x — 1)(x 7) 


14 - 17x 


(8x - 2)(1 — x) 


ia 
20— 3 


a2 


Answers 


27 — 14y 
18y 
—27 — 2x 
6x 


6x +5 


12 
3x — 23 
14 
18-9 6x-3 


p ae. 


6 2 
-14x- 7 


15 


7x — 13 
(x — 7)(x + 2) 
x — 18 
(x  3)(x — 4) 
14x — 26 
(x — 5)(8x — 4) 
DETS 
(x — 3) (3x + 4) 


ii 3x + 14 
a 4x? 
x-2 


8 The 2 in the second numerator needs to be subtracted, EU 


9 a -(3- 2x) = -3 + 2x(-1 x (-2x) = 2x) 
; 2 xw X ws X+3 
bi ii iii 
x—1 3-x 7-x 
10a -1 b Sa +2 C 3x45 
a? (x + 1)2 
d 3x- x2 š 21x — 9x2 i yg zm Xy 
(x — 2)? 14(x - 3)? ME 
fla 2 b 1 
1D 
Building understanding 
1 a no b c yes d yes 
2 a true b false c false 
3 a false b true c true 
4a5 b c -3 d 4 
Now you try 
Example 11 
ax=3 b x= 2 
3 
Example 12 
a x= 11 b x=-1 € x=-7 
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Exercise 1D 1E 
1ai 3 ii 5 Building understanding 
bi -3 ii —5 
5 11 1 1 a 3,6, 10 (Answers may vary.) 
2a 2 b d c ^3 b —4, —3, —2 (Answers may vary.) 
11 3 € 5, 6, 7 (Answers may vary.) 
d E: e -4 f 2 d —8.5, —8.4, —8.3 (Answers may vary.) 
9 4 . 2a B bc c A 
= Be De 3 11,12 or 13 rabbits 
j 7 k -2 | n Now you try 
3 a 1 b 9 c - Example 13 
ax<2 b —-4<x<-1 
d- ga. 1 2 
6 14 3 Example 14 
g 1 h2 i 4 a x»3 b x>-6 
i7 k -9 15 ogo a <>: 
m 19 n 23 0 1 23 4 -7 -6 -5 
4 a 10 b 13 c -22 d 4 —À 
e —5 f 6 g 16 h 4 
i -9 j 8 k 6 | -7 CL x 
m 20 n 15 o -9 p 5 012 
5 ax+3=/7,x=4 b x-825,x2-3 . 
€ x-4-2 5x29 d 15-x-222x2-7 Exercise 1E 
e psi asd [ 26-5 2-842 1aix>3 i x«5 
2 bi -2<x<1 ll O<x<3 
g 3x-8-223,x-5 h 2x-5=x-3,x=2 2ax>1 Te 
6 a! b 0 c -177 oaa ee € x«4 d x»-9 
2 28 e ere f 8<x<11 
co as an i 86 g -9<x<-7 h 15<x<25 
5 14 5 19 i -t<x<1 
7ail b 6 c 2 d 25 3ax<4 
8 17cm 4% —  ? eae 
9 17 and 18 4 
10 24 km bass 
fila $214 e > 
b $582 = m 
ci 1 ii 10.5 iii 21 
2a 41L pO 
b 90s=1min 30s < T » x 
c 250s=4 min 10s * 
13a 6 b 4 c -15 d 20 e 3 d x«10 
i 6 g 1 h -26 i -10 bl—ÀÁ————————— 
14 x = 9. Method 2 is better, expanding the brackets is 10 
unnecessary, given 2 is a factor of 8. e x«2 
15a 5-a b c 3 g= č > — 
6 2 
d BET è aes i -— i xe 
16a a-—§ b a c a= ] is 3 s 
b+1 b+1 c-b 
"EU e a=-—b ft as be bees i m 
b-1 b-c E >x 
ab abc 6 
17a 6a De c "Tw h x«6 
~< T > X 
6 
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i x«-18 € -9<x<-/ 
$7 o—__—————_O 
= : >x < ; >x 
-18 -9 =] 
j x>32 d ages 
< : >x 2 
32 m T T > xX 
10 3 2 
k x« — ERR 
9 2 
e ———————————9 
< i »X e cee! 
10 3 
9 eo—_____-® 
3 m T T > xX 
| x«-- -3 i 
8 
le EE: » X f -4<x<-2 
e—a 
I$. < T T »-X 
-4 2 
4a TI b x«2 c x<-5 g W<x<l2 
e—a 
d x< -7 e x< -8 f x24 E 11 12 oe 
g xz -10 h x< -21 15 
hi<x<— 
5 ax>6 bx<2 € x<= 4 
o_O 
cX T T >x 
d xz 10 e "PE f yell 1 15 
16 4 4 
6 a +7 <12,x<2 8a x223 li eel? 6 xe 
5 
x " 
b Tececepe te 1F 
1 
Cope rete c Building understanding 
d x+ (x+ 2) < 24,x < 10 since x must be even 1 E UN Gp STE 
e (x—6) + (x4) (x -2) e x « 148,x < 40 : ne ees ae 
7a i C«$130 ii C» $2.30 A UP euin Kt 
. ; E : € y=x-7,m=1,c=-7 
b i lessthan9 min ii 16 min or more 
11 11 d D UR EN. 
8 a x«-5 b x>— C x> Bo 5 5 21 
14 97 " 2ai 3 ii 6 iii — 
d x& — e x2 — f x«— 3 
5 29 2 bi 2 ii 6 iig 
9 a An infinite number of whole numbers (all the ones greater 3a A b D c B dc e E EF 
than 8). 4 a x=2 b y=2 
b 1, 3 is the only whole number. u mr 
0a x> 1t Now you try 
10 
b x<2-—4aifa>0andx> 2 -— 4aifa «0 Example 15 
; 7 7 a yes b no 
a-l. 
c x<1-Zorx<——ifa>Oandx>1- ^or Example 16 


Que. a Gradient = 3, y-intercept = —1 
x> Sa a « Q. 


Na -4«x«5 b -95«x«-7 c x=10 
12a 3«x«9 
€— — — — — ————e 
m T T »X 
3 9 
b -7«x«38 
e—________—_® 
m T T » X 
=7 3 
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810 Answers 


b Gradient = 4 y-intercept — 1 


y 


Exercise 1F 
"abis 17 1 a i yes ii no 
b i no ii yes 
2a c no 
d f no 
3 a 
b y 
A 
b m=2,c=3 
y 
Example 18 m 
a y 
" € m=-2,c=-1 
O 
-1 
b y 
< 
x 
o 2 
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Answers 


d m=-1,c=2 i m=0.5,c=-0.5 
y 


A y=0.5x-0.5 


j m=-1,c=1 


f mecs ea k 


< D » X 
Y 
| m=-0.2,c=0.4 
» 
À 
y=0.4-0.2x 
0.4 

" 99 (1, 0.2) — 

O x 
Y 

4 a m--3,c-12 
y 
A 
y 
12 
6 y--1x46 y=-3x+12 |X, 9) 
Z - m 0 > x 
O (2, -1) 
y 
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b eee 
2 
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Answers 


j x2e5,y225 


e x-35,y- 7 


f x28, y24 y 


g x=4,y=6 
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814 Answers 


E X 
Y (0) 
d y 
A (1, -3) 
x= - Y 
E » x i y 
-25| 0 À 
js 
y =-3* 
T m Ü »X 
e y (3, -1) 
A 
Y 
=0 
Eo o x ! 
Oo 3 
y 
f y 
x=0 k 
< > xX 
O 
| Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 


n Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Answers 


l y d 121 sa. units e 22 sq. units 
A 5 3 
y=4 
issn — d— e d 
4 1G 
~ O = Building understanding 
1 a2 b 3 c 0 
d -4 e —3 f undefined 
Y 2ac=8 b c=-6 c c= 12 
7 a C=2n+10 
b y Now you try 
À 
354 Example 19 
10, 30 
ag. ( ) 7 
254 C=2n+10 5 
204 Example 20 
154 y=2x+1 
10 Example 21 
95 5 
QT 1———I——3——3 D X is unc 
123456728910 
c i $28 ii 23.5 kg Exercise 1G 
8 a V=90- 15r —6 
b 1 a -2 b — 
y 5 
1 5 
2a -— b 2 e — d 3 
s 4 2 
804 5 
704 e 0 f 0 g -1 h 2 
604 
V=90- L5r mes j undefined k 3 fae 
504 7 2 2 
404 3 a y=x+3 b y=x-2 € y=3x+6 
304 d y=-3x+4 — e y=4 f y--7x- 10 
204 4 a y-2x«4 b y=4x-5 € y=x-4 
104 d y=-2x+12 e y=-3x-4 f y=-3x-2 
i x = 3x =- 
0' 5 10 15 2025 30 35 40 45 50 55 60 Say ae in 
c i 825L ii 60 hours Boyce d y--2x-2 
Bae SE per hour pre 6 a A=500r + 15000 
c C= 1200 + 0.05k . € 4years more, i.e 10 years from investment 
fl a m= 25, 25 km per hour i.e. speed d $21250 
b The cyclist started 30 km from home. 7a y 
c (0,30) À 
12 1 gradient = 1 odi 
a y=x+-, gradient = 
y 2 1004 
b y=0.5x + 1.5, y-intercept = 1.5 904 Edo 
€ y= —3x + 7, gradient = —3 804 es 
1 i 1 704 
d y—-x- 2, gradient = — 
a, 2 60-4 
13 a gradient = : y-intercept = 4 50- 
b gradient = a, y-intercept = —b d 
c gradient — = y-intercept = z 20 
104 
ua 4 b n c -$ P 
d 0 123456789 
15 a 12 sq. units b 9 sq. units c 23. 9) units b C- 10:4 20 
€ i $10 per hour ii $20 up-front fee 
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ud A loi Mns 7 a gradient = —°, y-intercept = 1 
ii V=t+ 1 iv V=1.5t+2 2 
b iL, 2L 
c Initially the flask contains b litres and it is losing 1 litre per 
minute. 


9 a S NE 
5 


b ———— M 


c It doesn’t matter in which pair of points is (x4, y4) and 
which is (x9, yo). 


10 a = 
3 
b y= oe b x-intercept = —3, y-intercept = —2 
evo 413 
3 3 


d The results from parts b and c are the same (when 
simplified). So it doesn't matter which point on the line 
is used in the formula y — y4 = m(x — x). 


nai 5-00 i 2 = 0.04 
50 50 
b i y= 0.02x+ 1.5 ii y= 0.04x + 1.5 
c The archer needs m to be between 0.02 and 0.04 to hit the 
target. 


Progress quiz 


1 a 9a?b + 2ab+ 8b b —12x3y c 13m+ 14 
2a 4k b a-4 p fee 
2 
d m4 3 é 9a t 5 
3m 2 2 
3a 6+m b 4x — 15 
8 6x 
" 14 — 3a d 3m — 13 
24 (m — 1) (m - 3) 
4 5 b= Bs da=- 
9 Ww 775 Som 7775 8 a m=3,y-intercept = —2 
ib b m= — 3, y-intercept = 3 
o——> 5 
< T T T T re 3 
012345 9 a y=2x+3 b ire 0€ x=5 
b x>-4 
e 
<> 1H 
-5 —4 -3 -2 -1 0 
PT, Building understanding 
=< ———_O 
MO 1a4 b 5 "EU a (3.3) 
012345 2 
2a 4 b 4 
d a>-2 c v32 = 4V2 d (0,—3) 
-———————- 3a 2 b loros 
-4-3-2-1 0 1 aor 
, s c 3 d —4 
6 a (-3,2) is not on the line. 
b (-3,2) is on the line. 
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Now you try 
Example 22 
a v5 b v89 
Example 23 
(4) 
2 
Example 24 
a=4ora=10 
Exercise 1H 
1ai v5 ii v20 
b i v130 ii v90 
2 a v29 b v58 
c v37 d v65 
e v37 f 15 
g v101 h v193 
3 a (1,6.5) b (1.5,2.5) c (-0.5, 1) 
d (—1,4.5) e (1,—1.5) f (-3.5, 3) 
g (-3,-0.5) h (2, 2.5) i (—7,10.5) 
4 Band Care both 5 units away from (2, 3). 
5 a a=3,b=5 b a=-4,b=5 
€ a=-2,b=2 d a=11,b=2 
6 a 3,7 b -1,3 c —1,9 d —6,0 
7 a 1478m b 739m 
8 a (-0.,1) b (-0.5,1) 
c These are the same. The order of the points doesn't 


10 


fi 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


matter since addition is commutative (x4 + x» ...) 
(x1 + Xo = xo + x1). 


d 5 e 5 


f The order of the points doesn't matter (x — y)? = (y — x)?, 
as (-3)? = (3)2. 
a = —4,0 


b vV(x—-7)? 4 (x43) 

c i 721m 
iii 721m 

d x-2 

e The distance will be a minimum when the dotted line 
joining Sarah to the fence is perpendicular to the fence 
(when it has gradient —1). The closest point is (2, 5). 


ii 707m 
iv 762m 
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Answers 


1I 
Building understanding 
1a4 b -7 c v. d s 
4 7 
2 a al b 1 c E: d 3 
3 2 if 4 
3 a5 b 4 c y=5x+4 
4 a true b false 
Now you try 
Example 25 
a perpendicular b neither c parallel 
Example 26 3 
a y=-3x+8 p gec cre 
Exercise 11 
1 a perpendicular b parallel c neither 
2 a parallel b parallel c neither d neither 
e perpendicular f perpendicular g parallel 
h parallel i perpendicular j perpendicular 
3 a y=x+4 b y=-x-6 
c y=—4x-1 d y=ér-6 
e EE, f eu uh 
5 2 
s ysi? h y=—-=x4+5 
ee | pate 3 
4 2 
4ax=6 b x=0 c y-11 d y=84 
e y-3 f y=-3 g pz h x aS 
3 11 
ee ee: b y 29.494 
7 7 
c md d y=/x+20 
3 3 
6 a yeah ped 28 
2 5 5 
[d joer d yenit 
2 7 7 
7 The second line has equation y = X - 3 It cuts the x-axis 
at x = S: 
2 
8 am p -2 et a? 
b m a 
9 a 14 b -2 c 5 d ; 
10a y= 2x + b — 2a b y= mx +b- ma 


fi 


€ y=x+b-a dy apa 
m m 


ai 1 ii —1 iii 1 iv —1 
b AB is parallel to CD, BC is parallel to DA, AB and CD 
are perpendicular to BC and DA; i.e. opposite sides are 


parallel and adjacent sides are perpendicular. 
c rectangle. 
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wai 4 i -3 iii 0 eg gf QUIC VLL 
3 4 a — 2b a — 2b a(b-1) — b+ 
b Right-angled triangle (AB is perpendicular to BC). ab a?b ab b 
20 g x= = — h x= —,, y= 
c a+b a +b a+ a? 4 1 
13 y= ae + 4, intercept = 8 12 Answers may vary. 
1K 
1J 
n . Building understandin 
Building understanding s : 
1a0 b 0 c 0 d 0 
1 a yes b yes & no d no e yes 2 a subtract b add c add d subtract 
2 a i Joe's: $60, Paul's: $150 3 a 4x—6y-8 b 6x— 9y — 12 
ii Joe's: $0.20 per km, Paul's: $0.10 per km c 8x — 12y = 16 d 20x — 30y = 40 
iii Joe's: C = 0.2k + 60, Paul's: C = 0.1k + 150 f 
iv 309 k Now you try 
b Joe's Car Rental 
c Paul's Motor Mart Example 29 
x=3,y=1 
Now you try Example 30 
Example 27 8 alya Von me 
a (2,—2) b (-1,3) " 
Exercise 1K 
Example 28 
(2, ^1) 1 8 x23,522 b x=4,y=3 
2ax=2,y=5 b x=2,y=3 
Exercise 1J € x=4y=2 d x=2,y=2 
e x=1,y=1 f x22»z1 
1a x22,y--3 b x--1,y23 g x=2,y=-1 h x=2,y=2 
2.8 x-2y2/ b x=2,y=5 i x=1,y=2 j x=2,y=1 
€ x=3,y=1 d x=2,y=1 k x=2,y= | x=-1,y= 
e x=1,y=1 f x=1,y= 3 a x-1ly- b x=4,y=2 
g x=5,y=1 h x=10,y=4 e x=2,y= d x=4,y=-3 
| xs=1y=2 j x=9y=2 1 1 1 
$5 x=2,y=10 b xedym-5 dics is ds QE 
€ x=-3,y=3 d x= 13,y 2-2 4 a x-4y--3 b x=1,y= 
e x=3,y=1 f x=2,y= € x=3,y=4 d x=2,y=2 
g x=1,y=4 h x=1,y=3 1 1 
4 a i E=20t ii E— 1554-45 iim dicm 2^ 
b r-9,E— 180 5 799 and 834 
c i 9 hours ii $180 6 $0.60 
5 a i V= 62000 — 5000r ii V = 40000 — 3000: 7 A-$15,C- $11 
ho Thy = 7000 - 8 Should have been (1)-(2), to eliminate y: —2y — (-2y) = 0. 
c i 11years ii $7000 The correct solution is (1, —1). 
6 18 years 
7 197600 m? 9 a x-ly--i beet pe | 
8 a no b no c yes d yes 3 3b 
e no f yes g yes h no idet uc j| ga ea 
3 a b 2a 2b 
9a -4 jg c 12 c c 
2 e x=—{ y= 
a+b a+b 
k 2k k k Y 
10 a 33 b 2 E^ 10 The two lines are parallel, they have the same gradient. 
2 2 2 1 
—2k -1 —-2k—4 fi a - b - 
e (-1-&,-2- K d ( TE ) x—-1 x41 2x-8 x42 
na zh a 3 2 d 3 2 
fila x- y= b x= y= 7 n^ mum 
aeb uu a+b ad 38x+1 2x-1 3xy-1 x+2 
€ x= y=] xm y- p 5 : i f ! -$ 
"aigb ^ dob DTÉEcd" Be x+3 x-4 7T(2x-1) 7(4- x) 
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Building understanding 


1 a x-yzl6x-yz2 

b x+y=30,x-y=10 

€ x+y=7,2x+y=12 

d 2x + 3y = 11, 4x — 3y = 13 
2 l= 3w, 21+ 2w = 56 0r | + w = 28 
3 a 5x dollars 

b 15y dollars 

€ 3d + 4p dollars 


Now you try 
Example 31 
Tim is 14, Tina is 6. 


Example 32 
A coffee is $4 and a muffin is $3. 


Exercise 1L 

1 Nikki is 16, Travis is 8. 

2 Cam is 33, Lara is 30. 

3 Bolts cost $0.10, washers cost $0.30. 

4 There were 2500 adults and 2500 children. 

5 Thickshakes cost $5, juices cost $3. 

6 There are 36 ducks and 6 sheep. 

7 43 

8 $6.15 (mangoes cost $1.10, apples cost $0.65) 
9 70 


10 1 hour and 40 minutes 
fi Lof an hour 
12 200 m 


1M 


Building understanding 


1 a no b yes c no 
d no e no f yes 
2a B b C c A 


3 a-dx 2 —1,y«4 
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Now you try 
Example 33 
a y 
A A 
4 
4 
4 
a 
<r ‘r 
0| 4 
4 
4, 
4 
t 
-5 $ 
Li 
4, 
Lu 
A 
y Y 
b y 
6 
X 
oe) 
Example 34 
Exercise 1M 
1ai y 
A A 
4, 
4 
dj 
4, 
4, 
4, 
4, 
» X 
ols 
-1 $ ü 
4 
4, 
4, 
7 
4, 
4, 
4 
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2a y>x+4 
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€ y>2x-8 
y 
A A 
y»2x-87 
u 
4, 
4, 
A 
oe ENEHEE 
p4 
d 
4, 
u 
dj 
4, 
u 
B 
d y<3r-5 
y 
US SECUS 
E orf » x 


e y«-4x *2 
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f j x>3 
y 
A A 
L| 
i x23 
| 
[| 
| 
13 
= Fe > i 
O| 1 
| 
L| 
D 
L| 
| 
[| 
I 
Y '* 
g y< 4x k x<-2 
y y 
A 4 A A 
4 1 
A 1 
4 1 
4 x«-2 1 
44 F 4 
4 1 
4 l 
v 3 
m » x = > > X 
of | -21 0 
4 
4, l 
u l 
d y«4x 4 
LA 1 
4 1 
U 1 
4, 
[4 Y y Y 
h y»-3x46 | »22 
y y 
Ly Y A 
\ 
4 
64 
k y22 
E p oj — 
X 
m D 4 » x m D » X 
` 
X y»6-3x 
1 
x 
\ 
4 
A 
y Y Y 
| y<-x 
3 a yes b no c no d yes 
y 
4 a no b yes c no d no 
5 a y 
A 
> 
UN 
< D A x 
^A. 
Y 
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6 ay<x+8 b y>-2x+2 
3 2 
€ y«——x-3 d y>Ēx-2 
dE T5 
7a 
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4 The gradient of AC is 2 and the gradient of AB is = So 


AABC is a right-angled triangle, as AC is perpendicular to AB. 
Can also show that side lengths satisfy Pythagoras’ theorem. 


5 The missiles are travelling at E km/h and E km/h. 


6 The distance between the two points and (2, 5) is 5 units. 

7 The diagonals have equations x = 0 and y = 3. These 
lines are perpendicular and intersect at the midpoint (0, 3) 
of the diagonals. It is not a square since the angles at the 
corners are not 90°. In particular, AB is not perpendicular to 


-1 
BC(ous * m 
8 x22,y 2-3, z- -1 
9 24 units? 
10 24, 15 years 


Short-answer questions 


1 a 5xy+ 6x b 12a?b c 2 
f d 3b +21 e —2m? + 12m f #42 
2a 3x-1 b 2 c 3 
x+2 4 
43 6 — 7a b 5a + 18 
14 6a 
n 7x + 26 d 11-x 
30 (x + 1)(x - 3) 
4a x--3 b x= _3 
4 
¢ xe t d x-2 
5 
5a x«l1 b x>-4 c -1<x<3 
9 a y20,y «2x c y & x € 7 oaar Nd 
b y> pry sx43x<8 Een i mE 
"PE b 4 c 22 q 39 7a y-2- 0.4 b 14L 
20 c 5 minutes d < 3.5 minutes 
115 s 9/8 
fl a —— ii — 8 
6 15 j 
b Answers may vary; e.g. x> 0,x « 3,y>0,y< 2 
» y 
Problems and challenges 
1 0.75 km 
2 ê 
8 
3 a The gradient from (2, 12) to (—2, 0) = the gradient from 
(—2, 0) to (—5, -9) = -3. 
b The gradient from (a, 2b) to (2a, b) = the gradient from 
(2a, b) to (-a, 4b) = -. 
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12a y23x-2 b y=-1 
e 1 
c duin ES d y=3x-1 
13a a=7 b b=-8 c c=00r4 
14a (-3,-1) b (-8,-21) 
15a (-3,-1) h (0,2) 
16 A regular popcorn costs $4 and a small drink costs $2.50. 
17 a y 
A 
f y «x O 4 » xX 
y=-5x —4 
Y 
(0, 0) 
5 > x b y 
A » 
(1, -5) " 
3A 
X P O » y 
4d 
Y 
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18 The point of intersection is (4, 0). Chapter 2 
2A 
Building understanding 


1 triangle, quadrilateral, pentagon, hexagon, heptagon, octagon, 
nonagon, decagon 


2 a false b true c true 
d true e false f false 
g true h false i true 
3 ab bc c d d a 
; z ; 4 a a= 110 (angles on a line), b = 70 (vertically opposite) 
Multiple-choice questions b a= 140 (angles in a revolution) 
1E 2D 3 B 4C € a — 19 (complementary) 
5D 6 B 1€ 8 A d a= 113 (cointerior angles in || lines), b = 67 (alternate 
9€ 10 D 1E 12 B angles in || lines), c = 67 (vertically opposite to b) 
13 A 14A 15 D 16 C e a= 61 (isosceles triangle), b = 18 (angles in a triangle) 
f a= 17 (angles in a triangle), b = 102 (angles at a line) 
Extended-response questions 
1 ai h=4t+25 ii h=6r+ 16 Now you try 
b 16cm Example 1 
= € Shrub B because its gradient is greater. a x— 70 b x= 100 
= a / Example 2 
cc 90-4 (12, 88) a a=108 b a=80 
- 
E MEMLLL on Exercise 2A 
604 1 45 b 110 
50- Shrub a 2a 72 b 60 c 56 
404 3 60 (equilateral triangle) 
304 60 (exterior angle theorem) 
20 110 (isosceles, angles in a triangle) 
104 80 (angles in a triangle) 
o? » Xx 10 (exterior angle theorem) 


2 4 6 8 1012 
e After 4.5 months 
f i 124m ii 26.25 months 
iii Between 8.75 and 11.25 months 
2 a A(0,0), B(8, 6), C(20,0) 


20 (isosceles, angles in a triangle) 

109 (angles on a line) 

28 (diagonals meet at a right angle in a rhombus) 
23 (angles in a triangle) 

121 (vertically opposite to cointerior angle in || lines) 
71 (isosceles, cointerior angles in || lines) 

60 (isosceles, cointerior angles in || lines) 

50 (angle sum in a quadrilateral) 

95 (angle sum in a quadrilateral) 

125 (angle sum in a pentagon) 

30 (angle sum in a pentagon) 

45 (angle sum in a hexagon) 

15 (angle sum in a quadrilateral) 

108° b 135° c 144° 
95 (alternate + cointerior) 

113 (2 x alternate) 


A 
B (8, 6) 


D (14, 3) 


O C (20, 0) 


> 
£0 —^" (D — CÓ» CT ~~ ~~ —^ (D C CO)» — ~~ — zp un —^ oO — OO — ~~ ~~~] 


b 434 km 85 (alternat interi 
c The drink station is at (14, 3). (alternate + cointerior) 
3 1 106 (cointerior) 
d i y= Fu il y= oar? 10 ii y=0 147, (cointerior, angles in a revolution) 
3 292, (angles in a revolution, alternate 4- cointerior) 
e yere syt 7 176.4° b 3.6° 
f y= x + zi 
3 3 
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8 a 12 b 20 c 48 
9 x=36,y = 144 
10 115, equilateral and isocles triangle 60 + 55 
fi a Expand the brackets. b n= E 
jo. n= d E=180 — z = 990 
n n n 


12a ZBCA = 180° — a? — b° (angles in a triangle) 
b c° = 180? — ZBCA = a° + b° (angles at a line) 
13 a alternate angles (BA || CD) 


b ZABC + ZBCD = 180° (cointerior), so a + b + c = 180. 


c Angle sum of a triangle is 180°. 

14 ZACB = ZDCE (vertically opposite), so 
ZCAB = ZCBA = ZCDE = ZCED (isosceles) since 
ZCAB = ZCED (alternate) AB || DE. 

15 Answers may vary. 

16 a 15 (alternate angles in parallel lines) 

b 315 (angle sum in an octagon) 

17 Let M be the midpoint of AC. Then ZAMB = 60° 
(AABM is equilateral). zBMC = 120° (supplementary). 
Therefore, ZMBC = 30° (AMBC is isosceles). So 
ZABC = ZABM + ZMBC = 60° + 30° = 90°. 

18 Let ZAOB = x and ZCOD = y. 2x + 2y = 180? (angles ata 
line). So ZBOD = x + y = 90°. 


2B 


Building understanding 


1 a SAS b SSS c AAS 
d SAS e RHS f RHS 
2a5 b 4 c 3 d 5 
Now you try 

Example 3 


a AB = DE (given) S 
ZABC = ZDEF (given) A 
BC = EF (given) S 
^ AABC = ADEF (SAS) 

b ZABC = ZDEF (given) A 
ZBAC = ZEDF (given) A 
AC = DF (given) S 
<. AABC = ADEF (AAS) 

Example 4 

a ZA = ZC = 90? (given) R 
BD is common H 
AB = CB (given) S 
<. AABD = ACBD (RHS) 

b AABD = ACBD so AD = CD 

c CD=4m 


Exercise 2B 


1 a AB = DE (given) S 
ZBAC = ZEDF (given) A 
AC = DF (given) S 
^ AABC = ADEF (SAS) 
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b ZABC = ZDEF (given) A 
ZBAC = ZEDF (given) A 
BC = EF (given) S 
<. AABC = ADEF (AAS) 

a AB = DE (given) S 
ZABC = ZDEF (given) A 
BC = EF (given) S 
^. AABC = ADEF (SAS) 

b ZFED = ZCBA = 90? (given) R 
FD = CA (given) H 
FE = CB (given) S 
~<. AFED = ACBA (RHS) 

€ AC = DF (given) S 
BC = EF (given) S 
AB = DE (given) S 
^. AACB = ADFE (SSS) 

d ZEDF = ZBAC (given) A 

ZDFE = ZACB (given) A 

EF = BC (given) S 

^. AEDF = ABAC (AAS) 

x=7.8,y = 5.2 

x2125yz1l 

a=26,b=24 
x=16,y=9 

AD = CB (given) S 

DC = BA (given) S 

AC is common; S 

-. AADC = ACBA (SSS) 

b ZADB = ZCBD (given) A 
ZABD = ZCDB (given) A 
BD is common; S 
~. AADB = ACBD (AAS) 

€ ZBAC = ZDEC (alternate, AB || DE) A 
ZCBA = ZCDE (alternate, AB || DE) A 
BC = DC (given) S 
^. ABAC = ADEC (AAS) 

d DA = DC (given) S 
ZADB = ZCDB (given) A 
DB is common; S 
-. AADB = ACDB (SAS) 

e OA= OC (radii) S 
OB = OD (radii) S 
AB = CD (given) S 
<. AOAB = AOCD (SSS) 

f ZADC = ZABC = 90° (given) R 
AC is common; H 
DC = BC (given) S 
-. AADC = AABC (RHS) 

a OA = OC (radii) S 
ZAOB = ZCOB (given) A 
OB is common; S 
-. AAOB = ACOB (SAS) 

b AB = BC (corresponding sides in congruent triangles) 

c 10mm 


9 2 Cc ao ® 
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BC = DC (given) S 

ZBCA = ZDCE (vertically opposite) A 

AC = EC (given) S 

^. AABC = AEDC (SAS) 

AB = DE (corresponding sides in congruent triangles) 

ZABC = ZCDE (corresponding sides in congruent 
triangles). 

ZABC and ZCDE are alternate angles. .. AB || DE. 

5cm 

AB = CD (given) S 

AD = CB (given) S 

BD is common; S 

-. AABD = ACDB (SSS) 

ZDBC = ZBDA (Corresponding angles in congruent 
triangles) 

ZDBC and ZBDA are alternate angles (and equal). 

^. AD||BC. 

CB = CD (given) S 

ZBCA = ZDCE (vertically opposite) A 

CA = CE (given) S 

<. ABCA = ADCE (SAS) 

ZBAC = ZDEC (corresponding angles in congruent 
triangles) 

-. Alternate angles are equal, so AB || DE. 

ZOBC = ZOBA = 90? (given) R 

OA = OC (radii) H 

OB is common; S 

-. AOAB = AOCB (RHS) 

AB = BC (corresponding sides in congruent triangles) 

-. OB bisects AC. 

AB = CD (given) S 

AC is common; S 

AD = CB (given) S 

«. AACD = ACAB (SSS) 

ZDAC = ZBCA (corresponding angles in congruent 
triangles) 

~. Alternate angles are equal, so AD || BC. 

AB = AE (given) S 

ZABC = ZAED (AABE s isosceles) A 

ED = BC (given) S 

^. AABC = AAED (SAS) 

AD = AC (corresponding sides in congruent triangles) 

OD = OC (given) S 

ZAOD = ZBOC (vertically opposite) A 

OA = OB (given) S 

-. AAOD = ABOC (SAS) 

ZOAD = ZOBC (corresponding angles in congruent 
triangles) 

AD = AB (given) S 

ZDAC = ZBAC (given) A 

AC is common; S 

-. AADC = AABC (SAS) 

ZACD = ZACB (corresponding angles in congruent 
triangles) 

ZACD = ZACB are supplementary. 

-. ZACD = ZACB = 90° 

- AC LBD 


9 a OA= OB (radii) S 
OM is common; S 
AM = BM (M is midpoint) S 
^. AOAM = AOBM (SSS) 
ZOMA = ZOMB (Corresponding angles in congruent 
triangles) 
ZOMA and z OMB are supplementary. 
-. LOMA = ZOMB = 90° 
<. OM LAB 


b OA = OB (radii of same circle) S 
CA = CB (radii of same circle) S 
OCis common; S 
-. AOAC = OBC (SSS) 
ZAOC = ZBOC (corresponding angles in congruent 
triangles) 
€ ZCAB = ZCBA = x (AABCis isosceles) 


ZEAB = ZDBA = : 
-. AAFB is isosceles, so AF = BF. 
2C 


Building understanding 


1 a rectangle b parallelogram 
c square d rhombus 
2 a rectangle, square b rectangle, square 
c parallelogram, rhombus, rectangle, square 
d rhombus, square e rhombus, square 
3 a Atrapezium does not have both pairs of opposite sides 
parallel. 


b A kite does not have two pairs of opposite sides parallel. 
Now you try 


Example 5 
A 


C 


AB = AD (given) S 

BC = DC (given) S 

AC is common S 

~<. AABC = AADC (SSS) 

-. ZABC = ZADC (corresponding angles in congruent triangles) 


Example 6 

AB = CD (given) S 

BC = DA (given) S 

AC is common S 

-. AABC = ACDA (SSS) 

-. ZBAC = ZDCA $0 AB||CD 
and ZACB = ZCAD So BC|| DA 
-. ABCD is a parallelogram 


| Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
n Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Answers 


Exercise 2C 8 D C 


1 a ZBAC = ZDCA (alternate angles) 
ZBCA = ZDAC (alternate angles) 


AC is common. à ^ 
-. AABC = ACDA (AAS) 
b As AABC = ACDA, AD = CB, AB = CD As ABCD is a parallelogram, ZBDC = ZDBA (alternate 
(corresponding sides). angles) and ZDBC = ZBDA (alternate angles). 
2 a ZABE = ZCDE (alternate angles) BD is common. 


So ACBD = AADB (AAS). 
So ZBAD = ZDCB = 90°. 
Similarly, ZADC = 2180° — ZBAD (cointerior angles) 


LN = 90° and similarly for ZABC. 
b AE CE (corresponding sides), BE = DE 
(corresponding sides). di d 


3 a AB= CB (given) E UN a 
AD = CD (given) 


ZBAE = ZDCE (alternate angles) 
AB = CD (opposite sides of parallelogram) 
^. AABE = ACDE (AAS) 


-. AABD = ACDB (SSS) A B 
b ZABD = ZADB = ZCBD = ZCDB (equal angles in First, prove AAED = ABEC (SAS). 

congruent isosceles triangles). Therefore, BD bisects Hence, corresponding angles in the isosceles triangles are 
ZABC and ZCDA. equal and ACED = ABEA (SAS). 

4 a AE=CE (given) Hence, corresponding angles in the isosceles triangles are 
BE = DE (given) equal. 
ZAEB = ZCED (vertically opposite angles) So ZADC = ZDCB = ZCBA = ZBAC, which sum to 360°. 
<. AABE = ACDE (SAS) Therefore, all angles are 90° and ABCD is a rectangle. 


b ZABE = ZCDE (corresponding angles), ZBAE = ZDCE 
(corresponding angles). Therefore, AB || DC (alternate 
angles are equal). ZADE = ZCBE (corresponding 
angles), ZDAE — zBCE (corresponding angles). 
Therefore, AD || BC (alternate angles are equal). 

5 a AD = CB (given) 
ZDAC = ZBCA (alternate angles) 
AC is common. 
^. AABC = ACDA (SAS) First, prove all four corner triangles are congruent (SAS). 
b ZBAC = ZDCA (corresponding angles), therefore So EF = FG = GH = HE, So EFGH is a rhombus. 
AB || DC (alternate angles are equal). 
6 a AABE= ACBE = AADE = ACDE (SAS) 2D 

b ZABE = ZCDE (corresponding angles), ZBAE = 
ZDCE (corresponding angles), therefore AB || CD. Building understanding 
ZADE = ZCBE (corresponding angles), ZDAE = ZBCE 
(corresponding angles), therefore AD || CB. 


1 a Yes, both squares have all angles 90° and all sides of 


Al — equal length. 
so, AB = AD = CB = CD (corresponding sides). b 3 Aer 
Therefore, ABCD is a rhombus. 8 4 3 
7a D C 2 a2 b - c — d — 
5 3 2 
3a A b ZC c FD d AABC || AEFD 
Now you try 
A a Example 7 
ZCAB = ZACD and ZCAD = zACB (alternate angles). EH FG 
So ZECB = ZECD since AABC and AADC are a ABCD ||| EFGH aD We 
isosceles. c2 d 6 e 4 
DC = BC (given) 
EC is common. Exercise 2D 
~. ACDE = ACBE (SAS) EH FG 
So ZCED = ZCEB = 90°. ed EFGH b D BC 
b From parta, ZECD — ZECB. c2 d 8 e 4 
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2 a ABCDE || FGHIJ j BRE Dampe, 
FG JTJ a ZBAC is common A 
" 3 d 3 om " 5 ami ZABC = ZADE (corresponding angles in parallel lines) A 
2 2 3 ~.. AADE ||| AABC (AAA) 
3 a ABCD || EFGH ja b en 
4 AB CD 
c — d 12m e 10.5m Exercise 2E 
; DE 4 
4 a 12 b 12.5 c 48 1 a —--- 2 (ratio of corresponding sides) S 
d 375 e 115 f 145 AE : 
5 17m EF — © _ 2 (ratio of corresponding sides) S 
6 a 16 b 62.5cm BC 1 
7a? b 1 c 1875 d 43 ZABC = ZDEF (given corresponding angles) A 
8 a BC b AABC || AEDC ~<. AABC ||| ADEF (SAS). 
c1 d 45 b ZABC = zDEF (given corresponding angles) A 
9 a true b true c false d false ZACB = ZDFE (given corresponding angles) A 
e false f false g false h false <. AABC ||| ADEF (AAA). 
i true j true 2 a ZABC = ZDEF = 65° 


ZBAC = ZEDF = 70° 
<. AABC ||| ADEF (AAA). 


10 Yes, the missing angle in the first triangle is 20° and the missing 
angle in the second triangle is 75°, so all three angles are equal. 


tla 3 b DI eS 2 (ratio of corresponding sides) 
2 AB 1 
bi 4 ua BF pz 2 (ratio of corresponding sides) 
c i 8 ii 27 BC 3 
d ZABC = ZDEF = 120° 
Length | A Volum 
cune eng fee EU -. AABC || ADEF (SAS). 
Small 2 4 8 DF 10 
€ —— = — = 2 (ratio of corresponding sides 
Large 3 9 27 ae ponding sides) 
] 3 9 27 DE 8 : TC 
Scale factor (fraction ats 
( ) 5 1 8 (B d 2 (ratio of corresponding sides) 


ZABC = ZFED = 90° 
<. AABC ||| AFED (RHS). 


e Scale factor for area = (scale factor for length)?; 
Scale factor for volume = (scale factor for length)’. 


tid "Rd d 4B _ 28 _ 4 (ratio of corresponding sides) 
di 2 DE 7 

12 Answers may vary. = = 2 — 4 (ratio of corresponding sides) 
2E FE = 32 = 4 (ratio of corresponding sides) 
Building understanding x je Il ADEF (SSS). 
1aeE b ZC 3 a 15 

c AB d AABC|| ADEF b 195 
2 a ZD (alternate angles) b ZA (alternate angles) c 22 

c ZECD d CA e AABC ||| AEDC d a=4,b=15 
3 a SAS b AAA c SAS d SSS e x= 0.16, y = 0.325 

f a=43.2,b=18 
4 a ZABC = ZEDC (alternate angles) 

Now you try ZBAC = ZDEC (alternate angles) 
Example 8 ZACB = ZECD (vertically opposite angles) 
der 1.5 (ratio of corresponding sides) S b ZABE = zACD (corresponding angles) 

DF i m ZAEB = ZADC (corresponding angles) 

dc — 1.5 (ratio of corresponding sides) S ZBAE = ZCAD (common) 


ZBAC = ZEDF (given) A 
<. AABC ||| ADEF (SAS) 
ZABC = ZDEF (given) A 
ZACB = ZDFE (given) A 
^. AABC ||| ADEF (AAA) 


| Mathematics for the 
n Curriculum Year 10 & 10A 3ed 


ISBN 978-1-108-77346-1 


<. AABE ||| AACD (AAA). 


© ZDBC = ZAEC (given) 


ZBCD = ZECA (common) 
^ ABCD ||| AECA (AAA). 
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Answers 


d 4853 -04 Progress quiz 
a E 1 78 (exterior angle of a triangle) 
EB 2 ; i . x= exterior angle of a triangle 
DR = - — 0.4 (ratio of corresponding sides) w = 89 (angle sum of a quadrilateral) 


ZABE = ZCBD (vertically opposite angles) 
-. AAEB ||| ACDB (SAS). 


x = 120 (interior angle of a regular hexagon) 
x = 35 (alternate angles in parallel lines) 


on c cC & 


5 a ZEDC = ZADB (common) x — 97 (cointerior angles in parallel lines, vertically 
ZCED = ZBAD = 90° Opposite angles equal) 
<. AEDC ||| AADB (AAA). f w= 94 (angle sum of an isosceles triangle) 
b 4 aii 2 a AB= QB (given) 
ZABC = zQBP (vertically opposite) 
6 a ZACB = ZDCE (common) ZCAB = ZPOB (alternate angles AC || PO) 
ZBAC = ZEDC = 90° <. AABC = AQBP (AAS) 
-. ABAC ||| AEDC (AAA). b CB = PB corresponding sides of congruent triangles and 
b 125m B is the midpoint of CP. 
7 190m 3 Let ABCD be any rhombus with diagonals intersecting at P. 
8 45m AB = BC (sides of a rhombus equal) 
9 a Yes, AAA for both. ZABP = ZCBP (diagonals of a rhombus bisect the interior 
b 20m angles through which they cross) 
somme M -. AABP = ACBP (SAS) 
d Less working required for May's triangles. and ZAPB = zBPC (corresponding angles of congruent 
10 The missing angle in the smaller triangle is 47°, and the triangles). 
missing angle in the larger triangle is 91°. Therefore the two And ZAPB + ZBPC = 180° (straight line) 
triangles are similar (AAA). -, diagonal ACL diagonal DB 
fl a ZAOD = ZBOC (common) U ` 
ZOAD = ZOBC (corresponding angles) A B 
ZODA = ZOCB (corresponding angles) 
So AOAD || AOBC (AAA). 
OF. 3 = 3 (ratio of corresponding sides), therefore 
OD 1 AN 
OB 3 
OB = 30A 4 A B 
b ZABC = ZEDC (alternate angles) 
ZBAC = ZDEC (alternate angles) 
ZACB = ZECD (vertically opposite) 
So AABC ||| AEDC (AAA). 
SF OP 2 therefore AC * em cime E 
AC BC 5 AC 5 5 R E 
AE 7 7 Let ABCD be any parallelogram with opposite sides parallel. 
But AC + CE = AE, dr am PM AE = d AC is common. 
12a ZBAD = ZBCA = 90° ZBAC = ZACD (alternate angles AB || CD) 


ZABD = ZCBA (common) 


So AABD || ACBA (AAA). 
Therefore, BP. BD: 
CB AB 


AB? = CB x BD 


ZBCA = ZDAC (alternate angles AD || CB) 

^. AABC = ACDA (AAS) 

and AB = DC as well as AD = BC (corresponding sides in 
congruent triangles). 


5 a AABE || AACD (all angles equal) 
b ZBAD = ZACD = 90° b 25 

ZADB = ZCDA (common) ewer 

i a (ARA); 6 a ZCAB = ZFDE (given) 
AD BD 

Therefore, — = —. AC AB | ; ^ 
í — = —— = — (ratio of corresponding sides 
CD AD DF DE 3 | ponding ) 


AD? = CD x BD 
c Adding the two equations: 
AB? + AD? = CB x BD + CD x BD 
= BD(CB + CD) 
= BD x BD 
= BD? 


^ ACAB ||| AFDE (SAS) 

b zBAO = ZCDO (alternate angles AB || DC) 
ZAOB = ZDOC (vertically opposite) 
~. AABO ||| ADCO (AAA) 
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Answers 


JN 
3 
c 
v 
e 
eo 
x 
c 
e 
= 

a- 

N 

= 

ce 


7 a zDis common 
ZABD = ZECD (corresponding angles equal since 
AB|| EC) 
~<. AABD || AECD (AAA) 
b 3cm 
8 ZA is common, 
as Q and P are both midpoints. 
AP _1 aad AQ 1 
AB 2 AC 2 
-. AAQP ||| AACB (SAS) 


P REOR ; 
and oP = iu (corresponding sides in the same ratio). 
CB 2 


1 
AQPE-CB 
9 2 


2F 


Building understanding 


1 a-e 
Ga 
minor 
sector 
major sector 
2 a 55° b 90° 
c 75° d 140° 
3 a 85° each 
b ZAOB = ZCOD (chord theorem 1) 
c 0.9cm each 
d OE = OF (chord theorem 2) 
4 a 1cmeach 
b 52? each 
€ AM = BM and ZAOM = zBOM (chord theorem 3) 


Now you try 


Example 10 
a 2m (chord theorem 2) 
b 3m, 60? (chord theorem 3) 


Example 11 
D 
i 
| 
VS a 
9 
A 
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Since CD = AB and E and F are midpoints (from theorem 3) 
then CF = BE (S). 

Also OC = OB (radii) H 

Also ZOFC = ZOEB = 90° (from theorem 3) R 

-. AOCF = AOBE (RHS). 

©. OF = OE 


Exercise 2F 


1 a OF = 4cm (using chord theorem 2) 
b AM=3m 
ZAOM = 50° (using chord theorem 3) 
2 a zDOC = 70° (chord theorem 1) 
b OE = 7.2 cm (chord theorem 2) 
c XZ = 4cm and ZXOZ = 51? (chord theorem 3) 
3 The perpendicular bisectors of two different chords of a circle 
intersect at the centre of the circle. 


4 a 35m b 9m c 90? d 90? 
5 a 140 b 40 c 19 

d 72 e 30 f 54 
6 6m 


7 34 /128 mm = 3 + 8 V2 mm 

8 a Triangles are congruent (SSS), so angles at the centre of 
the circle are corresponding, and therefore equal. 

b Triangles are congruent (SAS), so chords are 
corresponding sides, and therefore equal. 

9 a Triangles are congruent (SSS), so the angles formed by 
the chord and radius are corresponding, and therefore 
equal. Since these angles are also supplementary, they 
must be 90°. 

b Triangles are congruent (SAS), so the angles formed by 
the chord and radius are corresponding, and therefore 
equal. Since these angles are also supplementary, they 
must be 90°. 

10 A 

Ay 


First, prove AOAB = AOAC (AAS), which are isosceles. 
So AB = AC, corresponding sides in congruent triangles. 
fl a AD = BD (radii of same circle) 
AC - BC (radii of same circle) 
CD is common. 
^ AACD = ABCD (SSS). 
b AC = BC (radii of same circle) 
ZACE = ZBCE (corresponding angles in congruent 
triangles) 
CE is common. 
~.. AACE = ABCE (SAS). 
c Using the converse of chord theorem 3 since 
ZACE = ZBCE, CD L AB. 
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Answers 833 


2G 13 ZAOB = 180? — 2x? (AAOB is isosceles) 
ZBOC = 180° — 2y° (ABOC is isosceles) 
Building understanding ZAOB + ZBOC = 180° (supplementary angles), 
T li Zane € ZADC therefore (180 — 2x) + (180 — 2y) = 180 
d ZAFC e ZAEC f ZAEC PH eire Ens Tun 
2 a ZAOB b ZACB c 80° d 61° dcm 
3 a 180" b 90° c 60° d 7° 2(x + y) = 180 
x+y= 90 
Now you try 
Example 12 2H 
a 50 b 25 Building understanding 
Example 13 
60° 1 a ZACD b ZACD € ZACD 
2 a ZABD and ZACD b 85? 
Exercise 2G € ZBAC and ZBDC d 17? 
3 a Supplementary angles sum to 180°. 
1 a 70 b 30 b 117° 
2 a 50 b 40 c 80 c 109° 
d 60 e 250 f 112.5 d Yes, 117° + 109? + 63? + 71? = 360° 
g 38 h 120 i 18 
3 a 70 b 25 c 10 
4 a ZABC = 72^, ZABD = 22° Now you try 
b zABC = 70°, ZABD = 45? Example 14 
€ ZABC = 72°, ZABD = 35° a 37 b a=80,b=95 
5 a ZADC = 75°, ZABC = 75° 
b ZABC = 57.5°, ZADC = 57.5? n 
€ ZAOD = 170°, ZABD = 85° Exercise 2H 
6 a 100° b 94.5? c 100? 1 a 60 b a—84, b= 40 
d 119° e 70* f 66° 2 a x-37 b x=20 c x= 110 
7 a 58° b 53° c 51° d x=40 e x=225 f x=55 
d 45? e 19° f 21° 3 a x=60 b x=90 c x=30 
8 a 70° b 90° d x=88 e x=72,y=108 f x=123 
c The angle in a semicircle is 90°. 4a 72 b 43 c 69 
d Theorem 2 is the specific case of theorem 1 when the d 57 e 52 f 48 
angle at the centre is 180°. g 30 h 47 i 108 
9 a i false ii true iii true iv false 5 a a= 30,b — 100 b a= 54,b = 90 
b i false ii true iii true iv false c a= 105,b = 105,c = 75 d a= 55,b = 70 
10a 2x° b 360 - 2x e a=118,b=21 f a=45,b=35 
fl a ZAOC = 180? — 2x° (AAOC is isosceles) 6 a 80° b 71° 
b ZBOC = 180° — 2y° (ABOC is isosceles) € ZCBE + ZABE = 180° (supplementary angles) 
€ ZAOB = 360° — ZAOC — ZBOC = 2x° + 2y° ZCBE + ZCDE = 180° (circle theorem 4) 
d ZAOB = 2(x° + y°) = 27ACB ^. ZCBE + ZABE = ZCBE + ZCDE. 
12a ZBOC = 180° — 2x° (ABOC is isosceles). <. ZABE = ZCDE 
ZAOB = 180° — ZBOC = 180° - (180° — 2x°) = 2x° 7 a ZACD = ZABD = x° and ZDAC = ZDBC = y? (circle 
b ZAOC = 180° — 2x? (AAOC is isosceles) theorem 3) 
ZBOC = 180° — 2y* (ABOC is isosceles) b Using angle sum of AACD, ZADC = 180° — (x? + y?). 
Reflex ZAOB = 360° — ZAOC — ZBOC c ZABC and ZADC are supplementary. 
= 360° — (180° — 2x°) — (180° — 25?) 8 a i 80 ii 100° iii 80° 
= 2x? + 2y? = 2(x + y)? = 2ZACB. b ZBAF + ZDCB = 180°, therefore AF || CD (cointerior 
€ ZOBC = x° + y? (AOCB is isosceles) angles are supplementary). 
ZCOB = 180° — 2(x + y)? 9 a ZPCB = 90° (circle theorem 2) 
ZAOB = 180° — 2x° — (180° — 2(x  y)?) b ZA = 2P (circle theorem 3) 
= 2y c sinp- 4 
» 
d As ZA = 2P, sin A = 5. therefore 2r = ——. 
2r sin A 
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Answers 


2l 2J 
Building understanding Building understanding 
1 a Once b 90° c 5cm 1a3 b 6 c 7 d 8 
2 a ZBAP b ZBPX € ZABP d ZAPY 2a ?1 b 5 ù 33 d 27 
3 a 180° b 360° 2 7 7 
3 a AP x CP- BPx DP b AP x BP = DP x CP 
Now you try b AP x BP = CP? 
Example 15 Now you try 
a 10 b 30 
Example 17 
Example 16 . . 4 s 39 f 5 
a 50 b 70 5 5 ? 
Exercise 21 Exercise 2J 
1 a 20 b 20 1a 3 b 83 " 9 
2 a a-19 b a= 62 c a=70 2 6 4 
3 a a=50 b a=28 c a=25 2a5 b 10 "un 
4 a 50* b 59° 15 
5 a a-78,b-42,c - 65 3a B p 1/8 o 161 
b a=26,b=83,c=71 8 9 9 
€ a=69,b=65,c = 46 4 a $2 p 16 c 39 
6 a 5cm b 11.2cm 3 3 2 
7 a a=115 b a=163 c a=33 5 a v65 b v77 
d a=28 e a=26 f a=26 6 a 25 p 209 e 81 
g a=36 h a= 26 i a= 30 7 10 7 
8 a a=70 b a=50 C a=73 i 2 e 193 t V68 -1 
d a=40 e a- 19 f a=54 7 20 
9 4cm 7 a x(x+5) 27x 8,32 + 5x = 56,32 + 5x — 56 = 0 
10 a OA and OB are radii of the circle. b x(x + 11) = 10 x 22,2 + 11x = 220, 
b ZOAP = ZOBP = 90° x? + 11x - 220-0 
€ ZOAP = ZOBP = 90° € x(x + 23) = 312,32 + 23x = 961, x2 + 23x — 961 = 0 
OP is common 8 For this diagram, the third secant rule states: 
OA = OB AP? = DP x CP and BP? = DP x CP, s0 BP = AP. 
^. AOAP = AOBP (RHS) 9 AP x BP = DP x CP 
d AP and BP are corresponding sides in congruent AP x BP — AP x CP since AP — DP. 
triangles. BP = CP 
11 a ZOPB = 90° — x°, tangent meets radii at right angles 10 a ZA = ZD and ZB = ZC (circle theorem 3) 
b ZBOP = 2x°, using angle sum in an isocles triangle b ZP isthe same for both triangles (vertically opposite), so 
€ ZBAP = x°, circle theorem 1 AABP || ADCP (AAA). 
12 ZBAP = ZBPY (alternate segment theorem) c AP _ BP 
ZBPY = zDPX (vertically opposite angles) DP CP 
ZDPX = ZDCP (alternate segment theorem) d AP = BP crosg-multiplying gives AP x CP = BP x DP. 
-. LBAP = ZDCP, so AB || DC (alternate angles are equal). +i A j (circle theorem 3) 
13 AP = TP and TP = BP, hence AP = BP. b APBD || APCA (AAA) 
14a Let ZACB = x°, therefore ZABC = 90? — x°. AP CP 
Construct OP. OP L PM (tangent). ZOPC = x° c DP RP so AP x BP = DP x CP. 
(AOPC is isosceles). Construct OM. 12a yes 
AOAM = AOPM (RHS), therefore AM = PM. b alternate segment theorem 
ZBPM = 180° — 90° -x= 90° - x^. c ABPC ||| ACPA (AM) 
Therefore, A.BPM is isosceles with PM — BM. BP CP à 
Therefore, AM = BM. d @ ap CP" = AP x BP. 
b Answers may vary. 13 d= Vinn sign 
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Problems and challenges 


21 units2 
BD=5cm, CE = 19 cm 
ZADE = ZABE, ZEFD = ZBFA, ZDEB = ZDAB, 
ZDFB = ZEFA, ZCDB = ZCAE, ZDAE = ZDBE, 
ZADB = ZAEB, ZABD = ZAED = ZCBD = ZCEA 
42.5% 
Check with your teacher. 
a ZFDE = ZDFC = ZABC (alternate and corresponding 
angles in parallel lines) 
ZFED = ZEFB = ZACB (alternate and corresponding 
angles in parallel lines) 
ZDFE = ZBAC (angle sum of a triangle) 
AABC ||| AFDE (AAA) 


bi 4:1 ii 16:1 
c 47:1 

Short-answer questions 

1 a 65 b 120 
€ x=62,y=118 d 46 

2 a 148° b 112° 

3 a AB = DE (given) 
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ZABC = ZDEF (given) 
ZBAC = ZEDF (given) 
-. AABC = ADEF (AAS). 
b AB = AD (given) 
ZBAC = ZDAC (given) 
AC is common. 
-. AABC = AADC (SAS). 
c AB = CD (given) 
AD = CB (given) 
BD is common. 
-. AABD = ACDB (SSS). 
a AB = CD (given) 
ZBAC = ZDCA (alternate angles) 
AC is common. 
-. AABC = ACDA (SAS). 
b ZBCA = ZDAC (alternate angles), therefore AD || BC 
(alternate angles are equal). 


a DE_105_45 
AB 7 
EF = 14.7 = 1.5 (ratio of corresponding sides) 
BC 98 


ZABC = ZDEF (given) 
^. AABC ||| ADEF (SAS) 
x= 19.5 
b ZEAB = ZDAC (common) 
ZEBA = ZDCA (corresponding with EB || DC) 
-. AABE || AACD (AAA) 
x= 6.25 
€ ZBAC = ZEDC (given) 
ZACB = ZDCE (vertically opposite) 
<. AABC ||| ADEC (AAA) 
x= 8.82 
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Answers 


d ZABD = zDBC (given) 
ZDAB = ZCDB = 35° (angle sum of triangle) 
~<. AABD ||| ADBC (AAA) 
100 
PIU ds 
7 
6 a 65 (chord theorem 1) 
b 7 (chord theorem 2) 
€ 6 (chord theorem 3) 


7 aa=25 

b a=50,b=40 

€ a—70 

d b=54 

e a=115 

f a=30,b=30 
8 a x=26,y = 58,z = 64 

b a=65,b=130,c=50,d=8 

€ 1—63 
9a5 b 6 c o 

3 

Multiple-choice questions 
1€ 2 B 3 B 4c 5 B 
6 A 7E 8 C 9 D 10 B 


Extended-response questions 


1 a ZBAC = zBDE = 90° 


ZB is common. 
^. AABC ||| ADBE (AAA). 
b 1.2km 
AC 3 
c i at 
DE 2 
. AB 3 (ratio of corresponding sides in 
DB 2 Similar triangles) 
x1 23 
x 2 
2(x +1) = Xx 
ii 2 
d 44.4% 
2 a i 10626? ii 73.74? 
b 12cm c 25cm d 70cm 
Chapter 3 
3A 
Building understanding 
1 a irrational b root 
€ non-recurring d rational number 
2a4 b 25 
c 16 d 36 
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Answers 


Now you try 7 a v12 b v32 c v50 d v27 
e v45 t v108 g v128 h v700 
Example 1 i v810 į v125 k v245 | v363 
a irrational 8 a 15V3 b 13V7 c 195 d 31/3 
b rational 9 a 4vV2m b 2V30cm c 4V15mm 
c rational 10 a radius = 26 cm, diameter = 4 V6 cm 
; b radius = 3v6 m, diameter = 6 v6 m 
-45 -40957 c radius = 8/2 m, diameter = 16 v2 m 
32-101 i fla 2v5cm b 3v5m c v145 mm 
9 d viim e v11mm f 2V21cm 
-v5 x -22, -40% = -04, 7^ 0.29 12 V72 = V36 x 2 (i.e.36 is highest square factor of 72) 
Example 2 nas 
SHE JE 18 a 9,25,225 b 15v2 
a 25 b 20/3 c 2/3 q OVS 14a Draw triangle with shorter sides length 1 cm and 3 cm. 
4 b Draw triangle with shorter sides length 2 cm and 5 cm. 
Example 3 
a v18 b v75 i i i 2 
; VG, N22 
Exercise 3A y ! 
1 a irrational b rational c rational d 1 
6 [| 
-2 7 150% 2 4 
| | | 15 Check with your teacher. 
< mmeg T *1—9—I » 
—2 -1 0 1 2 
B 
E - 14, 150% = 1.5, Ê x 0.86 a 
2 a irrational b rational Building understanding 
c rational d rational 1 a yes b no c no d yes 
e rational f irrational e yes f no g yes h yes 
g irrational h irrational 2 a 6x b —5x c 17a dt 
-1.24 0.18 45. 243 3 a 4v3 
~ T 9-01 bid T e-—e 199 T > i = ni 
E! ki 1 A 3 4 b i 5v3 ii —3V3 iii 17 V3 
- o 04 8 € 
Now you try 
3 a yes b yes c no d no Example 4 
e no f yes g yes h no a 5/5 b v7 +773 
4 a 2v3 b 3v5 c 2v6 d 4v3 
e 5v3 f 10V5 g 72 h 3V10 dica " 
i 8v2 j 610 k 9v2 | 4v5 a 5v2 b 2v3 
5 a 6V2 b 6v5 c 16V3 d 6v7 
e 21/2 f 20V5 g v5 h v7 Exercise 3B 
vē E v5 vil 
a I k 5 | Ea 1ai 5V7 ii 9v3 
2/77 b i 2v5 + 5v3 ii 2v5 + 8v11 
m 3v11 n 2v2 o 2v2 PT 2a V5 b 3v3 c 4v2 
d 3v2 e 11v5 f v3 
Te r 4v6 ES Nc y 610 h 52 i -2v21 
j -6v11 k -v13 | -7V30 
s a 2⁄2 p 23 o 32 a Y 3 a V34+5v2 b 3/64 7V11 c 4v5—- 72 
3 7 5 5 d -2V2+V5 — e 4⁄3 t 0 
RADI , ¥3 g h L g -3/2-3V10 h -2v543v15 
3 6 4 V2 4a v2 b 5v2 c 4v3 d v5 
; v5 j 3x3 , 5. , 14 e 7V2 f 12/3 g 8vi1 h 3v2 
3 2 2/2 V 19 i 5v6 j v5 k 32/2 | 20V2 
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5 a 13V2 b 9v6 
c 2v5- V7 d 5v5 + 6v7 
e v6- 3v2 f 2v3 +11v5- 5v2 
g 9V3 + 2V2 h 11 -9v3 
i 9+18v2 j -9v2 + 15v5 
6 a 573 7V5 C v2 
6 12 30 
6 10 14 
g 13V5 h -73 i —11 v10 
18 30 24 
7 a 4V3 +2v5cm b 14V2cm 
c v10 + 3v2 cm d 2v10 + 4v5 cm 
e 4V3 + v30m f 12V3cm 
8 a V20=2V5 
b 3V72 = 18 v2, V338 = 13 V2 
9 a 5V3-6vV3+V3=0 
b V6+2v6-3v6=0 
c 6/2-8V242V2-0 
d 2/2-3V24 V/220 
e 4v5—7v5 35-0 
f 3/2-6/3—5/246/34-2/2-20 
10a 6v3 — 3v2, unlike surds 
b 8v2 + 2V5, unlike surds 
c 5v2 — 6v5, unlike surds 
d 104/10 + 10, unlike surds 
e 20V2 + 30V3, unlike surds 
f 4v5 — 6v6, unlike surds 
tla 7v2 b 273 v5 d -3V2 
15 3 12 4 
EI p 71 "Te, h 29v6 
2 15 28 
i 0 j 8v3 k 6v6 l 29v5 
35 42 
3C 
Building understanding 
1a Vos b V - v6 
c V6x5- v30 d v11x2-2 v22 
2a6 b 7 c 5 
3 a 2x46 b 10x—5 c 30- 24x 
Now you try 
Example 6 
a v15 b 24V3 c 63 
Example 7 
a -v3 b 2v2 
Example 8 
a 5v6 — v14 
b 30V2 — 45 
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Exercise 3C 
1ai v42 ii v55 
b i 10V21 ii 6V35 
c i 12 ii 45 
2 a v15 b v21 c v26 
d v35 e —V30 f -V30 
g v66 h v6 i v70 
3 a vio b v6 c -vV3 
d v5 e v3 f v10 
g v5 h -v13 i -v5 
4a 3 b 5 c 9 
d 7V2 e 2V11 f 3v6 
g 5v2 h 4v6 i 10 
5 a 1073 b 21V2 c 12v14 
d —50V3 e —18V3 f 15v5 
g 42 v6 h —604410 i -20V10 
j 422 k 2430 | 216V7 
6 a 11 b 13 c 12 
d 125 e 147 f 162 
7 a 2v2 b 3v6 c 5 
d =. e EN f 2v5 
v13 3v7 3 
8 a v6 =+ v15 b V14- v10 c -v55 — v65 
d —2V15—2v?21 e 6v26-3v22 f 20-20V2 
g 30V24+15V30 h -12V34+12V2 i 424 63V2 
j 90/3—24V10 k -164+24V10 1 42v2+30 
9 a 28 b 18 c -75 
d v2- V6 e 3v3+4 f -v10 + v5 
g 2 h 8v2 i v2-6 
10a 2v6 b v30 c 6 
11a om? b 2V6cm 
12a v6 x v6 = V6 x 6 = V36 = 6 
b —7v8 x V8 = -V8 x 8 = —v64 = —8 
c —V5x — v5=4V5x5=V25=5 
13 a Simplify each surd before multiplying. 
b Allows for the multiplication of smaller surds, which is 
simpler. 
c i 3V2x3v3=9Vv6 
ii 2V6 x 2V5 = 4V30 
iii 5v2 x 3v5 = 15V10 
iv 3v6 x 5/3 = 45V2 
v 6V2x 4V3 = 24V6 
vi 6V3 x -10V5 =-60V15 
vii -12V3 x —2v7 = 24 V?1 
viii7 V2 x 10/3 = 70V6 
ix 12V2 x 12V5 = 144 10 
4a 3 b 2 c -9 
d al e z f 3 
5 5 
15a 54V2 b 375V3 c 162V3 
d 25 e 9 f 1282 
g -120v5 h —108V2 i 720 
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j vi k c | 81 i nie h ein s 
m 1003 n 144 o —96V15 j 8v3 — 15v2 k 3v2 + 2V5 l 6v5 + 5v6 
8173 5 9 V6 6 2 2 
p —— a r — 
25 3/3 2 7a 573 om? b m2 
16a 19—2v6 b 16 3 3 
c 215. 85 d 10/8 — 37 e V10 + V15 nm? 
e 30-10V2 f 0 10 
g 4v3— 14 h 47 V2 — 1030 + 11 m 2/3 + 3V2 b 6v5 + 5v2 P 9v7 — 14 V3 
6 10 21 
3D d 5/3—2v2 e 2V2 + 5V3 9V5 + 4V3 
"- . 6 12 30 
Building understanding ; L274 ; 6430 + 4 V6 3/10 — 2 a2 
1a] b I c -2 d6 15 9 9 
vx, 
2a v3 b 10 c v5 d v7 9 As ~~ is equal to 1. 
3 a 0377... b 2.886... c 1631... x 
All pairs of numbers are equal. 10 a V21 + Via b v30 + V5a 
7 5 
23 + V6, 
Now you try c E d 1— v3a 
Example 9 e 1- v5a f 1- V7a 
a 3v2 p A21 o 0 4 27-7 gy 40a + 5V2 h VBa + V2 
7 3 7 10 2 
i 21a + 7V2 
Exercise 3D 14 
. 3/8 EN. tai 14 ii 2 iii 47 
Tai 5 " $ b Each question is a difference of perfect squares, and each 
. 24485 . 34/10 answer is an integer. 
bi E ii "a : 44 V2 
p 3d y V30 PEE 
5 21 d 124 3V2 i -3V3-3 
di v2-2 i 4v5 —5 14 2 
2 5 "  —(6 + 230) 
im v2 v7 : 3/11 à 4v5 iii 2v2 + V6 NE E 
2 7 11 5 
5y3-5 
12a b 2/342 
c 3V546 d —4-— 4V2 
TEC v35 o V66 "E -3 -3v3 (TT 
3 7 11 5 E 99 
mul v42 y 730 h 9 g —12  4V10 h -14-7V5 
3 7 3 2 . 02/1 4 2/2 
4a ane b 5v6 c 3V10 du m Ro 
; : : vid - v2 
į 3⁄2 e 7730 , 2v105 k v7- v3 po 
7 10 15 
6 + V6 
Sa Avot v6 : v35 2/2 m 5 n vi4 +22 
15 3 3 5 bva — bvb 
Q2 00.400000 9E V 7 oe dA 
15 9 2 2 ava + av b " a+ b — 2Nab 
& a '3* V6 p 3V7 + V35 o, 25 - V15 d o e mec 
3 7 5 a — Vab [2 b + bva 
y V800 v35 + v14 v30 — V21 inm eB 
2 7 3 
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3E 6 a x b 32? c $58 d xy? 
T : f As 9x5? h 24 
Building understanding Mibi did 975 y 
1a 34 b 76 c 6x3 d 843p? i 2a?p? j 2mn^ — xk -454p5 | 16g 
3 
2 x 4 3 2 1 0 m 2m$5? n 21532 o 1 p —6m?n’ 
2* |24-16| 233528 | 2224 | 291 22 | 20-4 7 a -27 b -27 c 81 d —81 
30 
12 10 a 
3 a 2x2: -2x2x2x2x2 8 ax b anm di: 
22 9 a 13 b 18 c 81 d 64 
b SO xXxXxXxxx e 1 f 1 g 9 h 8 
x XXXxXx 10 He has not included the minus sign inside the brackets, i.e. 
=x has only applied it afterwards. Need (—2)^ not —24. 
c (d? -axaxaxaxaxa fla 3 b 4 c 1 
E d 3 e 4 LES 
d (29 x 2x9 2 1x2 12a 9 b 2 c 162 d —18 
=2 Ba +2 b 5 c2 d d 
Now you try día 452-403-4202 16ys1 
Example 10 b x=8 y=20rx=4, y=30rx= 64, y=1, 
a x! b 14a3p5 orx=2,y=6 
€ x=9,y=2,0rx=3,y=40rx=81,y=1 
Example 11 1 x = 1, y = any positive integer 
a m? b 7” 
Example 12 3F 
ae b 279 o 4 d 45y Building understanding 
49 T 
Example 13 7 1 a 2-2,2-3 0-4 b xx, x3 
2 as zat b+ ETE (ct 
: 3 5 42 2 3 
Exercise 3E i 
3 a — b a? 
dai x ii x? a’ 
b i 104353 ii 12a4b® à 1 id 4 
2 a a b x5 c bô a 55 27 ° 39 
d 14m5 e 657 f 2716 
3 
g 2 no (9 Now you try 
5 6 25 
j 6x33 k 15a3p6 | 18942 Example 14 " 
m 1505, n 12745 0 20m, a 1 b ay" c 2x4 
3a x ba c qd b3 x? 
d p ey fa Example 15 
gj h mê i 2:53 5 nê 
: a = b. 
j 3582s k 2p? | 2m^x abs 3m? 
m 5b3 n 4st 0 he Example 16 
1 x y? a pd? b LA 
>a gum is r wee 5 
"2 173 2 2 167 
4 a x! b £ c 4a® d 5y" . 
e 64/6 f 4u4 g 2779 h 81p!6 Exercise 3F 
4 9 46 16,,8 
j € j € k2 | 2 iait i L 
ps y? -8 yê D? a 
m 27/5 n 9a4b? á ar 256p8q!? 7 4y3 7y2 
12592 4p? 274? 8174 oy u 
5 a 8 b 3 c i d 1 c i 2x2 ii 6x7 
5 f 3 g —5 h 3 
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1 1 2 3 1\* f : 
2a -— b e — d — 13 "rat. ( ) = (271) = 2-1 = 2 
x? a^ m^ y! 2 E 
a 34? t 4m3 1053: h 323 Ma -2 b —5 c -3 d —1 
us B S d EV e -2 f -3 g -3 h —4 
: i 0 j 0 k 1 | 2 
3 2¢5 2,7 3 
po p 2 k ew | 2% m -2 n 1 o -2 p 2 
3p? 5e4 8,6 55d? 
3a x b 2y3 € 4m! d 345 Progress quiz 
4,3 393 mE 
e 2b4d3 f 3m2n4 g 4b'a ts 1 a 3.16227766... irrational b 3.142857 rational 
ns 2 € 3.141592653... irrational d 3.15 rational 
3 
4 a b a p. — d — 22 
i Í p y? 7 83159 410 
4y2 4 T 
„2 TIME. i | | 
y a3 ab? a < T i —> 
E: - si p2 E 3.14 3.15 3.16 3.17 
i |] — = a 
2 n 3 
b 2y In 2a 7v2 b 10⁄3 œ 2c d 8 
b’ p? qr 352 3 192 
9 n 5 4 4 a 3v3 b 6V242v5 
527 erg E E c 16v3 d 17V5 -6V3 
: ° i 5a -Vi5 b35V6 c —— d6 e85 
"E plo,» 5t 3v5 
g E 2 4 6 66v2 
sa 18 » Ni ix 7a 3V p 2715 , 273-3710 
x4 64 8 x21 dÊ 7 5 2 
e 9 f E g 81 h -8 8 a a b 12x3y4 c ht d —m5n3 
8 r x20 x15 pho? 
y4 TAL e d f 95470 g h 6 
i T j em k 7f | 26 49,24 
4 
16p4 9a Ji b 2b" c 7m? d = 
7 a ab? ii c 54x7yl0 x3 a3 5d? 
94? 16 Ta 12m p 48 
3247! 2,4 e P D mE: 
d 448p? ! pe k i = 
s E 10 a^ b 91049 
m^ 27x " ELS 13 
g ab? h !"— ij £X 5b 8c 
nê 2y 
Ba hp 6 2 d 3G 
25 64 49 81 "A : 
S T y 08 "e Building understanding 
3 1a3 b 3 c 3 d 3 
i : i E k t | 100 2 a 103 b 107 c 10-5 d 10-3 
3a4 b 5 c 3 
9 ac : d 4 e 3 f 5 
ai è ilz iii > 
" 2 i Now you try 
b = 
ý AM . Example 17 
fi The u only be applied to x not to 2: a 20480 b 0.000047 
2x? = 3 Example 18 
" a 7.94 x 106 b 2.71 x 10-4 
12 a 5 b Ed c 2 
6 18 3 Exercise 3G 
E D p 106 
12 48 9 1 ai 3126 ii 5040000 
b i 0.0028 ii 0.00000591 
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2 a 3120 b 54293 Now you try 
c 710500 d 8213000 
e 59500 f —800200 Example 19 
g —10120 h 9990000 T pus 6 oe eae 
i 210500000 į -55000 
k 2350000000 1 1237000000000 ENGKIBIGSU , : 
3 a 0.0045 b 0.0272 a V5 b (V1)? or i121 
c 0.0003085 d 0.00783 Example 21 
e —0.000092 f 0.265 t b 3 vd 
g 0.0001002 h —0.000006235 2 
i 0.98 j —0.000000000545 : 
k 0.000000000003285 | 0.000000875 Exercise 3H 
4 a 6.24x 108 b —573x 10 — c 3.02x 104 iai 192 T 
d 4.24 x 105 e —101x10* — f 350x107 13 17 
g 7.25 x 104 h 3.56 x 105 i 1.10 x 108 bi 62x2 ii 112x2 
j 9.09 x 105 k —456x 108 1 9.83 x 109 TET "E 
5 a 242 x 10-3 b -1.88x10-2 c 1.25x 10-4 à d 
d 7.87 x 10-3 e -7.08x10-4 f 114x107 di 62 ij 132 
g 6.40 x 10-9 h 7.89 x 10-5 i 1.30 x 10-4 1 1 2 3 
j 7.01 x 10-7 k 9.89 x 10-9 | -5.00x10-4 2 a 29? b 35 e x d o5 
6 a —24x 104 b 571 x 108 c 70x 108 T pa ò 1056 TE 
d 4.88 x 108 e 19x 10-2 f —7.05 x 10-4 : 
g 9.8 x 10- h -3.571x10-1 i 500x105 3 7x2 b 653 c 35? 
7 a 77x10km? b 25x 108 c 74x 109 km 21 42 85 
d 1x10-2cm — e 1675x107 kg f 9.5 x 10-39 d Spir e 20%! f 2g 
-3 -3 -8 3 3 1 4 1 
tium BIRDS ciB0n ados o adhed adus 
g 180x102 h 342x105 — i 831x102 4a Y2 b v8 c Y6 d vi 
9 328 minutes e v9 f V49 y v8 n vel 
10 38 is larger than 10. 5 a 6 b 3 e 4 d 7 
fla 2.1 x 104 b 3.94 x 109 c 6.004 x 10! e2 ae: g1 wt 
d 1.79 x 10-4 e 2x10? f 7x107 3 2 
g 1x10 h 6x 108 i 4x 10-3 i i fa C TRU 
j 31x 10-14 k 2103x1074 — | 9.164 x 10-21 3 10 20 10 
12a 9x 104 b 8x 109 c 6.4x 109 6 a 4 b 8 c 216 d 32 
d 1.44 x 10-9 e 4x 10! f 6.25 x 10-12 oe 2 ua i il. 
g 2.25 x 10-9 h 125x107 i 1x 10-5 8 9 16 125 
j 1.275x 10-4 — k 18x107 | 2x10? i 125 p kd. i- 
m 8 x 10-1 n 4x 10-14 o 25x 10 16 81 100 
13 3 x 10-4 = 3 = 10000 1 
Mai 9x 107 J ii 2.34 x 10?! J ee Wa ex M 
lil 2.7 x 1075 J iw 9x 10"! J ga T. ' h Ë 
b i 1.11x108kg ii 4.22 x 10-1kg b 
iii 9.69 x 10-3 kg iv 1.89 x 10-19 kg 8 a 5s b 32 22 d 5/4 
c 54 x 10! J e x f bt B h n? 
i 4ap^ j 6n?n 2423 | 7? 
5 2x 2 
3H m 7 n 3 E p 10x 
TX " 9 a Method B 
Building understanding bi 3 ii 216 iii 128 v 8 
j 432 b 5,5 c 4,4 d 5,5 v 605 "RU "T TR 
a 3 b 11 c 3 d 4 27 3125 10000 
e 2 f 3 g 2 h 10 10 It equals 2 since 29 — 64. 
3 a 191,191 nai -3 ii —10 ii —2 iv -3 
b 1.58, 1.58 b i no ii yes iii yes iv no 
c 1.43, 1.43 c yis areal number when n is odd, for x < 0. 
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Building understanding 


lai 4 ii 8 iii 16 
bi 3 ii 5 iii 6 
2 a 16,32,64, 128, 256,512 
b 81, 243, 729, 2187, 6561 
c 64, 256, 1024, 4096 
d 125, 625, 3125 
e 216,1296 
3 a 32 b 5° c 35 
d 27 e 38 
Now you try 
Example 22 
a x-3 b x-2-3 c pit 
2 
Example 23 
x=1 
Exercise 3l 
1ai x=2 ii x=3 
bi x=-2 ii x=-3 
c I gs? iT] ye 
2 2 
2a 3 b 3 c 2 d 2 
e 3 f 3 g 4 h 3 
i 4 j 5 k 4 | 3 
3 a -2 -2 c —2 
d —4 -5 f 3 
g 2 h 6 i 3 
E T 3 a3 
2 3 2 2 
23 i id gal 
2 3 5 4 
i -2 j -4 k -3 l -3 
2 
5 a 1 
bi 2 ii 32 jii 260 
c i 3min ii 8 min iii 10 min 
6al b 1 c 3 di 
2 
e 2 f 2 g 9 h B 
4 7 
j = je k 4 j = 
4 2 2 
7 1 cent doubled every second for 30 seconds. Receive 
23? cents, which is more than 1 million dollars. 
8ai 1 ii 1 iii 1 
b No solutions. If a = 1, then a* = 1 for all values of x. 
9a2 b 1 [d d d 3 
3 4 
4 3 10 2 
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iv 21440 


10a i 025 
iii 0.001 
bi 5? 
iii 2-1 
fla -4 b 
d 1 e 
2 
12a 1 b -1 
e ES f -2 
2 
1 
i - 2 
5 ] 
3J 


ii 0.125 
iv 0.0016 
ii 2-4 
iv 5-4 
-6 c —5 
$ [3 
2 
c 8 d = 
2 
2 
3 h = 
à 3 
k 0 | -2 


1a 
at -2 -1 0 1 2 
1 1 
= = 1 3 9 
ae 
b 
2a b 1 
c y-axis d x-axis 
3a aoli b False since 3-2 = 1. 
a 32 
c 5-3, 3-2, 2-1 d —9,-125, 1 
4 
Now you try 
Example 24 
» /— (L5) py=5* 
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Example 25 4 y 


Example 26 
(3, 27) 


Exercise 3J 
1 


ci (1.3) ii (~3, 64) 


iii (0, 1) iv (1.1) 


7 a (2,4) b (2, 9) c (1,-4) d (—3,8) 
8 a 1000 
b i 2000 ii 8000 
c i 2years ii 4 years 
9a N-? b N=2'°—1024 c 14 seconds 
10 x = 2.322 
Hac bA c D 
d E e F f B 
12 Substitute (2, 5) into the equation y = 2? = 4 45. 
3 13 y 21 
y 
A 
| »-1 
ee te 


Q 
» x 
Y 
14 It is the asymptote. 
15 a 
They are the same graph. 
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i B Dy : (y " - (1 y 5 a V= 15000 x 0.94! 
i y=(- ii [— iii y= ( — : » 
3 5 s 10 b i 12459L ii 9727L 
ci y=4> ii y=7~* iii y= 117 c 769.53 L d 55.0 hours 
"M D AMD 6 a V- 50000 x 1.11” 
474 thus (1) = (a "P = a * as required (or b i $75903.52 ii $403115.58 
similar) c 6.64 years 
7 a 3000 
b i 7800 ii 20280 iii 243220 
3K c 10 hours 11 minutes 
Building understanding 8 a D= 10 x 0.875‘, where : = number of 10000 km 
travelled 
1 a $50 b $1050 c $52.50 b 90000 c yes 
d $55.13 e $1276.28 9 a T= 90 x 0.92 
2 b i 79.4°C ii 76.2°C 
2 SOHO ' 400’ nee BASED c 3.22 minutes ~ 3 minutes 13 seconds 
3 a growth b decay c growth d decay 10a i $1610.51 ii $2143.59 iii $4177.25 
b i $1645.31 ii $2218.18 iii $4453.92 
Tl a $2805.10 b $2835.25 c $2837.47 
Now you try 12a i 90g ii 7299 iii 53.1g 
Example 27 b 66 years 
a A=50000(1.16)" b P = 10000(0.91)" 13a 60L b 22.8 minutes 
Example 28 14:077% 
a V= 400000(1.07)” 3L 
b i $428000 ii $490017.20 
c 3.3 years Building understanding 
Exercise 3K 1 a $50 b $550 c $55 d $605 e $605 
1 a V=6000(1.12)" b P = 2000(0.92)" dE: 4200 210 4410 
2 a A= amount of money at any time, n = number of years of 3 4410 220.50 4630.50 
investment 4 4630.50 231.53 4862.03 
A — 200000 x 1.17" 
b A = house value at any time, n = number of years since 5 4862.03 243.10 5105.13 
initial valuation 3 a $1102.50 b $1102.50 
A = 530000 x 0.95” c $1157.63 d $1157.63 
c A = car value at any time, n = number of years since 4 a 700(1.08)? b 1000(1.15)5 c 850(1.06)^ 
purchase 
A — 14200 x 0.97" Now you try 
d em of oil spill at any time, n = number of minutes Example 29 
A22 x105 $4502.19 
e A = litres in tank at any time, n = number of hours elapsed Example 30 
A = 1200 x 0.9" a n=60,r=— b n=12,r=35 
f A = cell area at any time, n = number of minutes elapsed 12 
A 20.01 x 27 Example 31 
g A= population at any time, n = number of years since $8964.49 
initial census i 
A = 172500 x 1.15" Exercise 3L 
h A = mass of substance at any time, n = number of hours 1 $6312.38 
elapsed 2 a $5105.13 b $11946.33 
A = 30 x 0.92” c $13652.22 d $9550.63 
229 20 3 a $106000 b $112360 c $119101.60 
b i $665500 ii $1296871.23 iii $3363749.97 d $133822.56 e $179084.77 t $239655.82 
c 7.3 years 4 a 6,3% b 60,1% c 52, 0.173% 
4 a 300000 ] 7 d 14, 2.625% e 32,3.75% f 120, 0.8% 
b i $216750 ii $96173.13 iii $42672.53 5 a $2254.32 b $87960.39 c $1461.53 
c 3.1 years d $789.84 e $591.63 f $1407.76 
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6 a $5075 b $5228.39 c $5386.42 b i interest is doubled 
7 $11651.92 ii no change 
8 a i $3239.42 ii $3348.15 iii $3446.15 iii interest is doubled 
iv $3461.88 v $3465.96 6 TT 
b $226.54 Principal | Rate | Period ime Interest | Amount 
9 a P=300,n = 12, r = 7%, R = 14%, t = 6 years 3 
b P = 5000, n = 24, r = 2.5%, R = 30%, t = 2 years $7000 | 4.56% | annually | 5 years | $1750 $8750 
c P = 1000, n = 65, r = 0.036%, R = 0.936%, t = 2.5 years $7000 | 8.45% | annually | 5 years $3500 $10500 
d P = 3500, n = 30, r = 0.0053%, R = 1.9345%, t = 30 days $9000 | 8% fornightly[ 2 years | $1559.00 $10559.00 
e P = 10000, n = 10, r = 7.8%, R = 7.8%, t = 10 years " : 
f P = 6000, n = 91, r = 0.22%, R = 5.72%, 1 = 3.5 years $18000 | 8% _|fornightly} 2 years $3118.01) $21 118.01 
10 5.3% compounded bi-annually 7 a 8.45% b 8.19% c 8.12% 
Tl a i approx. 6 years il approx. 12 years The more frequently the interest is calculated, the lower the 
iii approx. 9 years iv approx. 5 years required rate. 
v approx. 7 years vi approx. 4 years 8 ai 4.2% ii 8.796 
b same answer as part a c yes b Itincreases by more than the factor. 
3M Problems and challenges 
Building understanding 13 
4 x 
1B 2a5 b (5) 
2 P=750,r=7.5,n=5 1 
3 [= 225, P= 300, r=3, 1= 25 oY 
4 $240 4a -8 b 22-a 
5 length = 10 V2 cm, width = 10 cm 
Now you try 6 -3- V2 + 73 
Example 32 7 
a $4764.06 b $4720 7a E b Volx- y) 
Exercise 3M 8 12-8vV2 
9 x-35 
1 a $8516.57 b $8400 
2 a i $7146.10 ii $6955.64 iii $6858.57 Short-answer questions 
iv $7260 v $7916.37 
h $6000 at 5.7% p.a., for 5 years 1 a 2v6 b 6v2 c 30v2 d 12V6 
3 a i $7080 ii $7080 iii $7428 ge , 2v2 y 5v7 n 25 
iv $7200 v $7710 7 3 5 
b 6000 at 5.7% p.a., for 5 years 2 a 44+7v3 b 2v54+2v7 c 5v2 
4 a i 1 $240, $240 Il $480, $494.40 d 4v342V2 e 2 80 (24028 
Ill $1200, $1352.90 IV $2400, $3163.39 V7 
ii 1 $240, $243.60 I| $480, $502.04 g 2v5 ico i 0 
Ill $1200, $1375.67 IV $2400, $3224.44 3 a 2/6442 b 12/5—6 
iii | $240, $246.71 I| $480, $508.64 o dá d 48 
Ill $1200, $1395.40 IV $2400, $3277.59 V6 
b compound interest c compound interest 4a E b 5v2 c 3v6 
E Principal | Rate Overall Interest | Amount d 214 e 3v2 f 5v2 
time "n ^ 8 
1 2v2 4v6 — 
$7000 5years | $1750 | $8750 g = h E : 
$7000 5 years $3500 $10500 5 a 25,6 b 6 c 20x7y10 
$3300 3 years $990 $4290 "m QM (0 
$8000 3years | $2400 | $10400 » 2x8 Ap? 
1 1 5 2 
$9000 2years | $1440 | $10440 6 a 212 b x3 c m3 d a5 
9 13 Taoa 3 4 
$18000 | 8% | 2years | $2880 | $20880 e 1022 E Bap 9 72 h 43 
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Answers 


7a 5 b 4 c l Chapter 4 
d i e all f 1 4A 
7 10 5 "m" i 
8 a i 3210 ii 4024000 Building understanding 
aoe Deas 1 a 0799 b 0.951 c 1192 = d 0931 
b i 3.08 x 10-74 ii 7.18 x 1079 2 3 sind — 6 danà 
iii 5.68 x 108 iv 1.20 x 108 3 a 180 b 2.94 c 342 
9 a V= 800 x 1.07 b V= 3000 x 0.82 d 2.38 e 2233 E 12.47 
10 a $1215.51 b $3519.60 c $5637.46 
fia 3 b 2 c 1 d 6 
3 9 Now you try 
e —2 f -3 g- h = 
2 3 Example 1 
bos i 3 k —4 1 0 a 274 b 25.03 
12 a i Example 2 
(1,4) a 11.65 b 26.27 
Exercise 4A 
1 
-— 1a 771 b 44.94 
O 2 a 115 b 3.86 c 13.74 d 5.07 
= Y e 225 f 2.79 g 1.97 h 13.52 
= b y i 37.02 j 9.30 k 10.17 | 13.11 
wo A 3 a 8.55 b 426 c 13.06 d 10.04 
= e 5.55 f 1.52 g 22.38 h 6.28 
» X . . 
im O i 0.06 j 12.12 k 9.80 | 15.20 
© -I 4 a x=25cm,y=4.33cm 
(1, 3) b x= 12.26 cm, y = 6.11 cm 
c x=0.20m,y= 0.11m 
ý 5 a 125m b 327m 
6 1.85m 
7 223m 
8 754m 
9 285m 
10 26.4 cm 
fl a 45cm b 8.5mm 
12 The student rounded tan 65? too early. 
13a 37 b 6.5 C du 
4a i a-csinà ii b=ccosd 
iii tang =f yng eoe come. 
b ccos@ cos 
v Answers may vary. 
1€ 2 D 3 B 4E 5 A b i az=csing 
6 D 7 D 8 C 9 B 10 D ii b=ccos@ 
nc 12 D 13 C 14 D 15 B ili tage ap 
iv c? = (c sin 8)? + (c cos 9)? 
Extended-response questions c? = cê (sin 0)? + c° (cos 0)? 
“1 = (sina)? + (cos 0)? 
1 a 36V15 + 3v45 = 36 v15 + 9v5 cm? 
b 360V3 + 144V15 + 90 + 36 V5 cm? AB 
c 4vV3 41 
d i 10000cm* li 1.6% Building understanding 
2 a V= 10000 x 1.065” , 
b i $11342.25 ii $13700.87 1 a 60? b : c 0.75 
c 11.0 years ó 5 " " 
d i $1459 ii V— 14591 x 0.97" : à ond b g^ eee 9 Hes . Pa "M 
iii $12917; profit of $2917 
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Now you try 
Example 3 
a 30° b 38.94? 
Example 4 
38.7? 
Exercise 4B 
1 a 30? b 54.31? 
2 a 60? b 45° c 48.59° 
d 30° e 52.12° f 32.4? 
3 a a= 60°, 0 = 30? b a= 45°, 0 = 45? 
€ a=53.1°, 0 = 36.9? d a= 22.6°, 0 = 67.4? 
e a= 28.1?, 0 = 61.9? f a=53.1°, 0 = 36.9? 
4 a 44.4°, 45.6° b 74.7°, 15.3° 
é .58,3°, 31.7° d 23.9°, 66.1? 
e 82.99, 7.1? f 424?47.6? 
5 70.02? 
6 31.1? 
7 474? 
8 a 664? b 114.4? c 32.0? 
9ai 45? ii 33.7? b 11.3? 
10 a Once one angle is known, the other can be determined by 


subtracting the known angle from 90°. 


b a = 634^, p = 26.6? 
fl a D 


d sin 45° = * = -L cos 


v2x v2 


12a 8 = 30° 


b a = 60° 


45° also equals a 
v2 
c V3 


ij 3 


vi V3 


4C 
Building understanding 


1 ZABC and ZDCB 
2a B bc 


Now you try 
Example 5 
70.02 m 


Example 6 
27.98? 
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Exercise 4C 


1866.03 m 

320 m 

1509.53 m 

32° 

a 1.17m b 

8.69 cm 

299 m 

a 145? 

yes 

10 89.12 m 

fla i 87cm ii 
b i 17.3cm ii 
€ Answers may vary. 

12 321.1 km/h 

13a i 18? 

b i 0.77m 
iii 2.02 m 

c 3.85m 


b 3.44° 


«e co-41c0 c0 »5co0rn£€-— 


ii 72? 


d 405m 


4D 
Building understanding 


1 0°T 

180°T 
050°T 
162°T 
200°T 


a b 45°T 
e f 225°T 
2a b 060°T 
d e 227°T 
3a b 082°T 


Now you try 


Example 7 
a Ais 060°T 
B is 140?T 
C is 250°T 
D is 310?T 
b i 240°T ii 
Example 8 
a 4.10km b 


Exercise 4D 


1 a Ais 050°T 

Bis 150?T 

C is 215?T 

Dis 320?T 

i 230°T ii 
220°T b 305°T 
1.7 km 
121?T 
3.83 km 
14.77 cm 
217?T 
1.414 km 
a 1.62km 
10 10.032 km 


£0 £& £D £D £& €t £& C 
[— 208 — E — E — E — I 


b 1.414 km 
b 5.92km 


«c c -4 0» 0)! 5» C rn 
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c 90°T 
g 270T 


c 335°T 


Answers 


1.50m 


c 1.99? 


5cm 
20cm 


iii 36° 

ii 2.38m 

iv 1.47 m 
e Proof 


iv 54° 


d 135°T 
h 315°T 
c 139°T 
f 289°T 
d 164°T 


130°T 


19.28 km 


140°T 
075°T 
3.6 km 
301°T 
6.21 km 
2.6cm 
37°T 


d 150°T 


c 2.914 km 
c 2.16km 
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Answers 


ta i 045°T ii 236.3°T iii 26.6°T iv 315°T 
b i 296.6°T ii 116.6?T iii 101.3°T iv 246.8°T 
12a i 25km ji 2.82 km iii 5.32 km 
b i 433km ii 1.03 km iii 5.36 km 
c i 452?T ii 7.6 km 
13 a 229.7°, 18.2 km b 55.1°,12.3 km 
14a 212.98m 
b i 99.32m ii 69.20m 
c 30.11m 
15 a 38.30km b 57.86 km c 33.50? 
16 a 434km b 2.07 km c 481km 
4E 
Building understanding 
13 
2 a C b D 
22 23, 
2 
2 
A 
A 2 B 2N2 s 
c 353? d 45° 
Now You try 
Example 9 
a 31.896 m b 47.72? 
Exercise 4E 
1 a 37.609m b 4547? 
2 a 1888m b 43.35? 
3 a 57409m b 57.91? 
4 ai 2657 ii 11.18cm 
b 10.14? 
5 a 731m b 687m 
6 138.6m 
7 ai 225m ii 2.59m 
b 49.03° c 343m 
8 a i 1.331km ji 1.677 km 
b 0.346 km 
9 a cameraC b 609.07 m 
10a 55m b 34.5° c 347° d 0.2? 
iia 45? b 141units c 35.26? d 1.73 units 
12a i 1.55 ii 1.27 iii 2.82 
b 3434? 
13 22° 
4F 
Building understanding 
1 a UE c 
sinA sinB sinc 
2a 19 b 2.5 
3 a 503? b 292? 
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Now you try 

Example 10 

7.3 

Example 11 

a 362? b 121.0? 

Exercise 4F 

1 38 

2a 79 b 16.5 c 191 
d 92 e 84 f 227 

3 a 380? b 51.5? c 28.8 
d 44.3° e 47.5? f 48.1? 

4 a 1.367km b 74 c 2.089 km 

5 27.0 

6 131.0m 

7 a ZABC = 80°, ZACB = 40? b 122 km 

8 a ZABC- 80^ b 61.3km c 53.9km 

9 a 147.5 b 102.8 c 126.1? 
d 100.5? e 123.9 f 137.7° 


10 Impossible to find @ as such a triangle does not exist. 
11 37.6? or 142.4? 
12 a 59.4? or 120.6? 


b B 
A 
3 93s 
59.4 
A 2 C 
c 31.3? 
d A triangle can only have one obtuse angle. 
e C 
G 31.3° 
10 
"a 
A 6 A" 
Progress quiz 
1 a 12.58 b 38.14 c 1544 d 6.59 
2 a 39° b 58° c 52° 
3 a i V800r4v5 ii Fo 
80 
ii or V5 
/80 5 
b 26.6? 
4 63? 
5 23.84m 
6 A 060? B 150? C 288? 
7 a 18.65 km b 048.4? 
8 a 3677m b 61? 
9 a v8cm b 35° 
10a 87 
b 66.7? 
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Answers 


4G 4 a x=57 b x-79 c x-941 
"m : d x—182 e x— 10.6 f x=1.3 
Building understanding 5 a 59.09 cm? b 1.56 mm? c 361.25 km? 
i a 22a ee ee ee ARS 6 a 35.03 cm? b 51.68 m? c 6.37 km? 
b n2- 524922% 5x d eene d 7 a 965.88m? b 214.66m? c 0.72 km2 

= i 2 2 2 
2 a 96 b 15 c 100.3° d 362^ 8 a 173m l b 47.2 cm c 151.4km 
9 a Area = ab sino 
Now you try b Area = La sin 60° = Ba 
Example 12 c Area = 1 a2sin(180° — 20) = |a? sin 20 
4.29 m 2 2 
Example 13 10a i 129.9 cm? ii 129.9 cm? 
26 ds b They are equal because sin 60? and sin 120? are equal. 
` c Same side lengths with included angle 140°. 
Exercise 4G fl a 65.4°, 114.6? 
b B B 
1 9.08m 
2 a 16.07 cm b 8.85m c 14.78cm 11m 
d 456m e 2.86 km f 814m A "m 
3 a 901.79? b 104.48? c 64.62? A 8m C iw 
A 8m C 
d 61.20? e 92.20? f 46.83? 
4 810m 12a i 540? ii 108? iii 11.89 cm? 
5 32.2° 49.6°, 98.2? iv 8.09 cm v 72°, 36° vi 19.24 cm? 
6 a 145.9" h 208.2? vii 43.0 cm? 
7 383km b 65.0 cm? c Answers may vary. 
8 7.76m 
9 a cosine rule b sine rule c sine rule 4l 
d cosine rule e sine rule f cosine rule suas ; 
2p Building understanding 
a cosc = 79 —€. b 121.9° 
2ab . a quadrant 1 b quadrant 3 
11 Obtuse, as cos of an obtuse angle gives a negative result. c quadrant4 d quadrant 2 
12a n - à 7 -- 2 a quadrants 1 and 2 b quadrants 2 and 4 
b p B p? +h 7 c quadrants 2 and 3 d quadrants 1 and 4 
] p m i + n = i ode d e quadrants 1 and 3 f quadrants 3 and 4 
c= atna —x)^— a* t = ebx 
e cosc=~ 3 0 0? 90° 180° 270° 360° 
a 
f x= a cos C substitute into part d. sino 0 1 0 -1 0 
cos 0 1 0 -1 0 1 
4H 
tan 0 0 | undefined 0 undefined 0 
Bunding understanding 4 a 0.139 b -0.530 c -0.799 
12a 37 b 48.0 d —0.259 e 0.900 f —1.036 
2aa b 80 c f 
3 a 56.44? or 123.56? b 45.58? or 134.42? Now you try 
Now you try Example 16 
a 140° b 106? c 133? 
oe Example 17 
30.1 cm a quadrant 4, sinó is negative 
Example 15 cos is positive 
18.64 tano is negative 
. b quadrant 3, sino is negative 
Exercise 4H cos is negative 
1 54m2 tan@ is positive 
2 a 44cm? b 264m? c 0.9km? Example 18 
d 13.7 m? e 318.4 m? f 76.2 cm? a -sin 50° b —cos 54° c tan 80° 
3 a 11.9cm? b 105.6 m2 c 1.6 km? 
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Answers 


Exercise 41 b i sin 60° = cos 30° = 0.866, 
sin 80° = cos 10° = 0.985, 
1 a i 160° ii 105° sin 110° = cos (—20°) = 0.940, 
b i 110° ii 138° sin 195° = cos (C105?) = —0.259 
c i 145° ii 101° ii Their values are the same. 
2 a 140° b 115? c 155? iii They add to 90°. 
d 99^ e 143? f 172° iv sin @ = cos (90° — 0) 
3 a 30° b 86? c 70? v True for these values. 
d 9° e 21° f 37° c Answers may vary. 
4 a quadrant 2, sin 0 positive, cos 0 negative, tan 0 negative 
b quadrant 4, sin 0 negative, cos @ positive, tan 0 negative 4J 
c quadrant 3, sin © negative, cos 0 negative, tan 0 positive 
d quadrant 1, sin Ó positive, cos @ positive, tan @ positive Building understanding 
e quadrant 4, sin 0 negative, cos 0 positive, tan 0 negative 
f quadrant 2, sin 0 positive, cos 0 negative, tan 6 negative la 9 0° | 30° | 60° | 90° | 120° | 150° 
g quadrant 3, sin 0 negative, cos 0 negative, tan 0 positive sind} 0 0.5 | 0.87 1 0.87 | 0.5 
h quadrant 3, sin@ negative, cos @ negative, tan 0 positive 
i quadrant 3, sin@ negative, cos 0 negative, tan 0 positive @ | 180°| 210° | 240° | 270° | 300° | 330° | 360° 
į quadrant 1, sin 9 positive, cos 0 positive, tan 0 positive sing; 0 |—0.5|-0.87| —1 |-0.87| -05| 0 
k quadrant 4, sin 0 negative, cos 0 positive, tan 0 negative 
| quadrant 2, sin positive, cos 0 negative, tan 0 negative b 
5 a —sin80° b cos60? c tan 40° d sin 40° 
e —cos55? f -tan45? g -siní5? h -—cos58° 
i tan 47° j sin 68° k cos 66° | -tan 57° 
6 a 30? b 60° c 24? 
d 40? e 71° f 76? 
g 50? h 25? i 82? 
7 a 42° b 47° c 34° d 9° 
e 33° f 62° g 14° h 58° 
8 a 0«9 «90? b 90? « 0 « 180° 28 
c 270? < 0 < 360° d 180*« 0 < 270° A | 0° | 30° | 60° | 90° | 120° | 150° 
3 lo, 150°] 3159) 350° 195°] 235°] 140° 100°] 35° | 55° ee 
10 a quadrant 4 b quadrant 1 c quadrant 2 0 180° | 210° | 240° | 270° | 300° | 330? | 360° 
d quadrant 2 e quadrant 1 f quadrant 3 cosa | —1 | —0.87| -05| 0 05 |087| 1 
fl Astan 0 = Sine and both sin @ and cos 8 are negative over b 
cos 0 


this range, tan 0 is positive in the third quadrant. 


12 As tan 0 = a and cos 0 = 0 at 90° and 270°, the value of 
cos 


sing and, hence, tan @ is undefined at these values. 
COS 0 
13a true b true c false d true 
e true f false g true h false 
i false j true k true | false l u 
4a i 047 ii 0.17 iii 0.59 iv 0.59 3 a i maximum = 1, minimum = —1 
v 0.99 vi 0.99 vii 0.37 viii0.37 ii 0°, 180°, 360° 
b sina = cos b when a + b = 90°. b i maximum = 1, minimum = —1 ii 90°, 270° 
c i 909—909 ii 90° — 9 c i 90^ «9 «270? ii 180? < 9 < 360° 
d i 70? ij 5? iii 19? iv 38? 
ei g°-9 i? ii ^ Now you try 
i 2/5 Example 19 
5 a x -0.17 b z 127° and 233° 
15 a d Proof Example 20 
ii True for these values. a false b true 
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Answers 851 


Exercise 4J Problems and challenges 
1a--077 1 a 120?,60? b 8.7 cm 
b œ~ 66° and 294° 2 225° 
2 a i 0.82 ii —0.98 iii 0.87 iv —0.77 3 Use the cosine rule. 
v —0.17 vi 0.26 vii —0.42 viii 0.57 4 514m 
b i 375,323? ii 53°, 307° iii 73°,287° 5 a 2 hours 9 minutes b 308° 
iv 84°, 276° v 114°, 246° vi 102°, 258° 6 17.93 
vii 143°, 217° viii 127°,233° 7 4.33 cm 
3 a i 042 ii 0.91 iii —0.64 iv —0.77 
v 0.34 vi —0.82 vii —0.64 viii 0-94 — Short-answer questions 
b i 37°, 143° ii 12°, 168° iii 17°, 163° 
iv 64°, 116° v 204°, 336° vi 233°, 307° 1 a 14.74 b 1317 © x=11.55,y = 5.42 
vii 224°, 316° viii 186°,354° 2 a 45.6° b 64.8° 
4 a true h false c false d true 3 61m 
e false f true g true h true 4 a A=115°, B= 315°, C = 250°, D = 030° 
i true j false k true | true b i 295° ii 070° 
5 a 110° b 60° c 350° d 260° 5 a 98.3km b 228.8 km ct 336.8° 
e 27° f 326° g 233° h 357° 6 a 15.43m b 52° 
6 a 280° b 350° c 195° d 75° 7 a i 15.5cm ii 135.0 cm? 
e 136? f 213? g 24° h 161? b i 14.9cm ii 111.3cm? 
7 a 30° b 60° c 15° d 70° 8 281m 
e 55? f 80° g 55° h 25? 9 a 526? b 105.4? 
i 36° j 72° k 63° | 14° 10a 12.5 b 42.8° 
8 a 17.5°, 162.5° b 44.4°, 135.6? fl a i sin60* ii —cos 30° 
c 53.1°, 306.9? d 36.9*, 323.1? iii —tan 45° iv —sin 45° 
e 191.5?, 348.5? f 233.1°, 306.9? b i negative ii positive 
g 113.65, 246.4? h 49.5°, 310.5? iii negative iv positive 
i 28.7°,151.3° 12a i 0.77 ii —0.97 
9 a 0, the maximum value of sin à is 1. b i 535,127 ii 197°, 343° iii no value 
b 0, the minimum value of cos à is —1. c i true ii true iii false 
102 | & | o | 30° | 45° | 60 | 90° —' : 
uitiple-choice questions 
sing | 0 L |e 1 i i 
2] 2 | 2 1D 2 B 3E 4D 5 A 
6 € 7A 8 D 9€ 10 C 
cosQ | 1 v3 v2 i 0 
2/2 | 2 . 
NE 1 J l Extended-response questions 
i= ii —— iii —— iv 0 
2 2 2 1a waterfall 
1 . v3 P V2 
vi — vi —— vii 0 viii — 
2 2 2 
v3 1 . v2 
ix -—— X —— xi —— xii —— 
2 2 2 
xii. 2 xiv V3 XV 2 xvi v3 
fl a 45°, 315° b 60°, 120° c 30°, 150° 
d 210°, 330° e 120°, 240° f 150°, 210° 
12 a Graph is reflected in the x-axis. 
b Graph is reflected in the x-axis. yeni 
c Graph is dilated and constricted from the x-axis. 
d Graph is dilated and constricted from the y-axis. 
e Graph is translated up and down from the x-axis. 
f Graph is translated left and right from the y-axis. b 2.9 km west 
c 7.7km 
d i 21.9m ii 38.0? 
2 a 33.646? b 317754m? c 41.00m d 61.60m 
e i 65.66?, 114.34? ii 80.1 m, 43.1m 
Essential Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University 


Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated Octo 
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Chapter 5. ———— — — — — — ——— 733 b 3 c 3 d 8 e 1 f 2 
8 a 2x24 14x +24 b 3x2 + 27x + 42 
5A c —2x2 — 20x - 32 d —4x2 — 44x — 72 
PM . e 5x2 + 5x — 60 f 3x2 4+ 6x — 45 
Building understanding g —3a2 + 15a + 42 h 5a? + 30a + 80 
1 a x3 42x b 24+ 4x43 € x24+ 8x4 16 i 4a? — 36a + 72 j 3y?— 27y + 60 
2a 6x b —20x c 4x? d X k —2y2 + 22y — 48 | —6y2 + 42y - 72 
2 m 12x2 + 48x + 45 n 1832 + 12x — 48 
e —3x f -18x g Sx h —13x o —6x? — 10x + 56 p 2:2 4 12x +18 
N t q 4m? + 40m + 100 r 2a? — 28a + 98 
ow. you uy s —3y2 + 30y - 75 t 1952 — 120 3 
Example 1 u —12y? + 72y — 108 
a es ae ae ae Bn — wd BLA 9 a 22 4 10x 11 b 2x2 + 20x + 44 
5 c 2y2-4y45 d 2y2-y- 43 
Example 2 e —24a — 45 f b?+54b+5 
a xà 7x4 10 b xà-4x44 c 92-4 g x24 10x +18 h x2— 1x + 40 
Example 3 i —4x? + 36x — 78 j —25x2 — 30x + 5 
addi b 3x2-—15x+12 gd 10a x? — 12x + 36 cm? b x? + 10x — 200 cm? 
Na (a+ b)(a-— b) 2a? - ab - ba- b? = aê — b? 
Exercise 5A b er a eee 
— a + zab + 
1 a i —4x+4 ii —2x + 12 € (a-b)? = (a — b) (a — b) 2 a? — ab — ba + b? 
bi &-32 ii 35x — 7x2 = a? — 2ab + b? 
: 8 " 7 d (a+)? - (a- b = 
cl dut" " He a? + ab + ba + b°? — (a? — ab — ba + b?) = 
2 a 2x4 10 b 3x- 12 c -&x- 15 Zab i ab =:Aab 
"Re -—— id 12a 618 b 220 c 567 d 1664 
y teed h —20x —15 i 2245x e 1386 f 891 g 3960 h 3480 
j 3x2 -x k 2x — 2x? | 6x — 3x? Ba —x + 7x b 10a — 28 
m —6x2 — 4x n -1824+6x o 10x + 102 c 4x? + 12x +9 d 4+8 
8 15 14a x94 6x2 4+ 11x46 b x9 + 11x2 + 38x + 40 
p —4x + 16x i ee [Sees c x3 + 2x2 15x — 36 d 2x3 — 1332 + 17x + 12 
1 3 3 e 2:3 — x? — 63x + 90 f 63 — 35x2 + 47x — 12 
s a t CAPS u Edd 15 a 2ab b (a+b)? -e 
14 9 14 6 c (a+b)? —c?- 2ab 
V node" w po X rad c = at + 2ab + bP — 2ab 
3 a 2x24 3x b 6x2 — 3x e 224 7x Sete 
d 8x2 + 7x e 2x2 2x f 25x— 12x? 
4 a x) 10x 4 16 b x2 +7x+12 5B 
ws " 2 R 
. ba : eae Building understanding 
g x*-4x- 21 h x2— 10x + 24 127 b -5 t 3a d —3xy 
i x? — 13x + 40 2 a Ifx(x—1) 232 — x, then x? — x = x(x - 1). 
5 a x2 10x + 25 b x? + 14x + 49 b If2(1—3) 22 — 2x, then 2 — 2x 2 2(1 — x). 
c a? + 12x + 36 da = 6x+9 c If (x + 2)(x— 2) 232 - 4, then x? — 4 = (x + 2) (x — 2). 
e x? — 16x + 64 f x? — 20x + 100 d If (8x — 7)(3x + 7) = 9x2 — 49, then 
g e h d Jn 9x? — 49 = (3x — 7) (3x + 7). 
[ X = J x= 
k 16x2 — 25 | 64x? — 49 
6 a 6x24 13x45 b 12x2 + 23x + 10 Now you try 
(H 10x2 + 41x + 21 d 9x2 — 9x — 10 Example 4 
e 20x? 42x - 6 f 6x? 5x — 25 a —2(x + 4) b 5a(3a + 4) c (x 2)(8 — a) 
o 16x? - 25 h 4x - 81 Example 5 
[ord J B cds a (x4 5)(- 5) b (4a + 3b) (4a — 3b) 
k 25x? — 45x + 18 | 56x? — 30x + 4 c 264 7) - 7) A 
m 4x2 + 20x + 25 n 25x2 + 60x + 36 j i 
0 492 - 14x +1 
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Answers 


853 


Example 6 
a (x4 V7)(x- VT) 
€ (x-5 + V2)(x-5- v2) 


b (x + 4V2)(x — 4V2) 


pre 
mE 


o 


D- 


d (z+ 


J- 


Example 7 
(x — 2)(x + a) e -— 2 — 2V5) 
; f (x4 3V3) (x + 4 — 3v3) 
Exercise 5B g (x1 5V3)(x« 1- 5V3) 
tai —4(x+3) i -9(x + 4) h (x= 7 + 2V10)(x— 7 - 210) 
b i 10a(a +4) ii 17a(a + 2) i (3x + 2)(v3x - 2) 
c i (x +2)(4—a) ii (œ+ 5)(11 =a) j| (V5x + 3) (V8x - 3) 
2 a 3626) b 4(x +5) c 7(a 4 b) k (V7x + VS) (VTx — v5) 
d 3(8a — 5) e -5(ra 6) f -2(2y +1) oo 
g -30a--1) — h -bQa-c) i 2x(4x+1) m: (v2x +3) ag 
j x(5x-2) k 6b(b — 3) | 7a(2a — 3) n (Vx + 4)(v5x - 4) 
m 5a(2 — a) n 6x(2— 5x) qe o (V3x + VIO) (V3x — v10) 
p —4y(14+2y) q ab(b—a) t 2xy(xz - 2) p (I3 VT) (Tx - v7) 
s —i2mn(m- n) t 3z2(2xy - 1) T4 pese) b (6-469) 
3 a ded) ed) b (x +2)(b 4-3) es Lo gore x-3) 
© (x Bla 4) 4 ici 2) 5) e (a-3)(2x- 1) f (2a—5)(x+4) 
e k-42) fet Tog) 10 a 5(x + 2v6)(x — 2V6) 
g (x43)(a- 1) li œ- 2x- 1) b 3(x + 3v6) (x - 3v6) 
oe ino. 
4 a (x4 3)(x - 3) b (x4 5)(x— 5) aid nnd 
s (y+7)(y-7) d D - 1) H "A MC YS 
e (2x — 3)2x + 3) f (6a — 5) (6a: 5) f 36-1 VD -1- V7) 
g (14 9y)(1 — 9) h (10 — 3x)(10 + 3x) g A(x -= 4 + 2V3) (x — 4 - 2v3) 
i (Sx — 2y) (5x + 2y) j (8x — 5y) (8x + 5y) h 5(x +6 + 3V2) (x + 6 - 3V2) 
k (3a + 7b) (3a — 7b) | (12a 75)(120+ 70)  " * 80 D 99 aD t104 
5 a 2(c 4)(x- 4) b 5(x-+3)(x — 3) s die. o 153 h. peo 
s Bly + 2)(y — 2) x 12a 4- (+ 2)?= Q- (e+ 2))(2 + 62) = Go 4) 
e 3(x + 5y)(x — 5y) f 3(a + 10b) (a — 10b) b d elet) W eia) 
g 3(2x + 3y) (2x - 3y) h 7(3a + 4b) (3a — 4b) ub. debi w ud 
| Retti i DG 1) v (8 —3)(6 +2) vi (6 — 3) (14 + x) 
k (a+5)(a—11) | (a—8)(a— 6) 13 a (x + a)? = x? + 2ax + a? Ax? + a? 
m (Ax + 5)(2x + 5) n (y+ 7)(3y +7) b Ifx = 0, then (x + a)? = x? + a°. Or if a = 0, then 
0 (3x + 11)(7x + 11) p 3x(3x — 10y) (x + a)? = x? + a’ is true for all real values of x. 
6 a (x+ V7) - v7) b (x + v5)(x - v5) 14 PF = Nai? — 4) = (Br + 2) (Br - 2) 
c (x+ V19)(x - v19) d (x+ V21)(x — V21) 9 » 
e (c VTA- VA f (x+ V30) (x - v30) or: x -S= (++ 5. 3 
g (x+ V15)(x — v15) h (x+ Vii) (x - v11) 
i (x + 2V2) (x - 2v2) j (x + 3V2)(x — 3V2) = 18x 4 2) (3x — 2) 
k (x + 3v5)(x - 3v5) | (x + 2v5)(x — 2v5) 3 3 
m (x + 4V2)(x — 4v2) n (x + AV3)(x — 4V3) = 13x + 2)(3x — 2) 
o (x + 5V2) (x — 5v2) p (x + 10V2) (x — 10v2) 9 
q (r2 V6) (o2 - v6) 5a —(2x 5) b —11(2y-3) 
r(x +5 +4 V10)(x 4 5 — V10) c 16(a— 1) d 20b 
s (x-3+4 V11)(x  3- v11) e —12s f —28y 
t (x—14V7)(x-1- V7) g (Sw + 7x)(-w — x) h (4d + 3e) (-2d + 7e) 
u(x —6 + V15) (x — 6 — v15) i 6f(2f + 6j) j 0 
v (x +44 V21)(x +4 - V21) 16a x2 + 5y- y? + 5x 
w (x+ d V19)(x + 1- v19) =x? — y? + 5x + By 
x (x—7 + v26) (x — 7 — v26) mons dd ML 
7 a (x 4)(x 4 a) b (x4 7) (x 4 b) * Ean 
€ (x-3)(x+a) d(x +2)(x—a) i i3 pc 9) 
i A: E : os ec ili (2x + 3y) (2x — 3y + 2) 
i fre 2a)(3x- 7j iv (by + 2x) (5y — 2x + 3) 
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Answers 


5C 5 a x46 b x-3 c x-3 
1 1 1 
Building understanding Pad oem diee 
2 4 s #7 
1 a 92 b 10,2 c 5,-3 d 4,-3 i h x i E 
e -8,3 f -10,3 g -2,—5 h -12,-3 : 5 TI ~2e-) | 4 
2 a Possible answer: 2 — 19 = 4 x+6 3 x+5 x+5 
x— 10 e 4 t 6 g x+2 h x—4 
b Possible answer =e x+7 x-2 x-1 x46 
ae c AN 7ax-v7 b x vio c x- 2v3 
c Possible answer: ay d 1 e i f V7x-v5 
x+3 v5x — 3 Vx +4 
d Possible answer; 7*4 = 1 g x+1-v2 hx-34v5 i x-6- v6 
3-4) 3 g a 0*9 p 223 3 
x 1 1 a E. 
3a = b 3 e — d — 3(x - 5) 4 x-3 
2 3 4 a2 e 272 TII 
2 x-3 2 x+3 x-1 
> f x+1 -2 h 
3 t EN 2 P-49 P-5-2 
9:[-40 2/2 — 8r — 42 
Now you try (tT) (t + 7) , (86-3) (147 
Example 8 9(1— 8) 2(t—T)(-4-3) 10 
a (x + 3)(x + 4) b (x — 6)(x- 4) 10a x-3 b xal € x-8 
e 2(x-3)(x + 2) d (x-3y i£ "E (7 
Example 9 x-2 x+5 5 
4 b x+4 fia a + 2ab +b?  a?— ab 
dd 2 a? + ab a? — b? 
. (ay? ala—by 
Exercise 5C = x 
ala+b) (a+b)(a—b) 
1a i (x 1)(x 2) ii (x + 1)(x 5) 2] 
bi x-1)x- 3) ii (x — 6)( — 5) b Pid may vary. 
c i 2(x—-5)(x4 1) ii 3(x— 5)(x + 2) 12 a -- b 1 
d i (x — 2)2 iT] (x — 5)2 (a + b)? (a + b)(a — b) 
2 a (x4 6)(x« 1) b (x 3) (x4 2) c (a — y. d o. 
c (x43)? d (x + 5)(x + 2) a rur 
e (x4 4)(x4 3) f(x 9)(x 4 2) 13 a PE URS eo 
g (-1)(x+6) h (e+ 3)(x - 2) (e+ p ) (+ m. 
i (x + 4)(x— 2) j (x—1)(x+ 4) ¢ .—*= “= 
k (x +10)(x— 3) Fo (e+ 11) - 2) Ger) - 4) (x + 3)(x = 8)(x— 5) 
m (x — 2)(x — 5) n (x- 4)(x- 2) é x- 14 14x +9 
0 (x — 4)(x - 3) p (x — 1)? (x — 3) (x + 2) (x - 6) (x + 3) (x + 4)(x - 8) 
q (x-6)- 3) r (x—2)(x- 9) g 9 = 3x NEL LOU 
s (x —6)(x + 2) t (x—5)(x+4) (x + 5) (x - 5) (x — 1) (x — 1)?(x + 4) 
u (x-7)(x+ 2) v (x —4)(x + 3) 
w (x + 8)(x— 4) x (x —5)(x + 2) 5D 
3 a 2(x+5)(x + 2) b 3(x + 4)(x + 3) Anas " 
€ 2(x + 9)(x +2) d 5(x- 2)(x+ 1) Building understanding 
: d c : Ron M 1 Two numbers which multiply to 
: -206 - T) (4 2) j A(x 2641) ax?+bx+c |axc| givea xc and add to give b 
k —5(x + 3)(x + 1) | -7(x — 6)(x - 1) 6x? +13x+6 | 36 9 and 4 
4 a (x-2)? b (x43? 8x2 + 18x + 4 32 16 and 2 
6)? d (x—7)? 
; ae inm 1224x-6 | -72 -8 and 9 
g 2(x4 11)? h 3(x- 4? 102 - 11x - 6| —60 —15 and 4 
: is s Fn 21x2- 20x+4| 84 —6 and —14 
=e = —4(x + 
1532 -13x42| 30 —3 and —10 
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2 a (x+2)(x + 5) 
c (3x — 4) (2x + 1) 
e 


(x + 4) (5x — 2) 


Now you try 


Example 10 
a (2x + 3)(3x + 1) 


Example 11 
1 


Exercise 5D 


1 (4x + 1) (2x + 3) 


(2x + 5) (3x — 1) 


3x + 2)(x +2 


[ 

[ 

( 

( X 

( )x- 

( )x- 

(7x — 5)C 

(3x - 4)C 

(2x + 1)(x - 

(5x - 2)(x - 

(3x — 4) (2x 

(3x + 2) (2x + 

(4x — 5) (2x — 

(3x — 2) (2x 

(6x + 5) (3x + 5 

(7x — 2) (3x + 4) 

(8x + 3) (5x - 2) 

(6x — 5) (4x — 3) 

(bx — 2) (5x — 8) 

2(3x + 4) (x + 5) 

3(8x + 1) (2x — 1) 

8(2x — 1)(x - 1) 

—5(5x + 4)(2x + 3) 

5(4x — 1)(x - 1) 

2x- b b 
2 

3x +2 

x44 

3x 1 

9x- 2 

5x-2 

(3x — 4)(x — 5) 


sa —' «42 CD c) t$ — (42 D CÓ»^$ £z tfc 05 .20z FT eo oO £5 c $5 


a 


[3 


zy ^ — t X «€& "^" i Tro * tum 


4x —1 
2 
7x —2 
3x — 1 
2x+3 
2x 4-3 
7x 1 


(x - T)(x - 2) 
(2x — 1) (4x + 3) 
(2x — 1)(6x — 5) 


(4x — 1) (2x + 3) 


ii (5x + 2) (2x + 3) 


ii (Ax + 3) (2x — 
2x + 1)(x+1 
3x — 2)( 


x—1 


13x + 


4x — 1 
2x- 5 
3x- 2 
4x 4-3 
5x-2 
7x +2 
9x - 2 


4x — 3 


( 

( ) 
( ) 
( ) 
( ) 
( ) 
( 6)( 
(4x - 5) 
(5x - 2) 
( )6 
( ) ) 
( ) ) 
( ) (5x + 6) 
( ) (6x + 5) 
( )(4x - 3) 
( )(5x - 4) 
3(2x + 3)(x — 4) 
4(4x — 5) (2x — 3) 
10(3x — 2) (3x + 5 
3(2x - 3)? 


€ àx-2 


f 


b —10 m; the cable is 10 m below the water. 


c x tores 
3 


la 3x + 4 b 
x-3 

d 4x—- 3 ë 
5x+ 1 

g 1 h 
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) 


1) 


8 -12x - 5x - 3 
ER od + 5x — 3) 
—(3x — 1)(4x + 3) 


Answers 


= =( — 3x) (4x + 3) 
a (8— 2x)(4x + 5) b (5 — 2x)(3x + 2) 
c (4-— 3x) (4x +1) d (3 — 4x) (2x — 3) 
e (2-— 7x) (2x — 5) f (3 — 53) (8x + 2) 
9 Answers may vary. 
10 a 9x + 2 b 5x 4- 15 
(2x — 3) (4x + 1) (3x — 1) (2x + 5) 
16x2 + 5x d 7x — 12:2 
(2x — 5) (4x + 1) (3x — 2) (4x — 1) 
8x - 5 i 11- 3x 
(2x + 1) (2x — 1) (8x — 2) (3x + 5) (8x — 5) (3x — 2) 
g 2 h 12x+3 
(2x — 5) (3x — 2) (5x — 2) (2x — 3) (2x + 7) 
5E 
Building understanding 
1aQ b 1 c 4 
d 16 e 2 p 81 
4 4 
2 a (x42)? b (x+ 4)? € (x +5)? 
d (x— 6)? e (x-3)? f (x-9)? 
3 a (x+1+ vV5)(x1-— v5) 
b (x+ 4+ v10) (x+ 4 — v10) 
e (x-3+ vV) -3 -v11 
Now you try 
Example 12 
a 36, (x + 6)2 b 8, («-3) 
4 2 
Example 13 
a (x +34 V10)(x + 3 — v10) 
b (x — 2)? + 3 cannot be factorised. 
Example 14 
(«+ 24078) (x+ 8088) 
2 2 
Exercise 5E 
1 a i 16, (x4 4)? ii 49, (x + 7)? 
bi Z G-3y ii 9 (x-1) 
4 2 4 2 
2 a 9,(x +3)? b 36, (x + 6)? 
c 4, (x + 2)? d 16, (x + 4? 
e 25, (x —5)2 f 1,(x-1)? 
g 16, (x — 4? h 36, (x — 6)? 
A 3i 81 (« y 
i [x-- | —(«+= 
4 2 4 2 
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856 Answers 


o 
AIR 
a 
E 
l 
rp | 
ae SS 
N 
c 
A|R 
ITE 
E 
l 
N| 
LA 
N 


3 a (x424V3)(x42- V3) 
b (x+3+ v7) (x +3- V7) 
€ (x12 v5)(x+1- v5) 
d (x54 V29)(x +5 — v29) 
e (x—4+4 V3)(x—-4— v3) 
f (x— 6 + V26)(x — 6 — v26) 
g (x-24 V7)(x-2- V7) 
h (x—44 V2t)(x-4— V21) 
i x7 V43)(x + 7 — v43) 

4 a not possible 
b not possible 
c (x4 V15)(x + 4- v15) 
d (x+ 24 V2)(x +2- v2) 
e (e+ 5 + VS 5- v22) 
f (x +24 V10)(x + 2- v10) 
g not possible 
h (x—3 + V3)(x - 3 - v3) 
i (x —6 + V34)(x — 6 — V34) 
j not possible 
k (x—44 V17)(x- 4- vi?) 
| not possible 

5 a (=+ +32) s 3°) 
um LP Gm) 


ce 
Ne 
+ SHV) (048 4j 
4938) (048 p 
pot 
)(: 
JC 
) 


( 

(= 
es 
T 
, («- EE) (.—8 P 
a (s- Seve - GR 
h (s- oa Vit) - n 

6 a 2(x - 3 V5)(x - 3— r 

b 3(x+2 +4 v5)(x +2- v5) 
€ 4(x—1 4 V5)(x— 1— v5) 
d 3(x—4 + V14)(x — 4— V14) 
e —2(x + 14 V6) (x 4 1 — v6) 
f —3(x4 5 2V6) (x + 5 — 2v6) 
g —4(x +24 V7)(x + 2- v7) 
h -2(x — 4 + 3V2) (x — 4 — 3v2) 
i —3(x -4+ V11)(x - 4 - v11) 
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a(r 3539) (r433) 
2 2 
5( Pen 2-38) 
x+ x+ 

2 2 
2( Sem 2a wt) 
x- x- 

2 2 
( LOST) G E 
x= x- 

2 2 
-a(r ET) a T8) 

2 2 
-2(x4 E89) (x 18) 

2 2 
4( ee 2m) 
-4Alx- x 

2 2 
3( Pen 2I) 
-3[x- x- 

2 2 
2( Sem 2T) 
-2|x- x- 

2 2 
x? — 2x — 24 
=x? — 2x + (-1)? — (-1)? - 24 
= (x— 1)? — 25 
-(x-1-45)x-1-5) 
= (x-4)(x- 6) 


Using a quadratic trinomial and finding two numbers that 
multiply to —24 and add to —2. 

If the difference of perfect squares is taken, it involves the 
square root of a negative number. 


i yes ii yes iii no iv no 
v no vi yes vii yes viii no 
i m«4 ii m«9 ili m < 25 


3 
2(x +4 -> 
aa ae 
a(x +2498) (x+ 2-88) 
3 3 
4( ree) ( LP) 
= X— 
8 8 
Unable to be factorised. 


-2(x m PO ds EE 
-3( + UL i zl 


Unable to be factorised. 


a(: = =) (« = am) 
26 - (s T) 
(es : a) (+ i up 
E z) Gai) 


(s 3 (xe) 
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Answers 857 


Progress quiz 
2 
TEN: b 4o- a 
c m?+7m+10 d kè- 6k+9 
e Om? —4 f 8h42- 6n —35 
g 5x? — 35x + 60 h 199 +4 
2 a 4(a—-5) b —6m(2m — 3) 
€ (x4 5)(4 - x) d (a-—9)(a4 9) 
e (4a — 11b) (4a + 11b) f 5(m—5)(m + 5) 
g (k-5)(k4 9) h (x—3)(x4 1) 
i (x — 2V5)(x + 2V5) j 4-3-VT)(h43« VT) 
k (x 5)(x a) | (x — 2m)(4x — 5) 
3 a (x- 4)(x +5) b (a—3)(a—7) 
c 3(k — 9)(k + 2) d (m—6)2 
4a x-3 b zx 
5 a (x44 V13)(x + 4- v13) 
b (x—6+ V10)(x - 6 - v10) 
c not possible 
d («+ 2428) (x+ 8999) 
2 2 
6 a (3a+ 2)(2a+ 5) b (2m — 3)(4m + 3) 
c (3x — 2)(5x — 4) d (2k —7)(3k + 5) 
1 2x 4-5 
2x- 3 
5F 
Building understanding 
1 a 0,-1 b 0,4 c 3,-2 
iii. will , 33 
2 3 8 4 
2 a x*4+2x-3=0 b x2-5x+6=0 
c 4x2 +4x-3=0 d 2x2- 6x-5=0 
e x2-4x 4 1220 f 3242x24-20 
3a2 b 1 c 2 d 2 e 1 f 1 
Now you try 
Example 15 
a x=0,x=3 b x=4v11 € x=+3 
Example 16 
ax=-80rx=4 
b x=-3 
c s= orral 
2 
Example 17 
a x=—6orx=8 
b x=-40rx=5 
Exercise 5F 
1ai x=0,5 ii x= 0,12 
b i x=+v13 il x= +v19 
ci x=+8 ii x= +4 
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2a x=0,4 
€ x=0,-2 
e x=0,5 
g x=Vv7,-v7 
i x= v5,—V5 
k x=0,-5 
m x-2,-2 
0 x=6,-6 
3 a x--2,-1 
€ x=2,4 
e x=-6,2 
g x=5,-4 
i x=4,8 
k x2-5 
m x-7 
0 x=-9 
4 a (29 cd b 
2 
d x-ldi e 
2 
4 5 
x= = h 
A 3 2 
5 a x=-2,-6 b 
d x=2 e 
6 a x=6,-4 b 
d x=-2,-5 e 
g x=4,-4 h 
j x2-5 k 
m x=3,-1 n 
7 a x=12,-7 b 
d -— e 
2 
g x=-3,1 h 
8ai x=1,-2 
ii x =1,-2 
b no difference 
(H 
9 


i.e. x = —8. 
10 


x$-2x-827 
x -2x-1520 
(x — 5)(x + 3) 20 
x=50rx=-3 


fla x=-2,-1 b 
d x=8,-6 e 
g x=8,-3 h 
j x«=4,-3 k 
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3x2 — 15x — 18 = 3(x2 — 5x — 6) and, as seen in part a, 
the coefficient of 3 makes no difference when solving. 
This is a perfect square (x + 8)?, which only has 1 solution; 


The student has applied the null factor law incorrectly; i.e. 
when the product does not equal zero. Correct solution is: 


b x=0,3 
d x=0,4 
f x=0,-2 
h x= v11, -v11 
] x20,2 
| x= tl 
7 
n x=3,-3 
b x=-3,-2 
d x25,2 
f x2-5,8 
h x=8,-3 
j x=-2 
| x=4 
n x= 12 
PE c a5. 
2 2 2 
dni f gu) o 
3 5 
3 52 
x=- i. A 
T 45 = 
x= -1,11 € x-3 z 
= 2 f x=25 o 
2 32 oe 
x = 8,-4 € x=3 c 
x£z53 f x23,-3 "e 
x=-1,-9 i x=5,-1 2 
x=8 | x=8,-8 =. 
xat. d 0 ge 
3 4 2 
x= —5,14 € x=-9,2 
gums t “= ae 
5 6 
1 
x=1,= i x=3,-2 
2 


x=1 (H PES 
2 
je hated 
2 
x=5,-3 i x22 
x=5,-2 l x= -5,3 
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Answers 


5G 


Building understanding 


1 a Letxm be the width of the rectangle. 
b x+5 
€ x(x-5)224 
d x + 5x — 24 = 0, x = -8,3 
e width = 3 m, length = 8 m 
2 a width = 6 m, length = 10 m 
b width = 9 m, length = 7 m 
Now you try 
Example 18 


width = 6 m, length = 8 m 


Exercise 5G 


width = 3 m, length = 4 m 

width = 6 m, length = 9 m 

height = 8 cm, base = 6 cm 

height = 2 m, base = 7 m 

8 and 9 or —9 and —8 

12 and 14 

15m 

a 6 b 13 c 14 
1m 

father 64, son 8 

5om 

a 55 

i 7 ii 13 iii 23 
3.75 m 

t = 1 second, 3 seconds 


«c co-4100 RB C nm = 


=- = a 
N = © 


= 
[7 


b 
a 
b 
c 


the way down. 

t = 0 seconds, 4 seconds 

t = 2 seconds 

The ball reaches a maximum height of 4 m. 


e ~~o a 


no solution. 
14a x=0,100 


ground again 100 metres from the tee. 
c x=2mor98 m 
15 5m x 45m 
16 150 m x 200 m 


5H 


Building understanding 


2 a (x4 V3)(x- V3) 20 
b (x4 V10)(x — V10) 20 
(H 


(x + 1+ V5)(x + 1- v5) =0 
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The ball will reach this height both on the way up and on 


No, 4 metres is the maximum height. When h = 5, there is 


b The ball starts at the tee (i.e. at ground level) and hits the 


12a 1 b 100 c 4 d — 


Qa c cr ct 


x 
x= 

x23- v5,34 V5 
x 


Now you try 


Example 19 


ax=3+v7 


b x=-2+3V2 


Exercise 5H 


1 


x=44V13 
x2-2t2V2 

-8 — V6, —3 + V6 
—2 — V2, —2 + v2 
—5 — v10, —5 + v10 
-2 — V6, -2 + v6 
—4 — v19, —4 + v19 
-3 - v14, -3 + v14 
x= 4- V17, 4 + v17 

= 6 — V39, 6 + v39 
1- v17,1 + v17 
5-V7,54+ v7 
=3- v5,3 + v5 
4—7,4 NT 

—8 — v13, -3 + v13 
—10 — v87, —10 + v87 
=7 — v55,7 + v55 
—4 — 2V3, —4 + 2V3 
-3 - 2V2,-3 + 2/2 
x25- 25,5 + 2V5 
x= 2 — 3V2,2 + 3/2 
x25-2V/7,5 + 2V7 

x = —4 — 2V6, —4 + 2V6 
x21-4V2,14 4V2 

x = —6 — 3v6, —6 + 3V6 
x = —3 — 5V2, —3 + 5/2 


Lo c5 VIT -8 - VAT 


WHO oH oH oH RM mom 
Il ous gu 


BR Se oH eR oH o R RR 
Il 


E 


— zy 42 c^ 0 £00 C000 OO 2 E — FT tT Spero eae eo eS | 


a 2 2 

b „= 28+ v5 -3-5 
2 2 

: Scie N29 -7 - 29 
2 2 

d yao St VIT 8- V17 
2 2 

e „= 1413 1- v13 
2 2 

i y= 25+ V33 -5 - V33 
2 2 

i xo ENN 7- vA 
2 2 

h „= 9+ v61 9- v6t 


2 2 
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Te 
2 
ii x=6+V29 
il x=—-5+4V2 
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Answers 


i ciae AN Now you try 
i : E le 20 
xample 
j x- E +38 = ee a 2 solutions b no solutions c 1 solution 
3 3 Example 21 
k x= 4 V3, -- V3 _ -34v5 _ 1413 
2 2 a x= b x= 
2 4 
| pe 4h Ps x 
2 2 Exercise 5l 
5 a 2 b 2 c 0 d 0 
e 0 f 2 g 2 h 0 ae bo gs 
LR e 2 f 2 g 0 h 0 
6 a Noreal solutions. b x= B n i2 j k 0 1 2 
e -5V7 d -9469 "PEN 4j b raw 2 v65 
2 2 2 2 
+ 7 + V29 
s za SEA f x=34Vv5 e x- 2 d x-4 
132. 235 28 ZEE oes d ck 
MEE E IEEE IM _-7 + 65 -5 + V37 
g x= — h x= 
c No real solutions. d x=44V5 8 6 
e x=-5+2V5 f No real solutions. i yn 2b v22 j <= 5 + v65 
= 3 4 
8 width = -3 + V89 om, length = 3+ V89 om _ 4 _-34 V19 
2 k x=--,1 l- = 
9 ai 15km ii 15km 3 5 
b i Okmor400 km iii 200 km 4 a x--2tv3 b x=34 v5 
c 200+ 100V2 km ee doen 738 t3¥5 
10a 324-4x4- 5-0 HIN T7 
(x + 2)? + 1 = 0, no real solutions n 
3\2 3 e x=2+2vV2 f p= AEVO 
b (s - 3) + 17 0, no real solutions 3 
fi Factorise by quadratic trinomial; i.e. (x + 6) (x — 5) = 0, g x= peu h x= 3 M 
6 x (—5) = -30, and 6 + (-5) = -1. 
Therefore, x = —6, 5. i. x= 4+ v31 
12 a Use the dimensions of rectangle BCDE and ACDF and 5 
the corresponding side lengths in similar rectangles. 5 -9-* V105 
b anit 2 
os 5 3+2v3 -2 + v10 
V6 a x- 3 b x= 2 
Bd cete b x=-1+v5 
2 " MEE d -5V0 
c x=4tVi1 d rt oe 4 
—2 + v13 
-5+ i7 -1+ I8 Li a P aeuo 
e x= —— f xz — ~ ~ 
2 2 1+ v11 34 v41 
g x= h x= 
5 4 
5l e 5 + v19 
Building understandi 6 
uilding understanding ; CUN CORE NN o 
1 a a=3,b=2,c=1 b a=5,b=3,c= -2 2 ° 2 
€ a=2,b=-1,c=-5 d a=-3,b=4,c=-5 8 6v2 + 10 units 
2 a -8 b 49 9 63cm 
c 4i d —44 10 When b? — 4ac = 0, the solution reduces to x = z, i.e. a 
3al b 0 c 2 single solution. 9 
Ti Answers may vary. 
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12 k = 6 or —6 8 a x=0,-4 b x=0,3 
13a i k>4 ii k=4 ili k< 4 c x=5,-5 d x=3,7 
bi k>? i k=? ii k<? pes disi 
8 8 8 —ÀÓ -— 
c i -2«k«2 EE 73 2 
ii +2 : 1 3 
i | 45-452 
ili k>2,k< —2 9 2 
d i novalues 9 a x-3,—3 b x=5,-1 
ii no values € x=4,-7 d x= -3,6 
iii all values of k 10 length = 8 m, width = 6 m 
flax--2tv7 b x=3+2v2 
Prohlems and challenges c , 22V d samo zm 
1 b=-4,c= 12 a 1 solution b 2 solutions 
2 47 c 0 solutions d 2 solutions 
3 a +2, +1 b +3 —3 4 J33 
43 x01 b x=1,-2 Bars b x=1+v5 
5 144 cm? _24vid ELS 
6 25km/h PS d CNET 
7 1.6units 
8 32—2x 42-2 (x - 1)? e 1,as | P : 
(i390 153-120 Multiple-choice questions 
cR 
9 Square area — rectangle area — & -») » 0 for all x and y; 1D 2 B 3€ 4A 
4 5B 6 D TC 8 c 
hence, square area is greater than rectangle area. 9 E 10 C 1A 12 B 


10 w:p=1:3;t:4=1:9 


. Extended-response questions 
Short-answer questions 


1 a i 15+2xm 


1 a —2x+ 26 b 3x2 + 11x — 20 ii 12+ 2xm 
c 25x? -4 d x? — 12x + 36 b overall area = 4x? + 54x + 180 m? 
e 7x +22 f 12x? - 23x + 10 c trench area = 4x2 + 54x m? 
2 a + 4x44 d Minimum width is 1 m. 
b 4x2 + 18x 2 a S= 63r m? 
€ x? 3x4 21 b 046m 
3 a (x+/7)(x- 7) b (3x + 4)(3x — 4) c i 420 =3nr2 + 127r 
€ (2x + 1)(2x — 1) d 3(x45)(x — 5) ii 32r2 + 122r — 420 = 0 
e 2(x + 3) - 3) f (x + Vtt) - v11) ili r = 4.97 m; Le. zr? + Agr — 140 = 0. 
g —2(x + 2V5) (x — 2V5) h (x+ 5)(x - 3) 
i (x-3 + V10)(x — 3- v10) 
4 a (x-6)(-2) uiid. Semester review 1 
€ —3(x- 6)(x- 1) 
5 a (3x42)(x4 5) b (2x — 3)(2x + 5) 
€ (6x + 1)(2x - 3) d (8x — 2)(4x — 5) Linear relations 
6 a 2x je 4 
m 4 Short-answer questions 
7 a (x44 V6)(x - 4— v6) 
b (x54 V29)(x 4-5 — V29) 1a 3-2 Boh 
€ (x—3 + 2/3)(x - 3 — 2V3) c as ee 
a (x + 2)(x — 3) 
d " n ir) 2aix=-4 il x=2 
iii x= 13 iv x=2 
5+ = : d 3 
e 7 bi x < 6, ee 
34567 
f a sem. ) ll x«3, ~~? x 
2 01234 
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3a ii E es 
3 
bi ii y 
x 
O 5 
iii y iv 
A 
=z x 
0 3 
Y 
4a y-2-x-«3 b € 
5 5 
58a a-2-3 b a--4 
€ a=10ra=7 d a2-4 
6 a x=-3,y=-7 b x2-2,y2-4 
[H x=-l,y=4 d x=3,y=-5 
7 A hot dog costs $3.50 a and soft drink $2. 
8 a 


Multiple-choice questions 


1A 
4 E 


2€ 3 D 
5€ 
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Extended-response question 


ax=3,y=4 
b,c y 
A intersecting 
8.5 region 
y=4x-8 
E 5 » x 
3x+2y=17 

-8 

d 167500 m? 

Geometry 


Short-answer questions 


1 a AB- DE (given) AC = DF (given) 
ZBAC = 60° = ZEDF (given). 
-. AABC = ADEF (SAS). 
a = 35 (corresponding angles in congruent triangles) 
b BC = DC (given) 
AC is common. 
ZABC = 90? = ZADC (given) 
<. AABC = AADC (RHS). 
x = 3 (corresponding sides in congruent triangles) 
2 A D 


B C 


ZDBC = ZBDA (alternate angles in parallel lines) 
ZBDC = ZDBA (alternate angles in parallel lines) 
BD is common. 

^. ABAD = ADCB (AAS). 

Using congruence, BC = AD and AB = DC, 
corresponding sides in congruent triangles. 


3 a x=6.75 b x=2 
4ax=8 b x=5 

€ a=32,b=65 d x=40 

e a=55 f a=90,b=60,c=/70 
5 a x=20 b x-8 

€ a=63,b=55 
6 a "mm b T c m 

5 3 5 


Multiple-choice questions 


1 D 2 B 3€ 
4E 5€ 
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Answers 


Extended-response question 


a CD=6cm, chord theorem 2 
b OA = OD (radii of circle) 
OB = OC (radii of circle) 
AB = DC (chord theorem 2) 
<. AOAB = AOCD (SSS). 
c OM = 4 cm, area = 12 cm? 
d 30.6% 
e ZBOD = 106.2? 


Indices and surds 
Short-answer questions 


1 a 3V6 b 203 
d v10 e 21 
g v3 ne 
2 a 7v5-v7 b 0 
3 a 2/15 -4v3 


3v2 
2 


5 a 24x00? 


b 
b 3a2b2 
6 a i 37200 
b i 7.30 x 10-5 
1 
7 a i 10? 


3 
iii 4x5 


T 
z 
= 
=> 
@ 
pu 
= 
@ 
P 
N 
a 
= 
e 
N 


10 a y 


1i a $2382.03 


Multiple-choice questions 
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e 
wo 
E 


c —vV2—4 


25-5 


3p? 2x? 
añ 5,3 
ii 0.0000049 
ii 4.73 x 10? 

1 


ii 7233, when x > 0 
3 
iv 152 


ii ¥20 


coc oc 
| 


b $7658.36 


4 E 5 C 
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Extended-response question 


a V = 80000(1.08)” 
b i $86400 
c 11.91 years 
d 6% per year 


Trigonometry 


ii $108839 


Short-answer questions 


1 a x2195 
a i 150°T 
b i 310°T 
3 a 32.174m 
4a x-98 
5 

6 


N 


95.1° 

a tano 

bi @= 155° 
a 20.34 


- 


b 0—4385,y-94 
ii 330°T 
ii 130°T 

b 522^ 

b 9 =125.3° 


ii 0 = 35° 
b 0 « 233°, 307° 


iii 9 = 42° 
c yes 


Multiple-choice questions 


1E 2 
4D 5 


B 3 A 
C 


Extended-response question 


a 1043m 


c 17.242 km 
d 206°T 


Quadratic expressions and equations 


Short-answer questions 


1 a 92-1 

c =x? + 30x- 5 
a (2x — y) (2x + y) 
€ 3(x- 4)(x +4) 
e (x-5)? 

a (3x +4)(x— 2) 
b (3x — 1) 2x + 3) 
c (5x — 4) (2x — 3) 
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b 4x2 — 20x + 25 


(x + 2+ V7)(x +2- VT) 
— 2)(x+7) 


b 
d ( 
f 2(x—6)(x— 2) 
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4a x=0,3 b B c x=0,-5 
d x=4,-4 e x=v7,-v7 f x=2 
9 x-8,-3 h i-i 
5 a x=-8,5 b x37 € x=-4,5 
6 ai (x—-34v5)(x-3- v5) 
ii (x + 2)? + 3, does not factorise further 
" ( 3 I 3 *) 
NW [x-b—- ttot 
2 2 2 2 
bi x=3+v5 ii no solutions 
200 -8t v5 
mM x= 
2 
Ta x= 28457 b x=2+ v10 
Multiple-choice questions 
1.6 2 B 3 D 
4 B 5 D 
Extended-response question 
a 4x2 + 40x b 44 m2 
€ x=3 d x=2.2 
Chapter 6 
6A 
Building understanding 
1 a 40mm b 9.6cm c im 
d 8m e 0.297 km f 510.2cm 
2a! b Í c? 
4 2 4 
d LL e Ls f LL 
9 24 12 
3 a 810m b 94km c 180cm 
Now you try 
Example 1 
a 202m b 84 € x-P—132 
Example 2 
a 21.99cm bec. c 191cm 
2x 
Example 3 
a 10+ P om b 344cm 
Exercise 6A 
1 a 36.6cm b 5.1 cm € x= P — 28.6 
2 a 218m b 32m € x- P — 16.8 
3 a 43.98cm b 754m 
c 89.22 mm d 3.46 km 
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4 a 7540m b Pan. c 557m 
A 
5 ai 8+47m ii 20.6m 
i 4+am ii 7.1m 
ci 2+ km ii 3.0km 
d i 12+102cm ii 43.4cm 
ei 10 P mm ii 344 mm 
fi 6+ om ii 14.1cm 
6 a 3 b 8.8 c 0.009 
d 2.65 3.87 f 24 
7 57.6m 
8 a 1225 b 53.03 c 1.37 
d 62.83 e 19.77 f 61.70 
9 a 6zm b 10m c r4 km 
10a i 201cm ii 1005 cm 
b 4974 
" 1000 000 
zd 
2n 
ZEN N 
wr 1 [1-] 
12 z V2x 3 
13a 1-2 — orl p_w b l=5-w pen 
2 R 
c 0<w<5 d 0«1/«5 = 
14 a 720° b 1080° c 540° d 1440° ze 
= 
6B = 
Building understanding 
1 a v55 b v77 
c v2 d v50 = 5V2 
2 a +y =z b a+ =b? c =e 
Now you try 
Example 4 
a 8.06 cm b 1.92m 
Example 5 
a v6l b 10.49 
Exercise 6B 
1 a 224cm ii 10.77 m 
b i 1.70m ii 16.10 m 
2 a 5cm b 11.18m c 16.55 km 
d 1.81 mm e 0.43 km f 77.10cm 
3 a 458m b 7.94m c 0.63m 
d 1.11cm e 14.60cm f 0.09cm 
4ai v34 ii 6.16 
b i V80(or 4v5) ii 16.61 
c i v10 ii 7.68 
d i v89 ii 13.04 
5 a no b yes c no 
d no e yes f yes 
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6 a 2.86m b 
d 4.59cm e 

7 8.3cm 

8 a 13.19 mm b 
d 2.61m e 

9 a 2V13 b 

10a i 224cm ii 
b Investigation required. 


v5 


semicircle is 90°. 
12a 4V5 cm by 2v5 cm 


2.11 cm c 26.38m 
0.58 km f 1.81 km 
13.62 m c 4. 53cm 
12.27 km f 5.23cm 
4v2 c v181 
24.5 cm 


fi e e using Pythagoras' theorem given that an angle in a 


b 3V10cm by v10 cm 


c em by 10 100 em 
101 101 


Exercise 6C 
1 a i 150mm? 
b i 0.0007 km? 
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ii 50000 cm? 
ii 0.45 m? 


.. 10101 cm by 1004101 T 
101 101 
13a i 541m ii 4.61m iii 5.70 m 
iv 8.70m v 891m vi 6.44m 
b 7.91m 
14 Research required. 
6C 
Building understanding 
1 a a? b x nr? 
360? 
c i? d ixw 
e 2» where x and y are the diagonals. 
1 1 
f —(b+Dh —bh 
a ) P 
1 
h —xy i bh 
5? 
j mE k m 
2 4 
2ai 10 ii 100 
b i 100 ii 10000 
c i 1000 ii 1000000 
d 10000 
Now you try 
Example 6 
a 35000 cm? b 0.05 m? 
Example 7 
a 12m? b 143cm? c 12.01 km? 
Example 8 
a 27 b 2.16 
Example 9 
a E ~ 9.08 cm? b 60- = ~ 45.86 m? 
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iii 200000 m? 
iii 0.006 km? 


10 


ti 


a 30cm? b 298m? c 0.205 km? 
d 5000 cm? e 5000000 m? f 100m? 
g 230cm? h 53700 mm? i 2700m? 
j 10000000 mm? k 2200000cm? | 0.000145 km? 
a 25cm? b 546m? c 1.82km? 
d 0.025 mm? e 153.94 m2 f 75cm? 
g 1472 m? h 0.05 mm? i 0.17 km? 
j 236km? k 1.1234 m2 | 3.97 cm2 
a 2.88 b 14.35 € 144 
d 1.05 e 1.91 f 8.89 
g 1.26 h 0.52 i 5753.63 
a Ozcm?, 28.27 cm? 
b P m?, 39.27 m? 
c Sa m2, 51.31 m? 
d 26, m2, 9.08 m2 

9 
e 21x km, 65.97 km? 
-^ mm?, 2.75 mm? 
43.2 m2 

25 2 2 
a a + 25 cm4, 34.82 cm 
b 49m? 
c 209 + 103 m2, 8.70 m2 

200 25 
Q (3969 — 4412) am? 103.34 mm? 

25 

e 812+ 324 km?, 578.47 km? 
(59, 99 m2 052m? 

200 400 
a 66m? b 27 bags 
a 100ha b 200000m? 
c 0.4ha d 2.5 acres 
à az= 2A -b 

h 
bi sal ii 47 iii 0 
3 


c i a triangle 


[] 
b 


Let x be the base of each triangle. 


dedita gioca deae a 
2 2 


(i.e. rectangle and two triangles) 


A = bh — xh + xh 


A-bh 
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b C 2a 
10cm 
b 
2cm 
A 
Let x = AC and y = BD. 
AC bisects BD, hence DE = EB = » 
d! ola yel 
2 2 2 2 
(i.e. area of A. ACD plus area of A ABC) 
A= ly + 3 
4 4 " 
A= L5 
2 
c Consider the following trapezium. 
3cm 
A= Area © + Area © 
A= xax xax ron 
1 2cm 
A — — (a b)h 
2 
Now you try 
12a 63.7% b 78.596 c 50% d 53.9% 
Example 10 
6D a 94m? b 95.06 cm? 
TT = Example 11 
Building understandin 
9 9 101.7 m2 
1a 
Exercise 6D 
1 a 144m? b 72.57 cm? 
2 a 90cm? b 47.82 mm? c 111.3 cm? 
b d 920m? e 50291m? f 168.89 m2 
3 a 864cm? b 96mm? c 8366m? 
d 688mm? e 474cm? f 4399m? 
24.03 m? 
5 3880cm? 
c a 121.3 cm? b 10.2 m? 
c 236.5 m? d 2437.8 cm? 
7 a 66.2 b 17.9 c 243.1 
d 207.3 e 2308.7 f 65.0 
8 a 144.5 cm? b 851.3 m? 
c 1192.7 cm? d 4170.8 m2 
9 335m? 
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10 a 6x2 b 2(ab + ac + bc) Now you try 
1\2 4 1 1 
(H «(1) + z% + dh d 7 + 2rh + sm Example 12 
tn a 81.05 m2 b 1160 mm2 
Wa 6r b ES Example 13 
12a 079m b 771m a 12.7cm b 12.6cm 
13 1cm . 
4a 4rr b 2x(x + 2y) Exercise 6E 
€ 2rh + ar(h + r) d 2rh+ E = ar(h + r) 1 a 144.51 m? b 2100 mm? 
180 2 a 59376mm? b 0.82m? c 435.90 km? 
3 a 64m? b 105cm? c 0.16 m? 
6E 4 a 62.83 m2 b 5.18 cm2 c 1960.35 mm? 
ess n 5 a 10.44cm b 126.7 cm2 
Building understanding 6 a 255cm b 25.0cm 
i a 15 b ar — 7 a 18.9cm b 17.8cm 
2 8 hatB 
2 a vV29cm b ¥221m c vV109cm 9 a 63m b 666m? 
3a 10a 105cm? b 63cm? 
c 163.3 cm? d 299.4 m2 
e 502.8 mm? f 766m? 


11 Slant height, s — Vr? +h, 
so ar(r + s) = ar(r + Vr? + h?) 


12 Substitute ^ = r into the equation given in Question 11. 
ar(r + Vr? 4 I2) = ar(r + Vr? + rA) 
Sum = ar(r + V2?) 
= ar(r + V2r) 


= zr?(1 + V2) as required 


13 182.3 cm? 

14 a 4V26cm b 306.57 cm? c 4v2cm 
d 20.199 cm e 260.53cm? f 85% 

b Progress quiz 

1 a 36cm b 26.85cm c 30cm 

2 3445 ii 30cm iii 30 cm? 
b i 41 ii 90cm iii 180 cm? 
c i 640 ii 31.40cm iii 50 cm? 

2cm 3 a C-2513mm A = 50.27 mm? 
4cm b C=55.29mm A = 243.28 mm? 

4 a 1745cm? b 29.32 cm? 

5 a 450 b 0.00045 

6 a 3.86cm2 b 42.06 cm2 c 28.54 cm? 

7 a 158 cm? b 2.12 m2 
c 434.29 cm? d 175.18 cm? 

" 8 a 58.90cm? b 25cm c 7.07 cm 

9 13.75cm 

6F 

Building understanding 

1 a 80cm? b 32n? c 108mm? 

2 a V- abc b V=yh € V=arh 

Now you try 

Example 14 

a 240cm? b 50.27 m? 
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Example 15 
67.5 cm? 
Example 16 
393.1 cm? 


Exercise 6F 


32m? 

2000 mm? 
5.7 cm 

130 000 cm? 
2700 mL 

m 5720 kL 

a 40cm? 

a 785.40 m3 
a 

a 

d 


— ece €. 0 ££ 


12 cm? 
30 km3 
10 cm? 

g 0.157 m3 

7 1000 

8 480L 

9 a 37933cm? b 
d 716.46 mm? e 

10a 27cm? 

fi 0.5 cm 


aon Rc 
zr D cC CT CT CD IB T ID oO c 


b 141.37 cm? 
200 000 cm? c 15000000 m? 
0.0283 km? f 0.762m? 
1000 m? i 2094 mm3 
0.342 ML | 0.035 kL 
74.25 L o 18440L 
10500 m8 c 259.7 mm? 
18.85 cm? c 1583.36 m? 
1570.8 m3 c 2.448 mm? 
196 cm? c 30m? 
0.002 m3 f 4752.51 cm 
1357168cm? i 24m? 
223.17 m? c 6.808 m? 
142.36 cm? f 42.85 cm? 

b 3/3m? 


12 He needs to use the perpendicular height of the oblique prism 


instead of 5. 
dd octo 
360? 
14 yes; 69.3 m? 


15a dm 


v2 
66 


Building understanding 


1 4cm? 

2 15m? 

3 a 10m? b 
Now you try 


Example 17 
a 1925m? 


Exercise 6G 


1 a 77m 

2 a 4cm? b 
d 8 om? e 

3 

3 a 0.82m b 
d 25.13 m3 e 

4 47mL 

5 a 28274m? b 
d 56.88 mm? e 

6 4.76cm 
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b 58m? 


8 cm? c 58 1mm 
3 3 

b 1119.19 mm? 

b 1588.86 mm? 
585 m? c 50km? 
8 cm? f 0.336 mm? 
9.38 mm? c 25132.74 m? 
0.12 m3 f 523.60 cm? 
276 cm? c 48m? 


10.3488 m? f 70.79 m? 
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Answers 


- 
WIN 


Wood wasted = volume of cylinder — volume of cone 


Wood wasted = zr?h — mh 
Wood wasted = Emh 


Wood wasted = 2o the volume of cylinder 


8ai Val ii Vu eh 
3 12 
b Z 
4 
9 a 37cm 
b h= sv il r= 4 3v 
ar zh 
10 a Similar triangles are formed so corresponding sides are in 


the same ratio. 
b pny - rbh;) 


c i 18.3cm3 ii 14.7 cm? 


6H 
Building understanding 


1 a 314.16 
c 91.95 


2 E 
T 


3 r= 3/6 
~ Vz 


4al b 
2 


Now you try 


b 3.14 
d 1436.76 


œo |= 
ABI 


Example 18 

TSA = 314.16 cm? 
Example 19 
1.13m 

Example 20 

a TSA = 128.33 cm? 
b V= 122.52 cm8 


V = 523.60 cm? 


Exercise 6H 


1 TSA =201.06cm2 V= 268.08 cm? 

2 a 50.27 cm2, 33.51 cm? 

3.14 m2, 0.52 m3 

18145.84 mm?, 229847.30 mm? 

1017.88 cm?, 3053.63 cm? 

2.66 km?, 0.41 km3 

5.81 m?, 1.32 m3 

113.10 cm?, 113.10 cm? b 201.06 m2, 268.08 mê 
688.13 m2, 1697.40 m3 d 15.71 mm?, 5.85 mm? 
21.99 m?, 9.70 m3 f 15.21 km2, 5.58 km? 


CD Cc -< -—^ cO a c c 
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4 ai 1.53cm ii 3.50cm iii 0.50 km Example 22 
b i 0.89m ii 3.09 cm iii 0.18 mm a 85cmto9.5cm 
5 a 113.10cm? b 5654.9 cm? c 21345.10m? — & 34cm to38cm 
: bs cm c 72.25 cm? to 90.25 cm? 
0 
8 a 3272cm? b 67.02cm? c 0.52 m8 . 
9 1570.8 cm? Exercise 6l 
10a 4m b 234.6 m° 1 a i 545cmto55.5cm 
ti a 235.62 m? b 5.94 cm? c 138.23 mm2 ii 31.5 cm to 32.5 cm 
d 94.25 m2 e 27.14 m2 f 26.85 cm? b i 32.25 mm to 32.35 mm 
12a 524m? b 94248 m3 c 10.09 cm? ii 108.35 mm to 108.45 mm 
d 1273.39 cm? e 476m f 0.74 cm? 2ai icm ii 44.5 cm to 45.5 cm 
13 a b 523.60 cm? i ii 4188.79 cm? b i 01mm ii 675 mm to 6.85 mm 
: n Pi ci im ii 11.5mto12.5m 
` d i 0.1kg ii 15.55 kg to 15.65 kg 
14a 5cm b 5v5cm c 332.7 cm2 e i Olg ii 56.75 g to 56.85 g 
15 a yes b yu fd im ii 9.5m to 10.5 m 
4n 4n gi dh ii 672.5hto 673.5 h 
16 a 4times b 8 times h i 001m ii 9.835 mto 9.845 m 
7 V-22xa? i i 0.01 km ii 12.335 km to 12.345 km 
d j i 0.001 km ii 0.9865 km to 0.9875 km 
Substitute » into r, giving: k i 0.01L ii 1.645 L to 1.655 L 
4 a3 | i 0.01 mL ii 9.025 mL to 9.035 mL 
v=3xa(5) 3 a 45mto5.5m b 7.5cmto8.5cm 
4 ad 1 ad c 77.5 mm to 78.5 mm d 4.5 mL to 5.5 mL 
LE pO ue e 1.5kmto 2.5 km f 34.15 cm to 34.25 cm 
1 g 3.85 kg to 3.95 kg h 19.35 kg to 19.45 kg 
V= "udi i 457.85 to 457.95 L j 18.645mto 18.655 m 
k 7.875 km to 7.885 km | 5.045st0 5.055 s 
düdst 4 a $4450 to $4550 
3 b $4495 to $4505 
92i $3. ü $362 iii 1 c $4499.50 to $4500.50 
4n 5 a 30m b 15g 
iv 6 v 80.6% c 46km d 9.0km 
b i 4a iix Es ii ($) $2 e 990g f 990 g (nearest whole) 
3 3 6 a 149.5 cm to 150.5 cm b 145 cm to 155 cm 
€ Proof required. Example: c 149.95 cm to 150.05 cm 
m Bs 9:3 f — 7 a 245cmto25.5cm b 245cm 
a2, 1.2 1 2 Ve l C Aoa em 
($) 3,2. 33(4n)3 83x63 8 a 9.15cm 
3 b 9.25 cm 
d They are the same. c 36.6 cm to 37 cm 
d 83.7225 cm? to 85.5625 cm? 
6l 9 a 9.195cm 
b 9.205cm 
Building understanding c 36.78 cm to 36.82 cm 
1 Some examples are 3.35, 3.37, 3.40 and 3.42. Y 84-3148025 em? to 84.732025 cm? . 
2 a 347 cm b 3m e Increasing the level of accuracy lowers the difference 
3 665 between the upper and lower limits of any subsequent 
working. 
Now you try 10 a Different rounding (level of accuracy being used) 
b Cody used to the nearest kg, Jacinta used to the nearest 
Example 21 100 g and Luke used to the nearest 10 g. 
a 44.5cm to 45.5 cm c yes 
b 15.65 mm to 15.75 mm 
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fla 


Distances on rural outback properties, distances between 


towns, length of wires and pipes along roadways 

b building plans, measuring carpet and wood 

c giving medicine at home to children, paint mixtures, 
chemical mixtures by students 

d buying paint, filling a pool, recording water use 


12a +1.8% b +5.6% c +0.56% 
- 0.056% e +0.28% f +0.056% 
g +0.12% h +0.071% 


Problems and challenges 


16 
1.3m 


N 


3 a As the sphere touches the top, bottom and curved surface, 
the height of the cylinder is 2r, and the radius of the base 


is r. So the curved surface area = 2 x ax r x hand 
h = 2r, therefore this equals 4x72, which is equal to the 


surface area of the sphere. 


b 6796 
4 h=4r 
5 (4- x)? 
6 v2:1 


Short-answer questions 


1 a 23cm b 2.7 cm? c 2600000 cm? 
d 8372mL e 0.63825 m2 f 3000000 cm2 
2 a 32m b 28.6m c 20.4cm 
3a Ím b 15.60 m2 
4 a v65 b 831 
5 a 16.12m? b 216m? c 385m? 
d 78.54 cm? e 100.43 m2 f 46.69 m2 
6 a 48m b 25.48m 
7 a i 236m? ii 240 m3 
b i 184cm? ii 120 cm? 
c i 1407.43 cm? ii 4021.24 cm? 
d i 360cm? ii 400 cm? 
e i 201.06m? ii 268.08 m? 
f i 28274cn? ii 314.16 cm? 
8 a 175 om b 17.6cm 
3x 
9 a 18cm b 3v61 cm c 2305.8 cm? 
10 12m 
fla i 414.25 cm? ii 535.62 cm? 
bi 124m? ii 88 m3 
c i 19.67 mm? ii 6.11mm? 
12a i 117.27 cm? ii 84.94 cm? 
b i 104cm? ii 75cm? 
c i 2573cm? ii 9.67 cm? 
13 a 4950z cm? b 1035z cm? 
14a 75mto8.5m 
b 10.25 kg to 10.35 kg 
c 4.745 Lto 4.755L 
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Multiple-choice questions 


Answers 


1D 2E 3A 4D 5€ 6 A 
7 B 8 D 9 E 10 C fi D 12 E 
Extended-response questions 
1 a 72m? b v37m 
c 138.7 m? d 6L, $120 
2 a 100m b 50V2m 
c 5000 m? d 36% 
e Athlete A, 0.01 seconds 
Chapter 7 
7A 
Building understanding 
1 a maximum b (-2,4) c 2 
d —5,1 e x=-2 
2 a minimum b (1,—3) c —2 
d —1,3 e x=1 
Now you try 
Example 1 
a i minimum at (—1, —3) ii x=-1 
iii —3 and 1 iv —2 
b i maximum at (2,0) ii x=2 
iii 2 iv —2 
Example 2 
Reflecfed y- Wider or 
Maximum, in the value narrower 
or x-axis |Turning when | than 
Formula | minimum | (yes/no) | point |x = 1| y = x? 
a| y= je minimum | no | (0, 0) I wider 
Dy y = (x — 2)2| minimum no (2, 0) 1 same 
Cly = —x2 — 1| maximum| yes |(0,-1)} -2 same 
Exercise 7A 
1 a i (2,-5), min ii x=2 
iii —1,5 iv —3 
b i (2,0), max il x=2 
iii 2 iv —1 
c i (2,5), min ii x=2 
iii no x-intercept iv 7 
d i (-3,0), min ii x=-3 
iii —3 iv 4 
e i (2,2), min ii x=2 
iii 1, 3 iv 6 
f i (0,3), max ii x=0 
iii —3,3 iv 3 
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Answers 


2 Reflected in the y-value when Wider or narrower 
Formula Max or min x-axis (yes/no) Turning point vel than y = x? 
a y = 3x? min no (0, 0) y=3 narrower 
b yal min no (0, 0) y= wider 
2 ' 2 
c y = 2x2 min no (0, 0) y=2 narrower 
d y = -4x? max yes (0, 0) y-2-4 narrower 
1 
e y- Ed max yes (0, 0) yams wider 
f y = —2x2 max yes (0, 0) y=-2 narrower 
3 Formula Turning point Axis of symmetry y-intercept x-intercept 
a y= (x + 3)2 (-3, 0) x--3 9 -3 
b y=(x-1)2 (1, 0) x= 1 1 1 
c y= (x — 2)2 (2, 0) x=2 4 2 
y= (x+4)? (-4, 0) x=-4 16 -4 
4 Formula Turning point y-intercept y-value when x — 1 
a y=x +3 (0, 3) 3 y=4 
b y=x2 -1 (0, —1) -1 
t y=x +2 (0, 2) 2 
d y=x -4 (0, —4) -4 
5 a x-0 b x=0 € x=0 
d x=0 e x=0 f x2 
g x=-1 h x=-3 i x=0 
j x20 k x=0 | x=-4 
6 a (0,0) b (0, 7) c (0, 0) 
d (0, 0) e (0,—4) f (2,0) 
g (-1,0) h (-3,0) i (0,—3) 
j (0, 2) k (0,—16) | (-4,0) 
7a0 b 7 c 0 
d 0 e —4 f 4 
g 1 h -9 i -3 
j 2 k —16 | —16 
8a H b C c G 
d D eA f E 
g B h F 
9ai ) 
A 
43-210) 12 345 
y 
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Answers 


10a i 


b The constant 7 determines whether the graph moves left or 
right from y = x2. 
Nai y 


vi y 


x= T T T T T T T T T 

<1 1 E! TO OI Ti -5 —4 -3 -2 -1 7] 12345 

-5 -4 -3 2-154. 12345 Y 
Y 


b The constant a determines the narrowness of the graph. 
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b The constant k determines whether the graph moves up or 
down from y = xê. 
12 Answers could be: 


a y=x2-4 b y= (x-5)? c y=x243 
13a y=x? +2 b y=-x +2 € y- (x1)? 
d y=(x-2)2 e y-2x? f y=-32 

g y=(et 1242 h ya ite 42-2 
14 Parabola on its side. 
7B 
Building understanding 
1 a (0,0) b (0,3) c (0,—4) 
d (2,0) e (-5,0) f (0, 0) 
2a5 b -3 c 4 d 2 
3 a up b right c left d down 
e down f left g right h up 
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Now you try 
Example 3 
a y 
(1, 2) 
< O X 
b y 
3 
(1,2) 
~e O » X 
c y 
1 
~e * O » x 
Example 4 
a y 
À 
m [2] » X 
-l 
(-1, -2) 
y 
b y 
À (2/3) 
O x 
=} 
y 
Example 5 
y=2x -1 
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Exercise 7B b 
1a y 
A 
(1.4) 
D x 
y 
b 1 c 
(D) 
f?) x 
Y 
c 
y 
A 
16 d y 
Sh x 
E 4 
Y 
2a 
2) a 
T TT X 
—4 -} -? -1 3 
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c2 o0cm5-—-u-owo0nocvszv 
e à 
Il 
l 
P 
= 
+ 
w 
I 
rm 


e 
Me 
| 
[ 
= 


i 
( b 
(0, —4) e 

( h 
(-2, 3) k 
translate 3 units right 
translate 2 units left 
translate 3 units down 
translate 7 units up 
reflect in x-axis 
translate 2 units left and 4 units down 

translate 5 units right and 8 units up 

reflect in x-axis, translate 3 units left d y 
reflect in x-axis, translate 6 units up oA 
10a (h,k) b ah? +k 
fl a 


- sre 7^ D £& CO UG & "uu £m 5 cO OO D 7c zu oc 


Essential Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University 
Australian Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated Octo 


Answers 


| Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 
n Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


7C 


Building understanding 
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1 a x-2-1,x-2 b x=0,x=3 
€ x=0,x=-2 
2a x-0,x-4 b x=-4,x=2 
€ x=4 d x=+5 
3a 0 
b -8 
c 16 
d —25 
4 a (4,—4) b (-1,9) 
Now you try 
Example 6 
a y 
A 
m3 » X 
O 6 
(3, -9) 
Y 
b y 
7 
m3 » X 
Q 7 
(4, -9) 
Y 
Example 7 
y 
A 
16 
m > X 
4 O 
Y 


Example 8 
y= (x +3)(x- 7) 
Turning point is (2, —25) 


Answers 


Exercise 7C 
1a y 
A 
m3 O 8 » X 
y (4-16) 
b y 
A 
3 
c 
u 1 
Q, -1) 
Y 
2a y 
A 
«e > O » y 
=1, -1 
( ^N 
b y 
A 
—6 is 
(-3, -9) 
Y 
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[d A b y 
12 
O ]; i: 
YQ. -4) “o 6 zw 
i Y 4-4) 
c y 
X » X 15 
(2.5, 26.25) 
e 
3 0 
(-4, -1) 
Y 
d 
X 
(-1.5, -225)y 
f 
x Y G, -25) 
e y 
A 
(73.5, -12.25) Y 


(1, -9) 
Y 
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Answers 


b y 
6 
Es » x 
m > X 
[7 273 
(2.5, -0.25) 
Y(2, -25) Y 
g y y 
" ) 
A 
7 12 
~ x 
= Ol 12 
=7 
(4, -9) 
Y Y — (6.5, -30.25) 
h y 
d y 
20 
30 
< x 
0| 2 10 
~t » X 
-6 ^5 O0 
(6, -16) (5.5, 0.25) 
Y 
Y 
4 a y e 
A 
20 
D 4 5 Tu > X 
(4.5, -0.25) 
Y 


(72.5, 22.25) 
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(-1.5, -6.25) Y 
(-6.5, 3025) Y 
k y 
g y 
A 
» X 
-10 
CULO Bd 
-12 
Y '2,-16) (73.5, -42.25) Y 
h | y 
A 
Ess » y 
=11 


2 
Y (0.5, 2.25) (—4.5, 42.25) Y 
; 5 a y 
i A 
4 
20 7 
Y 
Y(2.5, —20.25) 
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- 


(8.5, —4.5) b 
(-3, -4) e 
1, 0) h 
acce SP 2-1) 
455, bec, TP (-2, 9) 

a = 2,b = —6,TP (2, 16) 
x-intercepts: V2, —V2; TP (0, —2) 
x-intercepts: V11, —V11; TP (0, —11) 
x-intercepts:5 V2, —5 V2; TP (0, —50) 


oo 


100 


wo 
Cc Cc t5 c cr t uc c m 


< o ~ * 10 a y 
A 
9 
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t y 
A(2, 4) 
O; x 
Y 
d y 
A 
(1.5, 2.25) 
O X 
Y 
e 
f y 


À (4,25) 


fl a= —2, TP (1, 18) 
12 The coefficient does not change the x-intercepts. 
13a y232-2x & 1 2 (x - 1? 
Only one x-intercept, which is the turning point. 
b Graph has a minimum (0, 2), therefore its lowest point is 
2 units above the x-axis. 
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Wa x=4,x=-2 
b (1, -9), (1, 9) 
c Same x-coordinate, y-coordinate is reflected in the x-axis. 


b p 
15a 0 b 0, —b c (-5-£) 
16a y=x(x - 4) b y=x(x- 2) 

€ y= 2x(x + 6) d y=2(x + 3)(x - 3) 
e y= ple 6-2) f y= 2(x+ v5) (x - v5) 
g y= i66 - 2) h y= (x- 1-5) 
i y= Flt D-3) j y=- 4) 
2 


| y= -L(x — VTO (x + V10) 


7D 
Building understanding 
1a y=x24+2x-5 
2 2 
x? + 2x4 () - (2) -5 
2 2 
(x +1)? -6 
TP = (-1, —6) 


b y=x?-6x+10 


2 2 
=x -x+ (5) - (5) +10 
2 2 


= (x — 3)? 41 
TP:2-(8; 1) 
2a x=33 b x=+v3 
c x=5,x=-3 d x=-44+¥V2 
Now you try 
Example 9 
a maximum at (—1, 18) 
b 16 
c —4and 2 
Example 10 
a y 
A 
2 
(1, 1) 
-——À30] x 
Y 
b y 
A 
54421 
2 
M 
< J >y 
AE 
2 y 2° 4 
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Exercise 7D d » 
1 a maximum at (2, 3) 
b -9 5 
c land3 
2 a min (3, 5) b max (1, 3) 
c max (-1,—2) d min (—2,—5) 76h 5 x 
e min (—5, 10) f max (7, 2) 
g max (3, 8) h min (8, —7) 
3a6 b -2 M. d 9 Pen 
e -16 f —55 g 3 h 1 T 
i -5 j -8 k 13 | -5 e y 
4 ax=5,x=1 b x=-7,x= -1 80 
€ x=9,x=-3 d x2-2t v5 
e x=1+V10 f x25£v3 
g x=4 h x=-6 
i no x-intercept j no x-intercept 
k x=24+v5 | x=3+v10 (-8, 16) 
5 a x=-1,x=-5 b x= -3 +vV7 [7] i 
c x= 4+ v21 d x2-1£ V7 
e no x-intercept f x=6+V41 f y 
6 a y 
51 
À 
< > x z & 
O (-7, 2) yO 
g y 
5 
y B 
b J 
(2, 1) 
m » X 
1 
J h y 
15 
(3, 6) 
x 
O 
c 
i y 
À 
al —— X 
(5, -4) 
-29 
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(1, 216) 
Y 
g y 
7 
= lo x 
C4, To) Y 
h y 
5 
25 [9] i 
(23, 4) Y 
i X 
x 
-12 O 
(—6, —36) 
€ Greenwood et al. 2020 Cambridge University Press 


Answers 


9 a2 b 1 c 1 
d 0 e 0 f 2 
Wax=-11+Vv6 b x23, x21 
€ x=/7,x=-1 d x=-2+V10 
d x=-24Vi1 paa 
2 
fla y2-(x-2?47 
y 
A 
f 
y 
(1, 3) 
2 
x 
1-8 f? 14N3 
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888 Answers 


44a y=A4(x+ 1? - 1 


y 


b yz3(x-2)? -2 


Y 
12a k»0 
b k=0 
€ k«0 
2 2 
B ebeecoihebee (2) - @) +c 


( Al b? 4c 
=(xt+ -—+ 
2 4 4 


( 3j b? — 4c 
=[x+ = 
2 4 
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vig 


f y=4(x-1)2 + 16 


y 


A 


a 
= 


20 
(1, 16) os 


1 
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Answers 


7E c y 


Building understanding 


1 a 2 intercepts b 0 intercepts c 1 intercept 
2 a -1v2 b 2.5,-1 
g= + v17 
4 
3 a zero b positive c negative d y 
A 
Now you try 
X O » XxX 
Example 11 -1.35 3.35 
a 2 b 1 c (1, -1) 
Example 12 
y -9 
Ya -1D 
1.82 
1 e y 
A 
< » X 
» X 
= O 
0.18 | ~) 1.08 5.08 
Y 
-11 
Exercise 7E 
1 a Ointercepts b 9 c (2,1) 
2 a 1intercept b Ointercepts c 2intercepts 
d 2intercepts e Ointercepts f 1intercept f 
g 2 intercepts h 2 intercepts i 2 intercepts 
j O intercepts k 2 intercepts | 2 intercepts 
3 a 3 b 5 e -2 
d —4 e 8 f -10 
g 0 h 0 i -7 
4 a (-1,3) b (-2,—5) c (2,-1) 
d (1,5) e (35) f (251) 
2.4 2 4 
3 1 3 9 : A 
ah he ae i (0,—9 1,11 
: ( 4 » (| ia) i 
8 
j (23) k (1 1 (0, 2) 
4 4 3 3 
» X 
5a y ~0.91 ^ 2.91 
E A 
-4.55 O 0.55 
-5 h (C, 9) ? 
7 
(-2, -13) 
b y 
~e » x 
o| | 0.29 -3.12 O| \1.12 
x 
—2.29 
(-1, —5) 
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Answers 


-25 
m3 > X 
-2.71 0 221 
e y 
Y A 
— —L—————————oÓ X 
k O Quesy t 
-H 
Y 
f y 
A 
— OX 
o C.-A 2 
-16 


6 a 
9 
>x 
3 0 
2 
y 
b y 
A b x=-1+ vi0 
2 
d -23845 
2 
faalt ae 
1 5 
<o 7 8 y=(x+1)?-6=22 420-5 
3 
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9 a Anything with b2 — 
b Anything with b2 — 


c Anything with b? — 


10 Number under square 


solution) 
" _—b + Vb = 4c 
2 
12 y= -E +c 
4a 
b 


4ac > 0 
4ac = 0 
4ac < 0 


root = 0, therefore x = zE (one 


2a 


e 


7F 


1a h 
À (2,20) 


b 20m 
€ 4 seconds 


2.75 


as required 


Building understanding 


(10, 9) 


b 9m 
c 22m 
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3 a (100, " 


Now you try 


Example 13 
a 40- x b A 


d A 
(20, 400) 
X 
0 40 


e 400cm? 


= x(40 — x) 


f square with side length 20 cm 


Exercise 7F 


1 a 2xlength = 20 — 2x 
length 2 10 — x 


b A=x(10- x) 
; — 


(5, 25) 


A 


y 
e 25cm? f 5cmby5cm 


-9 o 9 
-27 


b 18cm 


c 27cm 
b Oand 200 


| (100, 20) 


d 200m e 20m 
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4 a 100 - 2x b A = x(100 — 2x) c 0«x«50 9a im 


A b No, 1 metre is the minimum height the kite falls to. 
10 P = x(64 — x) so maximum occurs at x = 32. 
(25, 1250) Maximum product = 32(64 — 32) = 1024 
fl a A= (20 — 2x)(10 — 2x) 
b minx =0,maxx=5 
C A 
Ó 50 x 200 
e 1250m? f width = 25 m, length = 50m 
5 a 20-x 
b P = x(20 — x) x 
c P O en 
(10, 100) d Turning point occurs for an x-value greater than 5. 
e icm 
12a 6m 
ó x b No, the maximum height reached is 4.5 m. 
20 Ba y 
d i x=0or20 ii x —10 
e 100 Ó 1007 * 
6 a (20,0) 
b h 
X 
e 20 0 
-10 (50, —250) 
bi 2 
c 40m d 10m ii none 
7 a v6 seconds c i (27.6, —200) and (72.4, —200) 
b 


ii (1.0, —10) and (99.0, —10) 


h 
d The highway meets the edge of the river (50 metres along). 
30 145 2 m 
7 Progress quiz 
9 y6 


1 a y 
c v2 seconds 
8 a h 34 
A = 
7 i 
24 $j(,2 


y (4-9 
b i 1second 

ii 7 seconds 

iii 4 seconds 
c 9m below sea level 
d at3and 5 seconds 
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894 Answers 


6 a y=(x-2)2-1 


IN 

E 

c 

e d iii Turning 
2 i x-intercepts ii y-intercepts point 
=H a | A < 0; no x-intercepts (0,5) (2,1) 
à b | A > 0: two x-intercepts | (0,-7) | (-3,-16) 
= € | A = 0; one x-intercept (0, —16) (—4, 0) 
= 8 


(2, -3) 
9 a A=x(44 — 2x) or A = 44x — 2x2 
b 
(11, 242) 
d 2 


4 a= ?2,b = —4; y = (x + 2)(x — 4); Turning point is at 
(1, -9). 2. 
5 a Turning point is a maximum at (3, 8). eee a 
b y-intercept is at (0, —10). 
c x-intercepts at 5 and 1. 
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7G 
Building understanding 
1 a (2,12) 
2 a x74+3x+6=0 
c x2 +3x-12=0 
3 a b?-4ac <0 
Now you try 
Example 14 


a (—1,2) and (2,2) 


Example 15 
a (0,0) and (4, 16) 


c (—2, 3) and (5 3) 
2 4 


Example 16 

(—0.62, —1.85) and (1.62, 4. 85) 
Example 17 

a 2 solutions 


Exercise 7G 


(—2, 8) and (4, 8) 
(—3, 6) and (2, 6) 


c no solutions 


1a 
2 a 


b b*-4ac>0 


b (-1,-3) 
b x-5-3-0 


c b—4ac-0 


b no intersection points 


b (1,12) 


b O solutions 


b no intersection points 
b (—2,12) and (6, 12) 


d (-3,-2) and (+ -2) 


e (i 0) f no solutions 
3 a x=0,y=Oandx=3,y 
b x=0,y=Oandx=-2,y=4 
€ x= —3,y = 9and x = ô, y = 36 
d x=0,y=5andx=3,y 
e x= -6,y = 34 and x 2 -2,y = 22 
f x= -—2,y = —3and x = 3, y = 17 
g no solutions 
h no solutions 
ix ae 65 and x= -1,y = 8 
: 5 25 
x=——,y=—-—andx=3,y=1 
] 3 y 3 y 
k x=-3,y=6 
| x=-l,y=2 
4 a x=-4,y=16andx=2,y=4 
b x=-1,y=1andx=2,y=4 
c x=-1,y=1andx ly l 
3 9 
d x= -—2,y= 7 and x zl f 
2 4 
e x-2-2,y = Qand x am 16 
3 9 


f x2-8,y2-55andx = 2,y= 5 


5 a i no solutions 


ii x= —0.7,y = 1.5 and x = 2.7, y = 8.5 
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Answers 


iii x = —1.4,y = —2.1 and x = 0.4, y = 3.1 
iv x 2 —2.6, y = 8.2 and x = -04,y = 3.8 


NEEDED 


bi 
2 2 
ii x2 32V ya. vis 
il = EMS av 
iv gE, Si ciui 
2 
6 a 2 b 0 c 2 d 0 e 1 f 2 


7 Yes, the ball will hit the roof. This can be explained in 
a number of ways. Using the discriminant, we can see 
that the path of the ball intersects the equation of roof 
y = 10.6. 


8 a r=-1,y=-2andx= Ayo i 
b ee a vc 
2 4 
€ x=1,y=8andx=2,y=7 
d x=-6,y=-14andx=2,y=2 
9 a (-1,4) and (557) b 212m 
2 2 
10a (3,—4) 
bi c»-4 ii c= —4 ili c < —4 
fla 1+4k 
b i psal ii gaal ie 
4 4 4 
12 a Discriminant from resulting equation is less than 0. 
b k>2 
13a m=20rm=-6 


b The tangents are on different sides of the parabola, where 
one has a positive gradient and the other has a negative 
gradient. 

€ m>2o0rm<-—6 


7H 


Building understanding 
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Now you try 
Example 18 
a (0,0) b r=4 
c y=4+vi5 d = 4063 _ 37 
2 2 
e y 
4Å 
~—e » X 
-4 4 
(Y 
Example 19 
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Cr t «2 (D Cc» t (D cC £& 


=6 b 
r=12 d 
r= v14 f 
x2 4+ ye =4 b 
x? + y? = 10000 d 
x+y? =6 f 
x2 +y? = 1.21 h 


(1, V3), (1, -v3) 
(-1, V8), (-1, -v3) 


r=9 

r=v5 

r= v20 = 2V5 
x2 + y? = 49 
x? + y? = 2601 
x? + y?= 10 
x? + y? = 0.25 


9.2 2° 2 
(0, —2) 
(2, 0), (-2, 0) 
x-intercepts: +1, y-intercepts: +1 
x-intercepts: +4, y-intercepts: +4 
x-intercepts: +v3, y-intercepts: +v3 
x-intercepts: +v11, y-intercepts: +V11 
r=2Vv2 b r=2 
r= v10 e r=2v3 
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Chord length = 3v2 units h y i y 
12a m=+Vv3 A A 
b m» v30rm « -v3 V5 243 
(H -48 <m< V3 
13a D bA c E d C e F f B NS 
Wa y-tV16- 32-2 IVE -x O ? í 
<a 2 
b xoi8-y = 4V(v3)2— y 2⁄3 
15 a Radius of graph is 2, so points are 2 units from (0, 0); -NS 
i.e. « 2. Y 
-2V3 
b Radius of graph is 1, so points are 1 unit from (0, 0); 
i.e. —1 is the leftmost point, which is not as far as —2. Y 
16 a Á 1a y-v25- x? b y2-V16-x3 c x2 vV4- y? 
d x--V1-y e y-vV3- t y=-v5-x2 
g x= v10 -y7 h x=-V8—-y% i y=-v18-x 
-2 0 2 TOP i 
Building understanding 
1acC bA c B 
Y 2 a 1-04,1-0.1,1-— 0.001, 1 + 0.00001 
b y b z= c 0.099 d 998 
A 100 
2 
KCN Now you try 
Example 20 
< = D 5 > x á " 
A 
Y 
(H y 
A 
<> : a 
-1 
Y 
d Y 
b y 
A 
(1, 3) 
e 
<= ie) > X 
(-1, -3) 
Y 
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c y b y 
Á 
1,2) (4,2) 
< ie) > X x 
(1, -2) 
Y 
Example 21 t y 


I 


G9) (59) L 


Exercise 71 
1a y 
A 
d 
m old. 1 » X 
mE 
Y 
b y e 
! haa) 
~= ie, » X 
Lj. 
(C1, 4) Y 
; 
(-1, 4) 
f y 
O 
m => X 1, 3) 
X 
O 
(1, -4) (1, -3) 
2a 
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5 a (1,3) b (3,1) c (3) d ( 
6 a yes b yes c no 
7a (22) b " 
2 6 
1 
c (-1,-1 d (——,-10 
cin E 
1 
e (1,1), (—1, 21 f (-~,-2),(= 
meray (3a 
CCo poe v Eo) 
v2 v2 v5 
2 fl 
8 ie b (-—4 C y 
a (5-3) (+4) A | 
l 
c (^ r) d (-«1) i 
2 3 
1 1 | 
e (1-2), (71.2) (2-9. 14) I" 
2 2 BV -— 
g (2,-1), (-2,1) h (v2,—v2), (-v2, v2) E 
9at bc c D d B eA We A ee Sell | IEEE nr S 
10 Yes, x = 00r y = 0. TW! nina 
fi a zero b zero | 
c infinity d negative infinity Y \x=1 
12 Greater the coefficient, the closer the graph is to the 
asymptote. 
; 14/5 -14V5 Exercise 7J 
13a i x= y= 
2 2 1a y 
ii x=14V2,y=-14 V2 
iii x= -1 + v2, y= 1+ v2 
b No intersection, A < 0. 
C y=-x+2,y=-x-2 1 
E »-X 
-2-43 ^ 
7J 54 43 
Building understanding 
b 
1 a down b right c left 
d down e left f up 
2 a k=3 b k=-1 c k=4 
3 a h=0,k=2 
b h=3,k=0 
€ h=-2,k=-1 
Now you try 
y 
Example 22 
a y C 
A 
-2 + V8 = -2 + 2/2 
p » x 
4-45 -1 +45 
“2 — 48 = -2 - 242 


Essential Mathematics for the 


Australian Curriculum Year 10 & 10A 3ed 


ISBN 978-1-108-77346-1 


© Greenwood et al. 2020 


Cambridge University 


Photocopying is restricted under law and this material must not be transferred to another party. Updated Octo! 


900 Answers 


(-2, 3) -2V2 y 

h y 

3 A 

542N15 

wal lis bog 
(H y < » X 

246-3 5—2NIS 

< » x Y 


» Xx 
e 
f 
Y 
m > x 
-2NS 2N5 
=9) Y 
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f y 
A b M 
2 
» X 
O| y=0 
1 
C 
7 x 
— - - yd 
Y 
g y x=0 
x--3 
t i 
l 
| 
I 
1 
I 
i 
! 1 
i 3 
m x 
i 
I 
lu 
1 
lu 
i Y 
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Answers 903 


7a y= -1 b y= +3 
x-2 x+1 
eyo 8 
x—1 ^2 
"T " -3-5 1- 25). (28s) 
' 2 ° 2 
b (v5, e i v5,3 — v5) 
f 
CI. vi), (2:520, - vm) 
2 2 
d M -) 
53 5 
e ea) 
f ae 
9a max x = 5, min x = 1 b max y = 0, min y = —4 
Wa (x2)? + (y- 1)? = b (x +2)? + y2 = 25 
€ (x+5)?+(y+3)?=18 d y= +t 
a 
6 a um 1 24 {y= -1 
x+2 x+3 


fl a Solving 1 = —x would require x2 = —1, which is not 
possible. 
b Circle has centre (1, —2) and radius 2, so maximum 
y-value on the circle is 0, which is less than 1. 
c Exponential graph rises more quickly than the straight line 
and this line sits below the curve. 
2 


a 


= 5 ovs a quadaratic with A < 0, 
X 


thus no points of intersection. 


12a (x42)? 4 (y -1?24,C(-2,1, 7 22 
? LEE. b (x 424 (y 4 5)? = 36,C(-4, 5), = 6 
| A c (x— 3)? + (y — 2)? = 16, C(3, 2),r=4 
l d (x— 1)? + (y+ 3)? = 15, C(1, 3), r = v15 
^ e (x5)? (y+ sarge 5,-4),r=2V6 
f (x3) + (y + 3)? = 18, C(-3, -3), r = 3V2 
| 2 
y («+5) 19-098 of 4a) r= 
1 2 4 2 2 
| 2 
| h («+8) eoa e S e( 52). -7 
| 2 4 2 2 
i -Y Qe Sy -e(t -3) 42 
f i x-—-) +[y+t+ ,C| —, - r= 
! 2 2 2 \2 2 2 
2 2 
C 6304632 
2 2 2 22 /2 
13 (x + 2)? + (y — 3)? = —2; radius can't be negative. 
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Problems and challenges 
1 


1a -2<x<! 


2 
b geh 
4 3 
7-4 74 VM 
c : «x« 7 


2 (x-2)? + (y - 3)? < 16 


y 
3 a b?-—4ac<0 
b 5?—4ac-0 


c D?—4ac»0 
4 (x-2? 4 (y+ 3?2 —15- 9 + 4 = —2, which is 


impossible. 
5 a EU b pee c kl 
3 3 3 
6 a k=+V20 =42V5 
b k»2v5ork« —2v5 
c -2V5«k«2v5 
7 a y=-(x+1)(x- 3) 


b ye e -3 
4 


c y=x*-2x-3 


8 a=2,b=-8,c =—8; TP (3-2) 
4 8 


N 
a 
Lez] 
£e 
£3 
© 
= 
o 
uc 
£c 
b] 
N 
E 
= 
2 
© 
[us 
a. 
| 
= 
© 
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Short-answer questions 


1 minimum at (1, —4) b x=1 
—1 and 3 d —3 
minimum at (2, 0) 

maximum at (0, 5) 

maximum at (—1, —2) 

minimum at (3, 4) 


A 


se oon CÓ) ® 


(1, -9) 


4 a i maximum at (1, —3) ii —4 
iii no x-intercepts 


b i minimum at (—3, —8) ii 10 
iii —1 and —5 


€ Greenwood et al. 2020 Cambridge University Press 


(C3, -8) Y 


6 a 1 b 0 c 2 d 0 
Jai 5 
ii (2, -3) 
iii 0.8 and 3.2 
iv y 
bi iii —1and4 
8 a x=2,y= 10and x = —6, y = 10 
b no solutions 
1 10 


€x y and x = —1, 2 
3" 9 , 
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9 Show? — 4ac = 0. 


10 a 


fi 


12a 
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(1, —3) 
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905 


u L49 


MalAa 


906 Answers 


ia ($3) 2 a 100—x b A-x(100—x) c 0<x< 100 
d A 
b (V2, 2V2) and (-V2, -2v2) (50,2500) 
14 a y 
À 
243 
X 
< 6 > x [0] 100 
-1 
2-3 e 2500 m? 
f 50mby50m 
Y 
A Chapter 8 
8A 
Building understanding 
1 a2 b {H, T} c yes 
d ; e ; f 1 
m > X 
O 
$ 1 1 3 
o Y 2a- b — c — d 0 
2 4 6 8 
cec 3a4 b 20 c 100 
~ 
= 
e Now you try 
Example 1 
a 1 b 2 c 3 d 3 
11 11 11 11 
Example 2 
a 0.1 b 0.09 c 0.87 d 0.9 
Exercise 8A 
1a 1 b 2 c 5 d 3 
7 7 7 7 
2a 3 b : c 3 d 1 
1B 2 D 3E 4 D 10 5 5 2 
5 A 6 A 7C 8 D ag, L b t PL ai 
9A 10 E 1l A 12€ 10 2 2 2 
Extended-response questions 5 5 10 10 
4 a 0.09 b 0.43 c 0.47 d 0.91 
1 a (200, 30) 5 a 0.62 b 0.03 c 0.97 d 0.38 
b 0 < x< 400 1 3 49 
c 30 <h « 80 dii? a dr 
d h 
7al go cl 4 ot fo 
" (400, 80) 2 8 4 24 
ga Ê » J "i d2 id p4 
25 50 25 5 25 25 
9 a i — i 2 i iv 0 pL 
10 20 20 
b L 
e 400m f 30m g 80m 10 
| Mathematics for the ISBN 978-1-108-77346-1 © Greenwood et al. 2020 Cambridge University Press 


n Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 


Answers 907 


10 a 59 . 7 a 2 ud 
41 C I! To Ii — n — 
b 4,as — of 10 is closest to 4. 
100 d No, ANB#@ 
c 8, as A of20 is closest to 8. Example 4 
a 
M D 
fla I b JE c A d I 
4 13 52 2 €D 
2 4 12 9 
e — f — — h — 
13 13 HEE 13 s 
ig 4 bi ? ii 6 
13 i ii 1 iii A 
b 15; any multiple of 15 is a possibility as 3 and 5 must be 20 4 20 
factors. Example 5 
13a 6254 a 
b i 25z ii 200z iii 4007 A A 
Ed o ii. ijj 2 w 2 B | 2 | 3/5 
25 25 25 25 n 4 5 
V 24 vi i vii 1 viii Z 
25 25 25 B EN ENGL. 
d No, it doesn't. bi 2 ii 3 iti 4 iv 1 
v 6 vi 5 vii 9 
8B c i 1 ii 2 iii 2 
" g 5 5 5 
Building understanding 
1a b Exercise 8B 
A B A B 
D D B 
j A B ‘i A B 0 
b i ANB= {2,5,8} 
ii AUB = (1,2, 3, 4, 5, 6, 7, 8, 9, 10} 
ci 1 ii 3 iii 1 
" f 10 10 
A B A B d No, since AQB £ $ 
g h 
A p A mm 0 
b i ANB= {2, 13} 
ii AUB = {2,3,5, 7, 11, 13, 17, 19, 23, 29} 
ei Í it ii t iv 1 
2a Ø b A C U d u,v 2 10 5 
3 a no b yes c no 3a FN 
Now you try QD 
5 
Example 3 
a b i 25 ii 5 
A B 
= 2 s m 
eh) = uH — n — 
2 
bi {2,3,5,7} 
ii {1, 2, 3, 4, 5, 6, 7, 8} 
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Answers 


A A’ M E 
B| 2 |6| 8 () F 
B’ 5 3 8 
m 
T 9 | 16 
; m i b i 1 ii E iii T 
bi 2 ii 6 iii 5 iv 3 3 3 6 
v7 vi 8 vii 13 viii 16 14a L 
1 . 9 DE 
c i 3 ii dE iii Je 
6 a M Way, 
b 1 
b A A’ c i 3 ii 1 
5 3 
B 4 2 6 15a 3 
Bid (m 
5 5 10 
I 
, N. ^Y 
c i 2 ii 3 iii — iv T y 
7a4 b 10,12 c à,C,e d nothing 3 
8 a 
C p bi 4 
EJ S. pe ül 
19 19 
Y 
R 8C 
A T n 
Building understanding 
bi > d wl ç wê «v 1 ai (456) 
13 13 13 13 iii (2, 4, 5, 6} 
9 a A A' b No, AnBzZ $ 
EE BRT ES 
; 3 
EN 4 5 2 a 08 b 
7 4 11 3 0.05 
b Aa Now you try 
B 2 7 9 Example 6 
n 2 1 3 a i 13 
4 8 12 bit 2 
4 
10 3 c : 
fia 1-a b a+b c 0 ] 10 
13 
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12 1 
W= y. = 
3 3 
iii 13 iv — 
15 15 
S = Own state 


I = Interstate 
O = Overseas 


ii 10 
iv 35 V 25 
38 38 
ii {2,4,6} 
iv {4,6} 
0.7 
iii 1 
sei 
iii — 
52 
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Example 7 
a 0.35 


Exercise 8C 


1ai 13 ii 4 
bi 1 ü s 
4 4 
4 
eC — 
13 
a 19 
13 
2 a i {3,6,9, 12,15, 18} ii 
bk 
20 
et 
20 
3a! 
8 
4 a 0.1 
5 a 03 
6a? 
8 
tae T 
13 13 
4 8 10 
52 13 
8 a 04 


b 0.25 


iii 1 


x c] 
iii — 
52 


(2, 3, 5, 7, 11, 18, 17, 19] 


P 
20 
b 
24 
b 02 
b 01 
b» 
32 
7 
B — 
13 
p 10 
13 
b 0.45 


9 Because Pr(A AB) = 0 for mutually exclusive events 


10 a Pr(A) < Pr(ANB) b 


Pr(A) + Pr(B) < Pr(AUB) 


11 Pr(AUBUC) = Pr(A) + Pr(B) + Pr(C) — 
Pr(A MB) — Pr(An C) - Pr(BOC) + Pr(ANBOC) 


3 
10 
13 
20 


0 
Ba l j E 
4 500 
Es 
25 


b 


100 
8D 


Building understanding 


yj 7 olim ™ Wl 


Now you try 


Example 8 


á RES 


13 


e2 
20 
4 3 
5 
33 
500 
3. 
500 
b 
2 
ii 9 
ii 10 
7 
C pues 
12 
c 3 d 3 
8 7 
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Example 9 
a A Au 
B 9 6 15 
B' 4 4 8 
13 10 23 
b 4 c 3 
23 5 
Exercise 8D 
a 5 b 1 c 
12 4 
22i ü 3. iii 
13 13 
nit re iii 
17 17 
ci? i 2 ii 
4 8 
i$. ï 1 iii 
16 8 
3ai L ï 1 iii 
18 9 
br n iii 
9 9 
8 mod as 
CQ SS i — Ul 
17 17 
ai? ï 1 iii 
4 4 
4a A x 
B 9 6 15 
B' 4 1 5 
13 7 20 
b 1 c 3 
5 5 
5 a 
V P 
ep) 
b 4 c 2 
5 
LL A C 
qp) 
A A’ 
C 6 9 15 
(e 14 1 15 
20 10 30 
bd ii 
10 
c 2 d 
5 
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910 Answers 


7a 
EINST 6 a 2 ; b 2 
7a —- b — e — d — 
B 2 2 4 2 6 4 3 
B' 3 1 4 
5 5 ^ 8 a Like soft | Dislike soft | Total 
drink drink 
NE T A P Like water 15 5 20 
" Dislike water 20 0 20 
A |A Total 35 5 40 
B 3 13 | 16 
1 
B' 5 6 11 b 3 
8 19 | 27 
i 6 ii = iii 3 8E 
16 
baL b i al Building understanding 
13 13 4 2 
9a 1 b 1 1ai 9 ii 6 
: 2 bi l DES ii 4 
10 Pr(A|B) = Pr(B|A) = 0 as Pr(A ^B) = 0 3 9 9 
1 
Na d ci 0 à ii 1 
12a Pr(AnB) = Pr(A) x Pr(B|A) b 0.18 229 b6 
(3a 329 b EE c x 
t 
QM Q3 Q8 Now you try 
155 231 31 Example 10 
á 
Progress quiz 36 ; i 
Tu "au in il. 
tat b | c 1 d 2 a 3 ! 18 " 18 MET, 
10 10 20 5 5 1 
2 a 017 b 029 c 0.33 d 0.67 ui 
1 1 1 
3a — b — e — 
13 5 52 one 
fi it mu EH 
13 13 18 R W 
4a 
Like tennis | Dislike tennis | Total R X (R, R) ,R) | (W,R) 
Like squash 3 17 20 2 R | (R,R) , (W, R) 
Dislike squash 29 1 30 B (R, B) | (R, B) (W, B) 
Total 32 18 50 W (RW) (R,W) | (B,W) | X 
7 kg ii — ii 1 iv — 
tennis squash 6 6 3 5 
Exercise 8E 
1a 1st roll 
à 1 2 3 4 
RET 1 (0,1) | (2,1) | (3,1) | (4,1) 
2 (1,2) | (2,2) | (32) | (4,2) 
e i 2nd roll 
50 3 (1,3) | (2,3) | (3,3) | (4,3) 
52a7 b 20 c 5 4 (1,4) | (2,4) | (8,4) | (4.4) 
33 33 33 
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b 16 c — 
16 
d i 1 ii — iii 13 
4 8 16 
2a 
1st toss 
H 
H ,H ,H 
2nd toss LUAM EN 
T (HT) | (T,T) 
b 4 
1 
C = 
4 
d i 1 ii 
2 
e 250 
3a 1st 
S E 
S X (E, S) | (LS) 
2nd E (S, E) X (T, E) 
T (S,T) | (ET) X 
bi ii ii = iii - iv — v 1 
6 3 
4a 1st 
E V E L 
L X (EL) | (,L (ELE) | CE 
E | (L,E) X (V, E (E E) | (LE) 
2nd | V | (L,V) | (E, V) X (E, V) | (L, V) 
E (LE) | (EE) | (&E X (L, E) 
L (LL) | (EL) | (UL (E, L) X 
b 20 
ci 8 ii 12 iii 12 
di Ê i 3 ii S 
5 5 5 
1 
e = 
5 
5 a 
Die 1 
1 2 3 4 5 6 
1 2 3 4 5 6 7 
2 3 4 5 6 7 8 
3 4 5 6 7 8 9 
Die 2 
4 5 6 7 8 9 | 10 
5 6 T 8 9 | 10 | 11 
6 7 8 9 |10 | 11 12 
b 36 
c i 2 ii 6 iii 15 
zc | 39 s] 
di — ii — iii — iv — 
6 36 12 
e 5 Her guess is wrong. 
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6 a 


1st 
0 L D 
C (0,0) | (L,C) | (D,C) 
0 (0,0) | (L,O) | (D,O) 
L (0,L) (LL) | (D,L) 
2nd L [(0L) (LL) | (D,L) 
E (0,E) (LE) | (D,E) 
G (0,G) | (L,G) | (D,G) 
E (0,G) | (L,G) | (D,G) 
b 21 p 
7 
7 a i 100 ii 90 
bi Ae ii 1 iii 4 
10 10 5 
19 
[H eas. 
100 
sail i 2 
4 8 
hi i L ii 2 
5 10 3 
9 a without b with c with d without 
10a 30 
= il a 1 "^. . 4 
bi — il — iii — iv — 
15 15 15 15 
(H 1 
18 
tla 1st 
2.5 5 10 20 
2.5 5 7.5 | 12.5 | 22.5 
5 7.5 10 1 2 
2nd 2 3 
10 12:5 15 20 30 
20 22.5 25 30 40 
b 16 
ci 1 ii 8 iii 8 
di ü l iti 1 iv 2 
16 8 4 16 
7 
e EL 
16 
8F 
Building understanding 
tai i 3 bi 2 i 3 
5 5 5 
c i 1 ii 3 
4 4 
2 3 3.3 
à ^M (M.M) (14-3) 
3 M 
8 M, F) (3 x2 215 
SSF (M.F) ($33) 
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b 2 3,2.3 
7^ M (M.M)(sx5 73s) 
3 M 
8 3.5. 15 
SSF MFg) 
3 5.3. 15 
5 <" (F, M) (5*3 - sc) 
8 F 
4 5,4. 5 
; ^F (FF) (5x 7-3) 
Now you try 
Example 12 
a 3 b 1 
5 5 
c Box Counter Outcome Probability 
E red (A, red) 1 x $ - A 
a< M 
2 2 " lx2=1 
2 $ N green (A, green) 3X555 
1 
n 5 red (B, red) 5 x E = 5 
2 s< 
E green (B, green) i x E = 2 
1 e 2 
10 5 
Example 13 
a Selection 1 Selection2 Outcome Probability 


(B, 


5 

5 8 B (W.B) are 
9 << 

Nw (WOW) ixí-à 


4 3.1 
(B.B) 3X35% 


W) 3x 


8 18 
bi 2 i 4 ii 2 
18 6 9 
ci 2 pe ii 40 
81 81 81 
Exercise 8F 
1a 1 b 3 
4 4 
c Box Counter Outcome Probability 
4 yellow (A, yellow) 1 x i- i 
1 A < 
2 i orange (A, orange) 5 x i- à 
3 1.3.3 
1 n yellow (B, yellow) 3*4^& 
2 NB E 
1 1.1.1 
i orange (B, orange) a*q=3 


co |% 
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Probability 


a Outcome 
3 white (Kia, white) i 
4 
1 Kia < 
2 1 N silver (Kia, silver) i 
4 
2 : . 1 
1 3 white (Mazda,white) 2 
2 Mazda i 
1 red (Mazda, red) i 
bi 3 ii 1 iii m 
8 6 24 
zd. 5 z 1 
Iv — Y= VM — 
24 6 
a Outcome Probabilities 
2.3 2 
(RR — 3x*s$-5 
2.2 4 
RW 3x355 
1.4 4 
(WR) 3x355 
1.1 1 
WW 3x353 
b i = ii 2 iii HE 
15 5 15 
2 . 4 a. 4 
C | 9 iT] 9 ln — 
a Outcome Probabilities 
1 Fak i 
^M MM 5x 5=5 
3 M 
7 3. 22 
E F (M,F) 3x555 
1 , 
h 22M (RM) 2xi-2 
7 F <a 
1 4.1 2 
E F (EF) 7*375 
; 1 i 2 aid " 
I = I — n — Iv 
7 7 7 
bi 3 ii 16 iii = iv 
49 49 49 
a H 24 
a< 
2 <4 
3 
H 24 
c 
2 <4 
3 
bi 1 ii 4 iii 5 iv 
9 9 9 
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6 a Outcome 
1 
+R (RR) 
i e< 
INW (ROW) 
1 
1 2 R (W,R) 
2 < 
iW QW) 
"mu eu -— 
i = uH — Ul 
4 2 
b Outcome 
i R (R,R) 
i r« 
27.W (R,W) 
3 
2 
1 3 R (W,R) 
2 w<< 
icW (WW) 
. 1 3:2 m 
I = uH = Ul 
6 3 
Tai 1 ii 
5 
b Outcome 
1 
$U (UU 
1 u< 
3 s N (UN) 
2 
4 9 U (N,U) 
3 n< 
$ N (N,N) 
1 . 16 
i = Nu — 
45 45 
c 62.296 
8 ai 0.17 ii 0.11 
b i 0.1445 ii 0.0965 
9 a 3 b 
7 
10 a 
i 0 -R 
3 OR p ae 
DI 
7 à 5 ug 
3 
1 
H 3 —R 
ee aie 
B 32 
3 R 
DB 
2 1 —~B 
i 1 i 2 iii 0 
10 
b i ii 
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Probability 


Probability 


iii 0.83 
iii 0.8555 


Outcome 
(R, R, R) 
(R, R, B) 
(R, B, R) 
(R, B, B) 


aD A 


(B, R, R) 
(B, R, B) 
(B, B, R) 
(B, B, 
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wim Bl- Bl- o 


SI- i-i gl- 


Probability 


fla 


Outcome Probability 


1 
(A, P) 3X37 


Dle 


(AG). ixi-i 
(B, P) 
(B, G) 


3 
(CP) 3X357 


T... 
CG  s*;75 


se 
iii — 
4 


b $87.50 to player A, $12.50 to player B 


c i A $68.75, B $31.25 
iii A $81.25, B $18.75 
v Answers may vary. 


86 


Building understanding 


id d 
2 


no 
with 
without 


ios) 
soe c cx 


Now you try 


Example 14 
a A B 


C09 


bd 
7 
c No, Pr(A|B) # Pr(A). 
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ii A $50, B $50 
iv A $34.38, B $65.62 
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Exercise 8G 


independent 


wo 
zx 


ii not independent 


ii independent 


ii independent 


oO wl] Aj= N| 


ii not independent 


NIM wl ARI RI 


Pr(A) = 2 Pr(A|B) = b independent 
3 1 ; 
Pr(A) = TS Pr(A|B) = 7 not independent 


5 3 : 
Pr(A) = —, Pr(A|B) = —, not independent 
r(A) 7 1(A|B) es p 


Pr(A) = ; Pr(A|B) = - independent 


15 


; od ae 4 

i — ii — iii — 
— c 

32 32 32 
— b — c 

216 216 72 36 


6 b 22 
0.24 
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Problems and challenges 


_ 


a 0.16 b 0.192 c 0.144 
2 0.59375 


13983816 


&e wo co 
zs 
fas) 


Short-answer questions 


1a 1 b 1 c 3 
8 4 8 
d E e il 
8 2 
23? b 1 T 
8 2 8 
3 ai È ii i iii 1 
5 4 5 
> 1 1 
iv — M 
10 20 
bi 3 ii 1 
5 20 
4 a 
C H 
b C C 
H 6 5 11 
H 12 13 25 
18 18 36 
c 13 
d i 1 ii 5 iii d 
6 36 2 
5 a 6 b i3 
13 
6ai 13 ii 4 iii 1 
b i 3 ii i 
4 52 
c A d 10 
13 13 
7 a 04 b 0.5 
8 a - b 1 
5 5 
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cg = ü 3 in 1 
11 11 
b No, Pr(A|B) # Pr(A) 
ci x "S 
C1 — i — n — 
2 4 2 
d Yes, Pr(A|B) = Pr(A) 
10 a 1st 
A Y 
H (A, H) | (P, ) (Y, H) 
2nd | (A, E) | (P, (Y, E) 
Y | (HY) | (AY) | () | ( (Y, Y) 
b 15 
c i 1 ii 2 iii 13 
15 15 15 
Na Ist 2nd Total 
1 2 
2 3 
3 
4 5 
1 3 
2 
3 5 
4 6 
1 4 
2 5 
3 6 
4 7 
1 5 
2 6 
3 7 
4 8 
iii 0 iv 1 
3 a e L 
10 5 10 
13 a 0.12 b 0.58 
Multiple-choice questions 
1A 2 B 3D 4C 5 B 
6 A 71€ 8 A 9E 10 E 
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Extended-response questions 


1a3 
bi L iL 
15 15 
c R R 
S 3 1 4 
S 3 8 11 
6 9 15 
d i 1 il — 
2 
2a 1st 
S W 
(R, R) | (S, R) | (W, R) 
2nd S (R, S) | (S; S) | (W, S) 
(R (S, W) | (W 
bi il ii — iii 5 iv 4 
9 3 9 9 
c 4 
d 3 
9 
e Outcome 
R (R,R) 
S (RS 
(R, W) 
(S, R) 
(S, S) 
(S, W) 
(W, R) 
(W, S) 
3 (W, W) 
iH , 10 a 8 . 16 
i — ii — iii — iv — 
21 21 7 21 
Chapter 9 
9A 
Building understanding 
1acC b D cA d B e E 
2a B b E c C 
d D e F f A 
3 a numerical b categorical c categorical 
4 D 
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MƏ 


Answers 


Now you try 


Example 1 
a numerical and continuous 
b categorical and ordinal 


Example 2 
Students who study in the library may not reflect a typical group 
of Year 12 students. 


Exercise 9A 


1 numerical and discrete 
numerical and continuous 
categorical and nominal 
categorical and ordinal 
numerical and discrete 
numerical and discrete 
categorical and nominal 
numerical and continuous 
categorical and ordinal 
No 
Yes 
D 
D is the most representative sample. A may pick out the 
keen students; B probably are good maths students who 
like maths; and C will have different-sized classes. 
For example, likely to be train passengers. 

b Forexample, email will pick up computer users only. 

c For example, electoral roll will list only people aged 

18 years and over. 

6 Check with your teacher. 
7 a A small survey, misinterpreted their data. 

b Survey more companies and make it Australia-wide. 

c No, data suggest that profits had reduced, not necessarily 
that they were not making a profit. Also, sample size is too 
small. 

Graph A 
b GraphB 
c The scale on graph A starts at 23, whereas on graph B it 
starts at 5. 
d Graph A because the scale expands the difference in 
column heights. 
9 Forexample, showing only part of the scale, using different 
column widths, including erroneous data values. 
10-12 Research required. 


b No 
d Yes 


oo Cc) c (D cC CÓ» Cz c tc Cc C ss 


9B 


Building understanding 


1 a 10 b 1.4 c 1 d 1 e 90% 
? | Class interval Frequency | Percentage frequency 
0- 2 20 
10- 1 10 
20- 5 50 
30-40 2 20 
Total 10 100 
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Now you try 
Example 3 
a | Class interval Frequency Percentage frequency 
0- 6 37.5 
10- 6 37.5 
20- 3 18.75 
30-40 1 6.25 
16 100 
b Number of phone texts 
6 37.5 
E * 25 Percentage 
ç frequency 
È 24 12.5 
0 
0 10 20 30 40 
Score 
c 
0/255779 
1/012448 
2/249 
3] 2 
2|4 means 24 
d Median = 11.5 
Exercise 9B 
1 a | Classinterval | Frequency | Percentage frequency 
0- 5 25 
5- 9 45 
10-15 6 30 
Total 20 100 
b Histogram of wins 
104 r 50 2x 
= 
. 84 - 40 Š 
e X 
S 64 30 & 
3 Y 
S 44 - 20 $ 
Ry S 
24 -10 Š 
S 
a 
0 5 10 15 
Wins 
c Stem | Leaf 
0:01344556778999 
1[|012235 
1|2 means 12 
d 7.5 
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Answers 917 


2 a | Type of transport | Frequency | Percentage frequency 12 
Car 16 40 10 Senet 
Train 6 15 2 8 
= 6 
Tram 8 20 ç 
Walking 5 12.5 E f 
Bicycle 2 5 0 
Bus 3 75 0 3 6 9 12 15 18 21 24 27 
Total 40 100 c i low sensitivity ii very sensitive 
bi ii car iii 40% iii moderately sensitive 
iv 17.5% v 42.5% 7a Mass Frequency Percentage frequency 
3 a symmetrical b negatively skewed 
m . 10- 3 6 
c positively skewed d symmetrical 
4 ai 343 ii 38 iii 39 15- 6 12 
b i 19.4 ii 20 iii no mode 20- 16 32 
5a s e b 25- 21 42 
LJ e e e 
e LJ e. e. L— 
2- , E 30-35 4 8 
0 I 2 3 Total 50 100 
Nick's goal scoring 
b é b 50 
. c 32% 
: : e d Atleast 25g but less than 30g. 
tH de. 
0 1 2 3 4 5 f 94% 
Jack's goal scoring 8 a | Section Frequency | Percentage frequency 
c Well spread performance. g Strings 21 525 
d Irregular performance, positively skewed. 
Woodwind 20 
6 a Sensor A Sensor B Sensor C 
frequency | frequency | frequency Brass 7 17.5 
0- 21 12 6 Percussion 4 10 
3- 0 1 11 Total 40 100 
6- 0 1 3 b 40 c 52.5% d 47.5% 
9- 0 1 1 e 9.396 f 65.6% 
12- 0 0 0 9 8 students scored between 20 and 30 and there are 
15- 0 2 0 32 students all together, so this class interval makes up 2596 
18- 0 2 0 of the class. 
21— 0 1 0 10 No discrete information, only intervals are given and not 
2426 0 1 0 individual values. 
Total 21 21 21 : nos 
3 Percentage 
bo 23- SAR Cumulative | cumulative 
"ed EM Bill ($) Frequency frequency frequency 
S - 
S 10 0- 2 2 54 
m os 40- 1 3 8.1 
0 ton 80- 12 15 40.5 
0 3 6 9 12 15 18 21 24 27 
T 120- 18 33 89.2 
12 oe Sensor B 160- 3 36 97.3 
a10- 200-240 1 37 100 
5 84 
S b 15 
5 64 
m 4] 
2. 
04 


I] | 
0 3 6 9 1215 18 21 24 27 
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C» b i min = 16, max = 31 ii 25 
S iii Q, = 21, Q4 = 27 iv IQR = 6 
E ps v No outliers. 
SS 60 4ai 53 ii 2.4 
$9 40 b i 25 ii 2 
ss 56 c i 2.93 ii 0.5 
= 5 a i min = 25, max = 128 ii 47 
n iii Q4 = 38, Q4 = 52.5 iv IQR = 14.5 
v yes; 128 vi 51.25 
d i $130 ii $100 iii $150 b Median as it is not affected dramatically by the outlier. 
e $180 c Amore advanced calculator was used. 
f approx. 2096 6 a No outliers. b Outlier is 2. 
c Outliers are 103, 182. d Outliers are 2, 8. 
9C 7 a IQR=12 b No outliers. 
c 24 d 22 
Building understanding 8 1,2,3 
. : : ; a Increases by 5. b Itis doubled. 
1a i lower quartile (Q,), median (Q5), upper quartile (Qs), c It is divided by 10. 
10 a It stays the same. b It doubles. 


b Range is max — min; IQR is Q4 — Q4. Range is the spread 
of all the data, IQR is the spread of the middle 50% of data. 

c An outlier is a data point (element) outside the vicinity of 
the rest of the data. 

d If the data point is greater than Q4 + 1.5 x IQR or less 
than Q4 — 1.5 x IQR. 


c Itis reduced by a scale factor of 10. 
t1 Answers may vary. Examples: 

a 3,4,5,6,7 b 2,4,6,6,6 € 7,7, 7, 10, 10 
12 It is not greatly affected by outliers. 
13 Answers may vary. 


2a2 
bi 1 ii 3 9D 
c2 d —2,6 e yes; 8 na . 
3ai 105 ü 75 iii 12 Building understanding 
b 4.5 € 0.75, 18.75 d no 1 a 15 b 5 c 25 d 20 
10 f 20 g 10 
t e 
Now you try 2a4 b 2 c 18 d 20 
Example 4 e Itis. 
a Range = 9, IQR = 4.5 
b Range = 0.9, IQR = 0.6 Now you try 
Example 5 Example 6 
a i Oand 36 ii 24 iii 19 and 26 a Yes. 1 is an outlier. 
iv 7 v yes; 0 b [ | 
b Perhaps the bus was not taking passengers. B Em -5e 
" 02 4 6 8 10 12 14 16 18 20 22 24 26 
Exercise 9C 
1 a min=3, Q, =4, median = 8, Q4 = 10, max = 13; Exercise 9D 
range = 10, IQR =6 . — 
b min 10, Q; = 10.5, median = 14, Q; = 15.5, 1 a i 0,—4,0,- 7; outlier is 13 
max — 18; range — 8, IQR — 5 ii —ilI H} x 
c min — 1.2, Q, = 1.85, median = 2.4, Q; = 3.05, DP ——————————— H 
max = 3.4; range = 2.2, IQR = 1.2 2 4 6 8 10 12 14 
MM = Map oes median 550:9, Duct b9, bi Q= 1.6, Q = 1.9; outlier is 1.1 
max = 68; range = 27, IQR = 12 " 
2 a min = 0, max = 17 b median = 13 " x —1 [rr 
C Q; = 10, Q4 = 15 d IQR=5 <tr aae ae a e a 
e 0 1.0 12 1.4 1.6 1.8 2.0 2.2 
f Road may have been closed that day. c i Q,=19, Q, = 23; outliers are 11 and 31 
3 a i min =4,max = 14 ii 7.5 ii 
iii Q = 5,0, =9 iv IQR =4 * [ T] i 
n 17 , 37 > <= T T T T T T T T T T T T > 
v No outliers. 10 12 14 16 18 20 22 24 26 28 30 32 
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Answers 


d i Q, = 0.03, Q, = 0.05; no outliers Now you try 
m —I T [A Example 7 
cx T T T T T T T T T T T > aa — 
0.02 0.03 0.04 0.05 0.06 0.07 Mise e SENG 
Example 8 
a ——[ J] H} a More data values are centred around the 10s and 20s for 
D S S S S S S S SE S S E Year 12 compared to 20s and 30s for Year 7. 
0 2 4 6 8 10 12 14 16 18 20 h The Year 7 data are more spread-out. 
b c Given their studies, Year 12s are more likely to watch less 
a a television. 
a 
36 40 44 48 52 60 64 Exercise 9E 
e =] ee 
— LL e a E T a E a 1 mean =3.8,s=24 
0 1 2 3 4 5 2 a mean-6,5— 22 b mean = 3.6, s = 2.6 
c mean = 8, s = 3.8 d mean = 32.5, s = 3.6 
d a {T+ 3 a mean =2.7,s=0.9 b mean = 14.5, s = 6.6 
ft. E—d— tt LT esl 4 a The outer-suburb school has more data values in the 
70 80 90 100 110 120 130 higher range. 
a Same minimum of 1. b There is less spread. Data values are closer to the mean. 
b B c Students at outer-suburb schools may live some distance 
c i5 ii 10 from the school. Answers will vary. 
d Data points for B are more evenly spread than those for A. 5 a false b true c true 
a Q, = 14.6, Q, = 15.3, Q, = 15.8 6 a mean=2,s=1.0 b mean = 5.25, s = 0.7 
b 19.7 kg 7 a no b no c yes 
(H Box plot of lemur weights d Yes, one of the deviations would be calculated using the 
outlier. 


T > 

T T T T T T T T 

13 14 15 16 17 18 19 20 
Lemur weights 


X > 


8 a No, standard deviation reflects the spread of the data 
values from the mean not the size of the data values. 
b No. As for part a. 
9 The IQRs would be the same, making the data more 


919 


a They have the same median and upper quartile. 
b B comparable. The standard deviation would be affected by the 
ci 4 ii 5 outlier. 
d SetBis more spread out. 10a i 85.16 ii 53.16 iii 101.16 
aA b B c B iv 37.16 v 117.16 vi 21.16 
a Box plot of Set 1, Set 2 b i 66% ii 96% iii 100% 
] c i Research required 
= Esaminar e ii One SD from the mean = 68% 
-| IF— Examiner 1 Two SDs from the mean = 95% 
err H Three SDs from the mean = 99.7% 
0 2 4 6 8 10121416 Close to answers found. 
Spelling errors 
b Yes, examiner 2 found more errors. Progress quiz 
8 Answers may vary. Examples: 
a i,ii Class results had a smaller spread in the top 25% 1 a numerical and discrete 
and bottom 25% performed better. b categorical and nominal 
iii State results have a larger IQR. 2 a | Class interval | Frequency | Percentage frequency 
b The class did not have other results close to 0 but the 
: 0- 3 15 
school did. 
9 Answers may vary. 10- 8 40 
E 20— 5 25 
a 30- 3 15 
Building understanding 40—50 1 5 
1 a larger b smaller 
2a B b A 
3 A.The data values in A are spread farther from the mean than 
the data values in B. 
4 a Gum Heights b Oak Valley 
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920 Answers 


b Travel time from home to school Now you try 
84 H 100 
Example 9 
7 E 
. a 
64 -75 & 120 
JB E S 
= E = 100 
& 4-j + 50 — = 
S E: & 
K 3 S 80 
E 
27 [ 25 04 T T T T T T T =f T T T T r» 
is 123 45 67 8 9 1011121314 
Week 
0 
0 10 20 30 40 50 b General linear upward trend. 
Time (in minutes) E 
Exercise 9F 
c Stem | Leaf 
1 
0/689 * —— 1000 
1|24555689 pM 
E 800 
2|03578 = 700 
3/238 £ 600 
N 4} 4 va 
S 400 
cx 2|3 means 23 0 r T T T T T r> 
N 1998 2000 2002 2004 2006 2008 2010 2012 
o d Median = 18+ 19 _ 18.5 Year 
c 2 b Generally linear in a positive direction. 
e 3 a Range = 32 - 4 = 28; Q = 17,0, = 12, c i 500 ii 950 
a Q; = 23, IQR = 11 
e b Range = 6.6 — 4.2 = 2.4; Q, = 52,0, = 4.5, 2a 1.45 
[3E] Q; = 6.1, IQR = 1.6 ~ 14 
4 a i min=30,max = 69 $$ 135 
ii median = 39 E 13 
iii lower quartile = 34, upper quartile = 46 1.25 
iv IQR = 12 1.2 
v Q; - 15 x IQR = 16; Q + 1.5 x IQR = 64 0 AN ae a a a = 
The outlier is 69. M 
onth 
b For example, school open day or grandparents day. 
5 a Q = 16,0, = 22,I0R = 6 b The share price generally increased until it peaked in 
Q; + 1.5 x IQR = 31 June and then continually decreased to a yearly low in 
32 is an outlier. November before trending upwards again in the final 
b month. 
—| | = x c $0.21 
a a Gay a me CC ee el 
12 14 16 18 20 22 24 26 28 30 32 3 a 
6 27 p 
E 90 
Xm LLETITEH 
9F $ 70 
ildi n 0 T T T T L3» 
Building understanding 1994 1996 1998 2000 2002 2004 
1 a linear b no trend Year 
c non-linear d linear b The pass rate for the examination has increased marginally 
2 a i 28°C ii 33°C over the 10 years, with a peak in 2001. 
iii 33°C iv 35°C c 2001 d 11% 
b 36°C 4 a linear 
c i 12p.m. to 1 p.m. ii 3 p.m to 4 p.m. b i $650000 ii $750000 
d Temperature is increasing from 8 a.m. to 3 p.m. ina 5 a i $6000 ii $4000 
generally linear way. At 3 p.m. the temperature starts to drop. b 1 
| Mathematics for the ISBN 978-1-108-77346-1 € Greenwood et al. 2020 Cambridge University Press 


n Curriculum Year 10 & 10A 3ed Photocopying is restricted under law and this material must not be transferred to another party. Updated October 2023 
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c A 9G 
20 4 
18 Southbank Building understanding 
m d 1 a unlikely b likely c unlikely 
S 124 d likely e likely f likely 
2 104 2 a y generally increases as x increases. 
E gj. City Central b y generally decreases as x increases. 
p 7 Now you try 
24 Example 10 
a S a y 
Jul Aug Sept Oct Nov Dec bí 
Month 4 4 ° 
d i The sales trend for City Central for the 6 months is fairly 
constant. 3 * 
ii Sales for Southbank peaked in August before taking a Ig 
downturn. 2 Pi M 
e about $5000 ° 
6 a i 58km 1 
ii 1.7 km 
b i Blue Crest slowly gets closer to the machine. 0 : 5 i 10 j 15 j " d 
ii Green Tail starts near the machine and gets further 
from it. b positive 
c 8:30 p.m. c Strong 
7 a The yearly temperature is cyclical and January is the next d (13, 2.0) 
month after December and both are in the same season. 
b no Exercise 9G 
c Northern hemisphere, as the seasons are opposite, June 
is summer. 1a y, Scatter plot 
8 a Increases continually, rising more rapidly as the years 18 - i 
progress. 1.74 
b Compound interest—exponential growth. 1.64 e 
9 a Graphs may vary, but it should decrease from room T | : 
temperature to the temperature of the fridge. EE e $ 
b No. Drink cannot cool to a temperature /ower than that of 1.2 4 
the internal environment of the fridge. 1.14 d 
1.0 4 e e 
10 a |Innings 1/2)3]4/5[|6/|7/|8/|9 10 0.9 +; rr 5 T—1—7T TX 
0 1 2 3 4 5 6 7 8 
Score 26/38| 5 |10/52/103|75 21/33| 0 » 
Moving average |26|32|23|20|26| 39 | 44 | 41 | 40 | 36 Mapes ney d ARM 
2a y A Scatter plot 
b g 120 44 e. 
E 100. 
> 80 = Score 34 e. 
E: 60 =- Moving 2 9 
S 40 average 24 e e 
= 20 e. e. 
0-4 1 - T T > 14 
0 2 4 6 8 10 12 ° 
Innings number E E > 
c Innings number. 5.6 7 8 9 10 11 12 13 14 15 
i The score fluctuates wildly. b negative c strong d (14,4) 
ii The graph is fairly constant with small increases and 
decreases. 
d The moving average graph follows the trend of the score 
graph but the fluctuations are much less significant. 
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3 a negative 


YA Scatter plot 
24 - 
22 - e. 
20 4 
184 
164 e e 
144 e 
12.4 e 
10 4 e 

8 


T T T T T T T T T T » 
1.0 1.1 L2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 
b positive 


YA Scatter plot 
150 4 


140 4 e 
130 4 ° 
120 4 P 
1104 


100 + 


«Y 


8 T T T T T T T T > 
15.0 17.5 20.0 22.5 25.0 27.5 30.0 32.5 


none b weak negative 
positive d strong positive 
yes 

decrease 

i yes ii car H 


a 
ec c c cc 2 


6 a A 
8.54 Ee 


Scatter plot 


8.0 4 
7.5 + "S. 
704 
6.5 4 
6.0 L ; 


eA 


Average diameter (cm) 


20 25 30 35 40 


Fertiliser (grams per week) 


b D 
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€ Seems likely but small sample size does lead to doubt. 


9 a 


b 


Scatter plot 


oir or (a 


T T 
0 123 4 5 6.7 
No. of photos 
Negative, weak correlation. 
Scatter plot 
4.5 ° 
4.0 * 
3.5 x: 
3.0 . ° 
2.5 
2.0 s 
. 


1.5 T T T T T T T T T » 
0 200 400 600 800 1000 1200 1400 1600 


Distance (m) 


Volume (dB) 
. 


negative 
As distance increases, volume decreases. 
i weak, negative correlation 


A Scatter plot 
e 
x 354 
E 
3 304 
e e 
S 25 4 : è 
S 
3 
E 20 4 e. . 
- 
e 


No. of police 


ii no correlation 


A Scatter plot 
26 4 ° 
$ 254 e 
5 244 e 
> 23 4 e. 
S 22 4 . 
Š 214 
o 
E 2074 o 
19 E T T T T 2 T T > 
5 10 15 20 25 30 
No. of police 


Survey 1, as this shows an increase in the number of 
police has seen a decrease in the incidence of crime. 


10 The positive correlation shows that as height increases it is 
predicted that ability to play tennis increases. 
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11 Each axis needs a better scale. All data are between 6 and 


8 hours sleep and show only a minimal change in exam 
marks. Also, very small sample size. 

12 a i students |, T ii students G, S 
b i studentsH, C ii students B, N 
c students C, G, H, S, 
d students B, I, N, T 
e no 


9H 


Building understanding 


Now you try 


Example 11 


a y 


> Xx 


1234567 
b negative correlation 


t y 


O N BO o 


> x 


12345678 


Exercise 9H 


As above. 
All answers are approximate. 
i 3.2 ii 0.9 iii 1.8 iv 7.4 
z 4.5 b z 
z 0.5 d 250 

3 
y= ra 4 18 
i 42 ii 72 
i 30 ii 100 

a, b A Scatter plot 
E] 
Rainfall (mm) 

i x 25cm ii ~ 85cm 
i z520mm ii ~ 720mm 
y25x-5 
85 cm 
21 kg 


tcr c Cz c0 Cz c C — £c C c 
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m ii x11 


Example 12 


z8 iv 4.5 
à y= ypt 
3 3 
45 cm ii 90cm 
34 kg ii 46 kg 
YA Scatter plot 
6 4 


positive correlation 


Data do not appear to have any correlation. 

Too few data points to determine a correlation. 

Too few data points to determine a correlation. 

The data points suggest that the trend is not linear. 
i 50 ii 110 

It is possible to obtain scores of greater than 100%. 
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9 a Experiment 1 


A 


— Se Se 2 mg 

N D [ex oo e 

© © o o [e] 
L L 1 L L 


Max. heart rate (b.p.m. 


= 

© 

© 
1 


Exercise 9l 


Scatter plot 
1Aac y 
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Age (years) 
Experiment 2 24 
A Scatter plot 14 
^ 220 + 0 T T T T T T T DL» X 
E 2004 0 1 2 3 4 5 6 7 S8 
© 180 4 b y=0.55x + 3.45 
3 160 - d i 7.34 ii 10.11 
E 140 4 B ac y 
EU 
= 1204 A 
S 1004 
ES 4.0 3 
T T T T T T T T > 
20 30 40 50 60 70 80 90 354 
Age (years) 
. " 3.04 
bi 140 il 2125 
C i #25 ii x 22 2.54 
d experiment 2 
e Research required. 2.05 
9I 1.54 
Building understanding 107 
1 ai 12 ii 3.26 0.55 
bi 7 ii 2 23 = 
; ; : T T T T T T x 
2 a There is no linear correlation. l 0 s 10 15 20 25 39 
b The correlation shown is not a linear shape. 
b y= —0.08x + 4.21 
Now you try d i 3.66 ii 3.28 
Example 13 Cac Y 
a,c Scatter plot A 
y 
A 
8 4 
T 3 
64 
54 
44 
34 
24 
14 
0 44 1 1 x 
012 3 4 5 67 8 9 10 14 
b y=0.80x — 0.29 0 T T T T T T T T X 
d i 332 ii 11.76 0.0 02 04 06 0.8 10 12 14 1.6 
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b y--345x + 7.42 


c i 134m ii 166m 


d i —16.74 ii —34.00 d No, records are not likely to continue to increase at this rate. 
2 a y= —3.55x + 43.04 6 All deviations are used in the calculation of the least squares 
b $32397 regression. 
c 8years 7 A, as it has been affected by the outlier. 
3 ac Scatter plot 8 Research required. 
A Problems and challenges 
160 4 1 66kg 
"= 2 88% 
i 140 4 ms 
Sd 4 14 
` 5 a larger by 3 b larger by 3 c nochange 
2 1204 d nochange e nochange 
E . 6 y=x?- 3x45 
7 58<a<62 
100 | I | d 8 Physics, Biology. The number of standard deviations from 


20 25 


Temperature (°C) 


b y= —1.72x + 190.57 


30 35 40 the mean shows the relative position of Emily’s mark within 


the spread of all results from each class. This number gives a 
meaningful comparison of results. Physics 1.67, Maths 1.11, 


d i 139 Biology 0. 
ii 130 
iii 113 ` 
Short-answer questions 
4 ac A Scatter plot 
Pen 1 a | Class interval | Frequency | Percentage frequency 
8d 0- 2 12.5 
| 5- 7 43.75 
= 25- 10- 5 31.25 
3 
Š 204 15- 1 6.25 
X 
$ 154 20-25 1 6.25 
S Total 16 100 
E 104 
= 84 r 50 
54 i à a 
$67 r 8 
0-7. T T T T T T LT—- S $ 
40 60 80 100 120 140 160 e^ [5g 
-5- Number of copies (x 1000) E 2 H S 
b y= 0.24x — 7.27 d 232000 copies 
0 5 10 15 20 25 


e The regression line suggests that the photocopier will be 
considered for scrap because of the number of copies 
made, as it’s likely to reach 200000 copies before breaking 
down 50 times. 


5 a A Scatter plot 
120 4 E 
~ J e 
8 110 
"8 1004 e . 
S e 
è 904 
so, ° 
e. 
70 = ° T T T T T T T 
1970 1975 1980 1985 1990 1995 2000 
Year 


b y= 1.60x — 3066.41 
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Number of hours of TV 


c Itis positively skewed. 


Stem 


Leaf 


0/135667889 
11012346 
2/4 

1|3 means 13 


e 8.5 hours 


10 


iii 3 


ii 0,2 25,0, 2 5.5 
iv 12 
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b i 17 ii Q, = 15, Q, = 24 2a A Scatter plot 
iii 9 iv none 2 18004 : 
" =j jp & 1600 . 
D e E S A E E E E A a à e. 
10 15 20 25 30 ss 1400] . 
c i 24 ii Q, = 2.1, Q, = 26 à 12004 . : 
0.50 iv 0.7 = 10004 a " 
x dL 8004 * 
cx T T T T T T T T T T T » 600 $ 
OS Mp. dec a ae a0 250 275 300 325 350 375 
3 a false b true c true d true Maximum daily temperature (°C) 
48 y, Scatter plot positive correlation 
b y=74.56x — 1010.06 
257 o c i 779 
ad ^ : ii 33.7°C 
e 
154 * ° 
: Chapter 10 
104 
e 
zl . . 10A 
C———MWgM————pDo——DL———r— 5 t n 
z 1 2 3 4 5 7” Building understanding 
3 b icd ; € weak d (3,5) 1 = 0 1 3 1 5 
= $8 yates — ie 8 16 32 
[77] 5 5 
oO bi 38 ii 7.4 3 1 3 9 27 81 243 
c i 2 ii WE 4 1 4 |16 64 256 1024 
éd mans? 205 5t 1 5 | 25 | 125 625 3125 
b mean = 4, s= 3.0 6* 1 | 10 |100 | 1000 | 10000 | 100000 
7 a TheCats b The Cats 
2a4 b4 d 4 
c The Cats d The Cats i 1 1 : : 1 
-Ji 3 a —— b — [s d — 
aa nonlinear 10000 2 4 27 
b linear 
9 y= -—3.75x + 25.65 Now you try 
Example 1 
Multiple-choice questions a 10? = 100 b logs 81 = 4 
1D 2 B 3D 4C 5A pne T 
6 € 7€ 8 D 9E 10 B bI 3 or 
c i 0.699 ii —0.347 
Extended-response questions Example 3 
a 4 b 125 
1lai 14 ii 41 
b i nooutliers ii no outliers Exercise 10A 
C 


— LL Te? 4 ai 104 = 10000 i 2-5 
— T | Tree 1 b i logs8=3 ii logs 81 = 4 


se T T T T T T T LT 2a 24 = 16 b 102 = 100 c 33 = 27 

10 20 30 40 50 60 70 80 90 1 1 
-2.. -1- -2.. 

Number of flying foxes d 27- 4 e 10 =01 eects 9 


d More flying foxes regularly take refuge in tree 1 than in 
tree 2, for which the spread is much greater. 
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3 a logo8=3 b logs 81 =4 
c 109932 =5 d log, 16 =2 
1 1 
e log;,—=-1 f log; —=-3 
91019 95 125 
4a4 b 2 c 6 d 3 
e 1 f 2 g 3 h 3 
i 2 j 2 k 5 | 3 
m 0 n 0 o0 0 p undefined 
5 a -3 b -2 c -2 d —3 
e —2 f -4 g -4 h -1 
i -1 j -3 k -5 | -1 
m -3 n -1 0 —2 p -2 
6 a 0.699 b 1.672 c 2.210 
d —0.097 e —0.770 f -1.431 
7 a3 b 5 c 6 d 4 
e 3 f 2 g 16 h 81 
i 1000 p: kl T 
9 4 343 
m 3 n 2 04 p 8 
q 3 r 10 s 2 t -1 
8 a " 1 
Time (min) | 0 1 2 3 4 5 
Population 1 2 4 8 |16 | 32 
b P-2'! c 256 d 13min 
e logs 10000 
9 a 16 b 26 c 6 
10 a h 0 1 2 3 4 5 
P 1 | 10 | 100 | 1000 | 10000 | 100000 
log P| 0 1 2 3 4 5 
b Aleg10P 
54 e 
4- e 
34 e 
24 e. 
14 e 
T T T T T æ> h 
AE GE E g we 5 
Graph is a straight line. 
c log P = A 
fila i 10 ii 100 iii 10000 
b i 10 ii 6 iii 3 
12 Yes. 0 < b < 15 log, b < 0, when a > 1; 9. go $ = -2. 
13 a E b 1 c i d 1 
4 5 2 3 
Y pi a2 n 4 
2 3 3 3 
it m kÊ 14 
2 2 5 7 


Essential Mathematics for the 
Australian Curriculum Year 10 & 10A 3ed 


ISBN 978-1-108-77346-1 


10B 
Building understanding 


1 a log, xy = log, x + log, y 


€ log, b" 2 m x log, b 


Answers 


x 
b log, ^ log, x — log, y 


d log,a=1 
1 


e log, 120 f 109a = lagu b 
2a2 b 1 c 4 
d 12 e 4 f -1 
3a 2 b 5 c 3 
d -4 e 12 f 0 
Now you try 
Example 4 
a log, 24 b log, 2 c log, 16 
Example 5 
a 0 b 1 c —2 d 1 
Exercise 10B 
1 a i log,14 ii log, 5 
b i log,2 ii log, 7 
c i log,9 ii log, 64 
2 a log,6 b log, 15 c log, 28 
d log, 18 e log, 15 f log, 17 
3 a log,2 b log, 3 c log, 10 
3 T 
d log, 2 e log,( — f log, — 
0, a(5) a(1) 
4 a log,9 b log, 25 c log, 27 
d log, 16 e log, 32 f log, 1000 
5 a 0 b 0 c 0 d 1 
e 1 f 1 g 0 h 3 
i 1 j A k 1 | l 
3 3 2 
6 a -2 b -3 c —3 
d —1 e —2 f -5 
7 a 1 b 1 c 3 
d 2 e 2 f 2 
8 a logs 20 b 1049 48 C 10492 
d log; 2 e l0g,8 f 0 
g on (2) h logs 6 
9a E b 2 c 2 
2 2 3 
d 3 e 1 i 4 
2 3 5 
10 a log, - log, 1 — log, x = 0 — log, x = —log, x as 


required (using 2nd log law) 


b log, l = log, x7! = —log, x as required (using 3rd log 


law) 
1 


log, 


1 
ti log, Vx = log, x" = 4109, x = 
(using 3rd log law) 
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Answers 


12 a Recall index law 1: a" x a" = a™*" 
Now let x = a" and y = a" (1) 
S0 m — log, x and n — log, y (2) 
From (1), xy 2 a" x qa" 2 q"*n 
Som + n = log, xy 
From (2), m + n = log, x + log, y 
So log, xy = log, x + log, y, as required. 

b Recall index law 2: a" + a” = q"-^ 

Now let x = a" and y = a" (1) 
so m = log, x and n = log, y (2) 


From (1), x+ y = s — qal qon 
Som-—n= log, 7 

From (2) m 
So log, :; = log, x — log, y, as required. 


-n log, x — log, y 


c Recall index law 3: (am)" = a"" 
Let x = a" 
So m = log, x (1) 
x” = a” using index law 3 
So mn = log, x" 
From (1): alog, x = log, x", as required. 
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10C 

Building understanding 

1 a log8=3 b log2 =} c 

2a38 b 4 c 8 

3 a 0.845 b —0.222 
c —0.125 d 1.277 

Now you try 

Example 6 

a 2.096 b 6.026 

Example 7 

a 3.459 b 8.530 

Exercise 10C 

1a i 1.161 ii 2.335 
b i 5.284 ii 4.140 

2 a 1465 b 3.459 (H 
d 6.871 e 1.177 f 

3 a1 b 1 (H 
d 1.727 e 6.579 f 

4 a 2.585 b 1.893 (H 
d 1.129 e 1.559 f 
g 3.322 h 1.262 i 
j 3.969 k 3.106 l 

5 a 2days b 2.548 days c 

6 a 14.21 years b 23.84 years c 

7 a 10.48 years b 22.20 years c 

8 a A= 2000 x 1.1" b 7 years 

9 a F= 300000 x 0.92” b 8.3 years 

10 a 69 years b 1386 years 


log 10 2 x 
d 2 


1.594 

2 

3.969 
1.528 
1.209 
6.579 
0.356 
1.137 
3.322 days 
47.19 years 
91.17 years 
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log4o 7 | 1 
Nai 910 ii Bil Nd 
10940 2 log4o 3 
bi : ii 3 
109495 10949 2 
c i 1.631 ii 1.167 
10D 
Building understanding 
1a5 
bi 3 ii —2 iii 1 
c 2 
2 a linear b quadratic 
d quadratic e constant 
3a 3 b 4 
Now you try 
Example 8 
a 14 b 8 
Example 9 
a yes b no 
Exercise 10D 
1a -5 b 11 c 1 
2a0 b 92 c —4 
3 a 14 b 92 c 8 
4 a,b, fare polynomials. 
5 a -2 b 25 
d —17 e 17 
6 a zi b -1 
2 
7a0 b 4 
8 a i 30m ii 24m 
b Yes, when 5 « x « 7. 
9a8 b nol c 1 
10 a x. -20 [d 5 
8 27 8 
a 1 26 y 
27 125 2 
n a 2k- i2 -5k—1 


a 
b 259 p? — 5b — 1 
c 1643 — 4a? — 10a — 1 
d —2a3 — a? + 5a — 1 
e —164? — 4d? + 10a — 1 
f —54k3 — 9k? + 15k — 1 
g 2a9b3 — a?b? — bab — 1 
h —2a8b3 — a2b? + 5ab — 1 
a i 10 

iv —13 
bi 3 
€ a=2andb=-1 


12 ii 2 
v -9 
ii —11 
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logio 1. 
iii 10019 1.3 
logy 5 
"E 
iii 
logo 3 
iii —0.196 
iv -1 
c quartic 
f cubic 
c 6 
d —45 
d 42 
d 4 
c —22 
f —351 
1 
[H = 
2 
c —108 
iii Om 
d 1 
42 
64 
"E. 
8 
iii 1 
vi —18 
iii —22 
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10E 
Building understanding 


1 a x24+2x b x?4 6x — 55 
c 8x2 — 26x + 15 

2a xf- 5x3 4+ 42-3 
b =x — 3x4 4+ x3 — x? + 13 
a, 


3 b, c are true. 


Now you try 


Example 10 
a 33-33 
Example 11 
a x94 a^ — 533 + 232 4+ 7x — 12 
b x8 — 2x44 633 + x? — 6x + 9 


b x4-238442-11x46 


Exercise 10E 
dai x-2Ó ii x4 + 43 
bi x94 3x3 — 3x2 4+ 2x - 3 
il P— x4 4x8 -— 92-2 41 
2 x8 — 3x2 b x4- x2 c 2x2 + 6x3 
x3 — x4 e x + 3x4 f -3x6 + 3x3 
—2x5 — 2x4 h =x + x4 i —4A + 8x19 


a 

d 

g 

a x4 x3 4 2x24 2 

b P-x 

c x — x4 — 3x3 + 3x2 

d x — x3 — 22-24 4 

e x + 2x44 233 — 2x2 — 3x 

f x9 — 2x4 4 5x3 — 4x2 

g 8 — x84 4 — 43 4 2x2 7 42 
h x8 — 5x5 — x4 4 8x3 — 5x? 2x 4 2 
i x8 — x6 4 5-24-34 3x2 4-3 
a x0 — 2x4 4 2x3 — 3x2 4+ 3x d 

b x6 4 2x4 — 2x3 32 2x 41 

c x — 4x3 + 6x? — Ax 4 1 

a xX + 3x4 — x3 — 9x2 - 2x4 8 

b x44 2x9 — 3x2 - 4x4 4 

€ x8 + 4x5 + 2x4 — 1233 — 15x2 + 8x + 16 

a x3 «-x-4x 41 

b x3-3-6x-1 

c 2x3 + 5x2 — 23x45 

d —x° + 5x4 — 2x3 + 5x2- x +1 

e =x — 2x4- 3244 

f —x® — x4 — 10:3 + 26x2 — 10x + 1 

7 (x? +. —1)4 = x84 4x7 + 2x8 — 85 — 5x4 + 8:3 + 
232 — Ax + 1 


8 (2-x-1?-(2-x41?2x-238 -3222x 41- 
(x^ — 2x3 + 332 — 2x + 1) = 4x — 4x? as required (or could 
use DOPS) 

9 Yes. Multiplicative axiom ab — ba. 

10a 3 b 5 Cf d 12 

fla m bm C mn 
d 2m e 2m f 3n 
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Answers 


12a xt- x+- 


x + 2x4 — 3x3 

+4 4247-6 

6x3 + 2332 — 5x — 4 

15x3 — 113? — 48x + 20 

x + 3x4 — x3 — 3x2 - 2x -6 


~o ao = 


Progress quiz 


1 a log,32-5 b log(51000 23 c log,a=1 
2 a 10?— 100 b 23-8 c 70-1 
3 a x-4 b x=4 € x=0 

d x-—625 e x=5 f x=-6 
4 a 3 b 2 c 2 

d -2 e1 EE 

2 

5 a x=1.771 b x= 29.060 c x= 8.043 


6 The term involving vx has a fractional index when written in 
index notation. 


7 8 b 7 
3k4 — 218 + 2 + Tk +8 
8 3 b 1 c 3 d 4x3 
9 x! — 2x9 + x4 b x44 2x9 + 5x? — 2x — 6 


a 

(H 

a 

a 
10a x+ +3x+2 

b —^-3-x-2 

€ x84 4x9 + 4x2 

d xl 4 x9 4 Axt + 232 + 4x 


10F 
Building understanding 


12a 1 b 3 c 0 

2 a If182 + 3 = 60 remainder 2 then 182 = 3 x 60 + 2. 
b If 2184 + 5 = 436 remainder 4 then 2184 = 5 x 436 + 4. 
€ If617 + 7 = 88 remainder 1 then 617 = 7 x 88 + 1. 


Now you try 


Example 12 


a (x-1)6242x 2) +1 b (x4 2)(332 — 8x + 21) — 44 


Exercise 10F 


a (x —1)(x? + 2x-1) +1 
b (x + 2)(23? — 5x + 14) — 30 
2 ) = (x —1)(x2 + 2x) +3 
3 P(x) = (x + 1) (82 — 4x +5) - 3 
4 233 — x2 + 3x — 2 = (x — 2) (232 + 3x + 9) + 16 
2x3 + 2x? — x —3 = (x + 2) (2x? — 2x + 3) - 9 
5x8 — 2x2 + 7x-1= 
(x + 3) (bà — 17x + 58) — 175 
d —3G32—10x44- 
(x—4) (—x? — 3x — 22) - 84 
e -28 — 2x? -5x47- 
(x + 4) (-2x2 + 6x — 29) + 123 
f —5x3 + 11x? — 2x — 20 = 
(x — 3) (—5x? — 4x - 14) - 62 


o c 2 
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Answers 


5 a 6xt— x9 -22-x42 
= (x — 3) (6x9 + 17x2 + 53x + 158) + 476 
b 8x — 2x4 333 — x2 — dy — 6 
= (x + 1) (8x4 — 10:3 + 1332 — 14x + 10) — 16 


6 a 2-2x43- 5 
x+2 
b x274+2x4+2- 1 
x—1 
6 i= 324, 974 
x+3 
"IT + 15x + 60 + 2 
em 
7 -1,1,2 
8 6x? — 7x — 3 
— 5)63 — 37x* + 32x + 15 
6x3 — 302 
—7x? + 32x 
—7x2 + 35x 
—3x +15 
—3x + 15 
0 
Remainder of 0, as required. 
9a 4 b 13 
8 
10a -8 poe at 
16 27 


fla 8-724 3x42 (x2 -1)(x-—1) +4041 
b 2x34 x2 — 5x — 1 = (x2 + 3)(2x +1) — 11x — 4 
c b — x? + 2 = Sx(x3 — 2) — x2 + 10x 4 2 


10G 

Building understanding 

1a -1 b 41 c -19 d —141 

2a383 -2 

30 

Now you try 

Example 13 

a 2 b -37 

Example 14 

a no b yes 

Example 15 

k= -2 

Exercise 10G 

1a5 b -7 c —55 

2a38 b 11 c 27 d 57 
e —127 f -33 g —13 h —69 

3 a 3 b 20 c 36 d 5 

4 b,cand eare factors of P(x). 

5 b,d,f,gare factors of P(x). 

6 ax+1 b x-1,x+10rx+2 
€ x+2 d x-2 
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7a x-2,x-landx-c1 b x-3,x-1landx-2 
€ x—3,x-—2andx+1 d x—5,x- landx44 
8 a —4 b -2 c -14 d 96 
9 —38 
10a 5 b 1 6 5 d —3 
fla -2 b 23 
12a a--iandp-?2 b a= 3and b = -4 
10H 
Building understanding 
1 P(-1)20 
2 a x=—30r1 b x= -30r4 
Now you try 
Example 16 
a 2,-1,-6 b uf -8, ie 
2 5 
Example 17 
x-2-—1,-4,3 
Exercise 10H 
1 a i -1,4,2 ii —5,7, -3 
b i Dh a ii E 
2 3 53 
2a -3,1,2 b -7,-2,1 € —4,3,4 
oc wut pon 
2 3 3 2 745 
9 12,1 11 3 21 
4 2 3 5 192 
3 a (x-3)(x-2)(x + 1; -1,2,3 
b (x + 1)(x + 2)(x + 3); -3, -2, -1 
€ (x - 3)(x- 2)(x- 1); 1,2,3 
d (x—4)(x-3)(x- 1); 1,3,4 
e (x —6)(x + 1)(x + 2; -2,-1,6 
f (x —2)(x+ 3)(x + 5); —5, 3,2 
4a x=1orl+v50r1-v5 b x=-2 
5 a x--1,30r5 b x--3,-20r1 
6 a x--4,10r3 b -2,-10r3 
7 a3 b 4 cn 
8 a x(x-1);0,1 
b (x+ 1); -1,0 
€ x(x — 4) (x + 3; -3,0,4 


d 2x3(x + 1)5 -1,0 
9 O= x44 x2 = x2(x? + 1) 
No solution to x? + 1 = 0. 
Thus, x = 0 is the only solution. 
10 The discriminant of the quadratic is negative, implying 
solutions from the quadratic factor are not real. x = 2 is the 


only solution. 
fla x=-4,-3,-2or1 
b x--20r3 


€ x=-3,-2,10r3 


d cour lier 
2 
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Answers 


101 b i 
Building understanding 
1a y 
X > X 
-i 7 
Y 


2 a yintercept: 6 
x-intercepts: —2, 1, 3 


2 a yintercept is 12. 
x-intercepts are —1, 3, 4. 
b y-intercept is 0. 
x-intercepts are —7, 0, 5. 


b y-intercept: 12 
x-intercepts: —1, 3, 4 

Now you try y 

Example 18 


c y-intercept: 10 
x-intercepts: —2, 1, 5 


y 


10 
m > x 
2,00) -1 5 
» Xx 
d y-intercept: 3 
x-intercepts: —3, 1, 2 
Exercise 101 
1a y 
A 
< >x 
ol 2 
y 
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y-intercept: 0 
x-intercepts: —3, 0, 2 


y-intercept: 0 
x-intercepts: —1, 0, 5 


£10 5 


y-intercept: 0 
x-intercepts: —3, 0, 1 


y 


y-intercept: 0 
x-intercepts: —1, 0, 3 


y-intercept: 8 
x-intercepts: —4, —2, 1 


y-intercept: ; 


x-intercepts: —3, —1, " 


» X 


ISBN 978-1-108-77346-1 


y= (x = 2) (x + 1)(x 4) 


b y= (x+ 3)(x-— 1)(x- 3) 


y= je - 2)(x + 3) 


J= we 3) (x + 1)(x — 2) 
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9 a i y-intercept = (0, —6) 
il y = (x —1)(x + 2)(x + 3) 
iii x-intercepts: (—3, 0), (—2, 0), (—1, 0) 


b i y-intercept = (0, 15) 
ii y= (x — 5)(x — 3)(x + 1) 
iii x-intercepts: (—1, 0), (3, 0), (5, 0) 


8 a y b y 
A 
OK” * 
x 
Q 3 
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Answers 


c i y-intercept = (0, 8) 3a 3 b 4 c 4 
ii y= (x — 2)(x—1) (x + 1)(x + 4) d 0 e -3 f -3 
iii x-intercepts: (—4, 0), (—1, 0), (1,0), (2, 0) g -1 h -4 i -2 
iv 4 a log,8 b log, 21 c log, 144 
, d log, 10 e log, 4 f log, 1000 
o3 
S x g 2 h 1 i 5 
-4 [9| 12 
5 a x—log56 b x—log152 
| 1 | 2 
& a 00013 p [0910 
10940 2 10949 0.8 
7 -1 b 1 c —2 d —34 


a 
a x44 3242 
d i y-intercept = (0, 225) b x5 — xt 3x 
il y= (x - 5) (x — 3) (œ + 3) (x + 5) e čt- 33-92-7143 
iii x-intercepts: (—5, 0), (—3, 0), (3, 0), (5, 0) d x8 4 2x4 — 4x 4 x2 — 4x 4 3 
a x3 2x 43-2 (x—1)(x? 2x - 4) 47 
b x3 — 3x4 x +1 = (x + 1)(x2 — 4x + 3) - 2 
c 233 — x? + dy — 7 = (x + 2) (2x? — 5x + 14) — 35 
d —2x3 — x? — 3x - 4 = —(x — 3) (22 + 7x + 24) — 76 
10a -3 b —39 c —91 d 41 
fi b, c and d are factors. 
12a x= -2,10r3 


y 
A 


Y 
Problems and challenges 
1a2 b 8 c 1 d 3 
2 
2 a 143 b —1.43 c -2.71 
3 x=6 
4 2p-q-42 
5 a x>2.10 b x > —2.81 
1 

6 ac 2x 9 b= Hog, 

10049 2 
p. log, 4 2 

10949 1.1 
8 -2 
9 a=5,b=-2 
10 Proof using long division required. 

a (x£ -— a) + (x-a) =x? + ax + d? 

b (x84 a3) + (x+ a) =x -— ax + a 
fla 2xx«borx«-1 

b -4<x<1lorx>4 
12 y= aC - 3)2(x + 2) 
13 16 
14 y= - ite - 3) + 3) 

Multiple-choice questions 
Short-answer questions 1C 2 B 3E AA 5D 
1 6 D 7A 8 B 9E 10 E 
1 a logo 16-2 4 b logj9100023 c res 
2 a 31-81 ba-d c 1071 — 041 
16 
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Extended-response questions h Reflected in x-axis and translated 2 units left. 


1 


w 


$121 000 ii $115 369 iii $272034 
7.27 ii 6.17 iii 16.89 

32 ii 0 

There is no remainder; i.e. P(1) = 0. 

x? — 4x — 21 

(x — 7)x- 1)(x 3) 

x=7,10r-3 

P(0) = 21 c Translated 5 units up. 
y » 


"ua T^ 00 £&. O t & oO UP $9» 


21 


a oN a (1, 6) 


Semester review 2 


Measurement 


Y OLUD 


Short-answer questions 


36 cm, 52 cm? b 1.3m, 0.1 m2 
220 mm, 2100 mm? (2, -9)% - 
188.5 m2, 197.9 m? b 50.3 cm2, 23.7 cm? Y 


6.8 m2, 1.3 m? l 
3 1.8 cm b 58.8 cm2 3 a Maximum at (3, 8). b —10 c 1,5 


d Y (3,8) 
4 NEU A 
T 


Multiple-choice questions 


1 


MalAa 


N 
9 O DODD 


1 B 2 D 3 B 4 A 5 D 


Extended-response question 


a 753.98 cm? b 206.02 cm? 
c 17cm d 1.79cm 
Parabolas and other graphs 
Short-answer questions 


1 a Dilated by a factor of 3 from the x-axis. 


(3, 71) 
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Answers 


y (1, 17) 
8 9 
A a_i. = 
(373) < =a 
X » X 
[0] 
Y 
Y 
5 a Discriminant — 72, thus two x-intercepts. j 
b y 


N C 
6 a ; z : 
z Multiple-choice questions 
= 
e 1D 2A 3D 4 C 5 B 
à= 
e : 
t Extended-response question 
@ 
= a h 
e5 A (200, 427.5) 
r , 427. 
ER 
27.5 
x X » Xx 
en 10 
ro (60, —62.5) 
(1.-6) 
Y 
b 275m 
c 10mand 110 m from start 
ra Os 23), (-V3, -2 V3) d 4275m 
b (24). (3 -4) e 62.5m 
8 a y P TT 
A robability 
-1 +243 Short-answer questions 
«X eu 1a x ) 
2-N15 2415 A B y 
w 
-1 = 243 ” 
u q 
Y b n 
d f k j k Ll m 
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Answers 937 


bi È i 2 "mJ iy 19 Statistics 
26 26 26 26 . 
c No AN BED Short-answer questions 
2a ; 1a 
B B Class interval | Frequency | Percentage frequency 
EN 8 1 4 0- 2 10% 
EN ^| ^ 8 5— 4 20% 
7 51m 10- 4 20% 
bi 3 ii 4 iii 5 iv 8 15- 3 1596 
i 1 s E 25 — 30 1 5% 
a 0.18 b 0.37 
Total 20 100% 
a Die 1 
1 2 3 4 b Using public transport " 
6 r 30 S 
1 2 3 4 5 & 
5 e 
2 3 4 5 6 r S 
Die 2 S4 L 29 $ 
3 4 5 6 7 E > 
4 5 6 7 8 EC h 
R2 -10 3 co 
b 16 i RI CD 
K 
c i 3 ii 2 iii 1 0 0 X = 
16 8 5 n ” 
5 a 0 5 10 15 20 25 30 c 
A B Number of days = 
= 
c i 14 ii 5096 e 
iii 20-24 days, those that maybe catch public transport to © 
: work or school each week day. = 
: ii ae ee ———25 i 
bi = ii — 
3 a OTT ROC d Gern 
c Yes they are, since Pr(A|B) = Pr(A) 0 : 10 Is 20 25 
Multiple-choice questions <r reer a 
2 3 4 5 6 7 8 9 
1€ 2E 3 B 3 a Farsan's bank balance 
4 D 5€ 2500 
3 2000 
A S 
Extended-response question em 
1000 
Outcome 
T T T T T T T T T T 1 
= 2200g 400g JFMAMJJASOND 
200 g Months 
5N 250g 450g b Balance fluctuated throughout the year but ended up with 
L more money after 12 months. 
3 c Mayand June 
7 200g 450g 
250 < d increase of $500 
4 a,c 
4 , y 
7 250g 500g 
6 
a i 3 ii To iii Er Eee cere T i 
28 28 14 ] 
b 3 c 3 4 
14 5 e Mrs 
2 . i 
0 I——-—-—:—-—-4—-— —-—r-4—n"»- x 
12345267 8 9 1011 12 13 
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Answers 


b positive 6 a —24, nota factor b 0, a factor 
di +32 ii 211.5 c —40, not a factor 5 2 
5 a i Under 40 ii Over 40 7 a x=-1,3,-6 b x=0,5,-= 
b Over 40: mean = 11, standard deviation = 7.3; Z 3 
Under 40: mean = 24.1, standard deviation = 12.6 € x2-4,-2,1 d x=-1, P) 2 
Multiple-choice questions Multiple-choice questions 
1E 2 B 3€ 1 E 2A 3 D 
4 B 5 A 4€ 5 D 
Extended-response question Extended-response question 
a y=1.50x + 17.23 
b 41cm 
Logarithms and polynomials 
Short-answer questions 
1a 3 -2 c 3 d 0 
e 2 f 2 g 1 h 3 
EN 2 a x-3 liae c x- 81 
z 3 a i x=10g9330 ii x = 1095 44 
S b i x= 2.460 ii x= 9.955 
= 4ai 6 ii 0 ili —49 iv -5 
E bi 294 6x5 — 1134 — 25x3 + 34x + 24 
t il 4x8 — 12x4 — 1633 + 9x2 + 24x + 16 (6, -198) 
= 5 P(x) = (x—3)(x?-x-1) +4 Y 
= 
Ct) 
N 
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